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Abstract 

Many practical problems of geometric information representation and pattern 
recognition require specific methods and tools for describing complex functions 
and geometric objects in a way that allows us to use such descriptions for 
making effective mathematical transformations and logic inferences. Since in 
real world situations we rarely encounter ideal objects that can be described with 
the help of one elementary function it is important to develop methods and 
models for integrating geometric information. There are some original 
approaches to describing complicated geometric structures, one of which is a 
method based on so-called R-functions. These functions allow complicated 
geometric objects to be described analytically, which gives an opportunity to 
operate with complex objects with the help of a single real function. The concept 
of R-functions is quite simple but the range of practical applications of this 
theory is very broad. In this paper we have suggested a generalization of           
R-functions, which we call Rp-functions. Any R-function can be associated with 
a Boolean function and it is always possible to construct an R-function 
corresponding to a given Boolean one. Similarly, any Rp-function can be 
associated with a finite predicate and it is always possible to construct an          
Rp-function corresponding to a given predicate. If R-functions allow us to use 
Boolean logic for describing complex objects, Rp-functions provide a possibility 
of using predicate logic, which is more rich and general than Boolean one. Like 
R-functions, Rp-functions allow the use of knowledge on what logic rules have 
been used for constructing a complex object to build a function which is positive 
inside the given domain and negative outside it. Rp-functions also seem to be 
interesting by themselves as they allow discovery of logic properties of quite a 
large class of real functions. 
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1 Introduction 

Many practical problems of knowledge representation and pattern recognition 
require specific methods and tools for describing complex functions and 
geometric objects in a way allowing us to use such descriptions for effective 
making mathematical transformations and logic inferences. There are some 
original approaches to describing complicated geometric structures, one of which 
is a method based on so-called R-functions [1–3]. These functions allow the 
description of complicated geometric objects analytically, which gives an 
opportunity to operate with a complex objects with the help of a single real 
function. The concept of R-functions is quite simple but the range of practical 
applications of this theory is very broad. The main characteristic property of      
R-functions is this. They cannot change their sign if their arguments do not 
change their sign, i.e. the signs of the arguments strictly determine the sign of the 
function. This simple property allows in some sense treating such functions like 
Boolean ones. In this paper we give a brief informal introduction to the theory of 
R-functions and suggest a generalization of these functions where finite 
predicates are used to discover logic properties of quite a large class of real 
functions and describe complicated objects with the help of such functions. 

2 Properties of R-functions 

As it was mentioned above the signs of the arguments of an R-function 
determine its sign. Consider the function y = x1x2. This is an R-function as its 
sign (plus or minus) is determined by the sign of the arguments x1 and x2. If we 
denote “-“ as 0 and “+” as 1 it will be possible to construct the following truth 
table: 
 

Table 1. 
 

x1 x2 y 
0 0 1 
0 1 0 
1 0 0 
1 1 1 

 
     It is easy to see that we have obtained a Boolean equivalence function  
 

Y = F(X1, X2) = X1 ∼ X2. 
 
In such a way we can construct a Boolean function for any R-function. Since 
there are an infinite number of R-functions corresponding to a single Boolean 
function we can talk about “branches” of functions in the functional space. Since 
the number of Boolean functions with n arguments is finite there are a finite 
number of corresponding branches. It can be shown [2] that  
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1. If an R-function y = f(x1, x2, …, xn) belongs to a branch ℜ and ϕ( x1, x2, 
…, xn) > 0 is an arbitrary function, then y = fϕ also belongs to ℜ. 

2. The sum of R-functions belonging to a branch ℜ also belongs to this 
branch. 

3. Any linear combination with positive coefficients of R-functions 
belonging to a branch ℜ belongs to the same branch. 

4. The product of several R-functions is an R-function. 
5. If y = f(u1, u2, …, um) and uk =  ϕk(x1, x2, …, xn) (k = 1, 2, …, m) are   

R-functions then  
y = f[ϕ1(x1, x2, …, xn), ϕ2(x1, x2, …, xn), …, ϕm(x1, x2, …, xn)] 

 is an R-function. 
6. If y = f(u1, u2, …, um) is an R-function and functions ui =  ϕi(x1, x2, …, 

xn) (i = 1, 2, …, m) do not change their sign, then the function 
y = f[ϕ1(x1, x2, …, xn), ϕ2(x1, x2, …, xn), …, ϕm(x1, x2, …, xn)] 
does not change its sign. 

We can always build a Boolean function corresponding to any R-function. 
Conversely it is always possible to build an R-function corresponding to a given 
Boolean function. Nevertheless it has turned out that it is impossible to build an 
R-function corresponding to the Boolean conjunction (∧ ) using only arithmetic 
operations “+”, “-”, “• ”. It can be shown that the following functions 
correspond to the basic Boolean operations of conjunction, disjunction and 
negation: 
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where α is an arbitrary function for which .11 ≤≤− α  The functions 

21 xx α∧ , 21 xx α∨ and 
_
x  are called R-conjunction, R-disjunction and          

R-negation correspondingly.  
     If ),( 21 xxαα = is a symmetrical function and 

),(),( 2121 xxxx αα =−− the following properties are true: 
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11. 
__

2

__

1

__________

21 xxxx αα ∧=∨  

12. 212121 xxxxxx +=∨+∧ αα  

13. 212121 2
1))(( xxxxxx α

αα
+

=∨∧  

It turns out that it is possible to describe complicated domains in n-dimensional 
spaces with the help of a single R-function if we know how such domains have 
been constructed, i.e. if the logic of their construction is known. For example, 
consider two circles defined by the following inequalities: 

,04: 22
1 ≥−− yxC  

0)2(4: 22
2 ≥−−− yxC . 

Then their intersection can be described by a single inequality with the help of an 
R-conjunction: 

0))2(4()4(: 2222
21 ≥−−−∧−−∩ yxyxCC α . 

The boundary of the domain 21 CC ∩ in this case can be described by the 
following equation: 

0))2(4()4( 2222 =−−−∧−− yxyx α . 
In the general case for 2 dimensions the following statement is true [2]: 
     If domains (D1), (D2), …, (Dm) are defined by the following inequalities 
correspondingly: 

,0),(,...,0),(,0),( 21 ≥≥≥ yxfyxfyxf m  
and the logic of constructing a domain (D) is defined by the Boolean function     
D = F(D1, D2, …, Dm), then the inequality 

,0)],(),...,,(),,([(),( 21 ≥= yxfyxfyxfyx mϕϕ  

where ),...,,( 21 nuuuϕ is an R-function corresponding to the Boolean function 
D = F(D1, D2, …, Dm), defines the domain (D). The same results are true for any 
number of dimensions.  
     Thus R-functions allow using knowledge about how a complicated domain 
has been constructed by combining simpler domains to obtain a single arithmetic 
function describing this domain and its boundary. 

3 Rp-functions 

In the theory of R-functions Boolean algebra plays an important part as the 
possibility of establishing correspondence between R-functions and Boolean 
ones gives an opportunity to deal with arithmetic functions in a way very much 
similar to operating with Boolean ones. In this paper we consider a more general 
class of functions, which we call Rp- functions. The point is that in the case of  
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R-functions the sign of a function is determined only by signs of its arguments 
whereas a natural generalization would be to consider functions that do not 
change their sign within some predefined intervals.  
     Let us suppose each of n axes is split into a finite number of intervals, which 
do not overlap: 

where for the axis ,...: 21 ∞<<<<<−∞
iimiii aaax  

_____

,1 ni =  
If a function y = f(x1, x2, …, xn) does not change its sign within the above 
intervals we call it an Rp-function. It is easy to see that the set of Rp-functions 
turns into the set of R-functions if each axis xi is split exactly into two parts: 
positive and negative. The main properties of R-functions (1-4) are obviously 
true also for Rp-functions. Property 5 can be formulated in the following form: 
     If y = f(u1, u2, …, um) is an R-function and uk =  ϕk(x1, x2, …, xn) (k = 1, 2, 
…, m) are Rp-functions then  

y = f[ϕ1(x1, x2, …, xn), ϕ2(x1, x2, …, xn), …, ϕm(x1, x2, …, xn)] 
is an Rp-function. 
     It can be easily shown that for any Rp-function there exists a finite predicate 
taking on truth values when the function is not negative and false values when it 
is negative. Consider a simple example: 
     f(x,y) = (x-a)(x-b)(y-c), where a<b. The x-axis is naturally split into three 
intervals: ),(),,(),,( 131211 ∞==−∞= bdbadad . The y-axis is split into 

two intervals: ),(),,( 2221 ∞=−∞= cdcd . It is easy to see that f is an           
Rp-function as it does not change its sign within the above intervals. It is possible 
to build the following truth table for the finite predicate corresponding to this 
function: 
 

Table 2. 
 

x y f 

11d  21d  0 

11d  22d  1 

12d  21d  1 

12d  22d  0 

13d  21d  0 

13d  22d  1 

 
     Using notation of the finite predicate algebra [4] this predicate can be 
represented in its perfect disjunctive normal form as follows: 

221321122211),( dddddd YXYXYXYXP ∨∨=  

),(),,(),...,(),,( 1121211 ∞===−∞= +− iiiii imimimimimiiiii adaadaadad
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Let us consider now the following problem. How to construct an Rp-function 
corresponding to a given finite predicate? The answer to this question is quite 
simple. All we need is just to build an Rp-function corresponding to an arbitrary 
elementary predicate ijd

iX . This function should take on positive values if 

iji dx ∈ and negative values if it does not. If 1=j  we can set 

iii xaxf −= 1)( . Obviously )( ixf  > 0 if and only if 1ii dx ∈ . Suppose 

imj ≤<1 . Then we can set ))(()( 1, −−−= jiiiiji axxaxf . If 

1+= imj we can set )()( , imiii axxf −= .  
     Any predicate can be obtained with the help of the above elementary 
comparison operations and the Boolean operations conjunction and disjunction. 
Since we can now build an Rp-function corresponding to an elementary 
comparison operation we can use R-conjunction and R-disjunction to construct 
Rp-functions corresponding to an arbitrary finite predicate. Consider an example. 
Let us build an Rp-function corresponding to the following predicate: 

),( YXP = 2112 dd YX ∨  

The function ))(()( 1112 axxaxf −−= corresponds to the elementary 

predicate 12dX and the function yayg −= 21)( corresponds to the elementary 

predicate 21dY . Therefore the Rp-function  
=),( yxs ))(( 1112 axxa −− α∨ ( ya −21 ) 

corresponds to the predicate ),( YXP . 
     It turns out that the process of building an Rp-function corresponding to a 
given predicate can be simplified if we have logic expressions like 

=)(XP kijijij ddd XXX ∨∨∨ ...21  

If Rp-functions )(),...,(),( 21 xfxfxf k  correspond to the predicates 

kijijij ddd XXX ,...,, 21 respectively, the function 

)(xf  = 1)1( −− k )()...()( 21 xfxfxf k  

corresponds to the predicate )(XP . It follows from the fact that if any of the 

functions )(),...,(),( 21 xfxfxf k is positive, )(xf is positive as well since the 

rest of k-1 functions are negative. In case all k functions )(),...,(),( 21 xfxfxf k  

are negative the sign of )(xf is minus since 12)1( −− k = 1− . 
     Finally we would like to mention some cases where Rp-functions can be 
effectively applied to describing complex geometric objects. Suppose a complex 
domain is constructed with the help of intersection, union and negation 
operations and domains described by inequalities like ,),( iji dyxf ∈ where 
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intervals ijd do not overlap. Then we can construct an Rp-function corresponding 
to the finite predicate reflecting the logic of building this domain. This function 
will be positive inside the domain and negative outside.  

4 Conclusions and discussion 

Since in real world situations we rarely encounter ideal objects that can be 
described with the help of one elementary function it is important to develop 
methods and models for integrating geometric information. R-functions represent 
a logic viewpoint on complex objects obtained as a result of combining simpler 
domains. Also these functions are interesting by themselves as they form a class 
of functions members of which in some aspects behave like Boolean functions. 
This allows us to better understand the logic structures underlying some real 
functions. In this paper we have suggested a generalization of R-functions, which 
we call Rp-functions. If R-functions allow us to use Boolean logic for describing 
complex objects, Rp-functions provide a possibility of using predicate logic, 
which is more rich and general than Boolean one. We trust that further research 
into Rp-functions will give us an opportunity to use predicate calculus for 
generating analytical rules describing complex objects. 
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