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Abstract 

Wheel/rail squeal noise of trains gives passengers a very unpleasant feeling. But 
a successful solution to the squeal problem has not been presented until now. In 
this study, to find out the basic mechanism of the wheel/rail squeal noise, 
complex eigenvalue analysis by finite element method was adopted as a 
numerical tool. The positive real parts of the eigenvalues mean the self-exciting 
instability of the vibration, which is closely related to the occurrence of squeal 
noise. The effect of parameters such as friction coefficient, wheel/rail contact 
position, axle load, etc. was examined. It was found that the applied method 
could simulate unstable modal shapes of the wheel/rail vibration and be used as a 
good tool for the study of wheel/rail squeal noise. 
Keywords: wheel, rail, squeal, finite element, complex eigenvalue, friction, 
instability, contact. 

1 Introduction 

Squeal noise from wheel/rail and brake disc/pad frictional contact is typical in 
railways. Several hypotheses have been made and examined to explain the 
mechanism of squeal noise occurrence. The stick-slip hypothesis is well-known. 
According to this theory, the decrease of friction coefficient with slippage can 
generate a negative damping in a structure, which can induce self-exited unstable 
vibration. But Eriksson and Jacobson [1] showed that under stick-slip conditions, 
squeal did not occur. By North [2], under constant dynamic friction coefficient 
two neighbouring stable eigenmodes could converge to an unstable mode by 
varying the parameters of the system. This kind of instability is referred to as 
flutter instability. Spur [2] asserted that repetitive ‘sprag-slip’ was the cause of 
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the squeal. On the other hand, Rhee et al. [3] explained that unstable vibration 
occurred by hammering effect due to local defects in the contact area. In recent 
years, with rapid progress of computer capabilities and numerical algorithms, 
many researchers have applied finite element method to analyse flutter instability 
in brake disc/pad [4–11]. In wheel/rail squeal, several experimental studies have 
been done [12–21], finite element analysis for the flutter instability has not been 
performed much. Chen et al [22] used spring elements to model the contact 
between wheel and rail when analysing the complex eigenvalues of wheel/rail 
contact problem.  
     In this study, the flutter instability was assumed to be the cause of the 
wheel/rail squeal. To estimate the instability of the wheel/rail system, traditional 
complex eigenvalue analysis by finite element was used. To consider the real 
contact between wheel and rail, three dimensional contact between wheel and 
rail was analysed.  

2 Finite element modelling 

2.1 Procedure of the squeal analysis by finite element 

When damping is neglected, the eigenvalue problem of a vibration system is 
expressed as: 

൫ߣଶሾܯሿ ൅ ሿܥሾߣ ൅ ܭൣ െ ሽݕ௙൧൯ሼܭ ൌ ሼ0ሽ                         (1) 
 

where ሾܯሿ , 	ሾܥሿ ܭൣ , െ ௙൧ܭ  are the mass, damping and stiffness matrices, 
respectively. λ  is the eigenvalue. ሼݕሽ  is the eigenvector. ሾܭሿ  is the stiffness 
matrix originated from the structure itself. ሾܭ௙ሿ is the stiffness matrix from the 
contact force. ሾܭሿ is symmetric. But friction between wheel and rail or brake disc 
and pad makes ൣܭ௙൧ asymmetric. Eigenvalues of eqn. (1) may have complex 
eigenvalues. When the real parts of the eigenvalues are positive, the system is 
unstable. The unstable modes are prone to generate squeal noise. The procedure 
of obtaining the complex eigenvalues is as follows: 

1) Wheel/rail contact analysis under axle loading without consideration of 
friction between wheel and rail. 

2) Taking the solution of the first step as initial values, perform friction 
analysis by the wheel slippage.  

3) Find eigenvalues of the system without considering the damping and 
friction. 

4)  Finally  find  complex eigenvalues using the eigenmodes in the previous 
step as a subspace. 

All analyses were carried out by ABAQUS Code [23], which provides the 
function to solve complex eigenvalue problems. 

2.2 Finite element modelling  

Fig. 1 presents the model of the wheelset and rail for finite element analysis. 
They are used in subway trains in Korea. The configurations are very similar to 
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Figure 1: Finite element model of the wheelset and rails. 

 

 

Figure 2: Boundary conditions on the rail. 

those of UIC Code. The wheel tread has a 1:40 slope. For simplicity, all 
components installed on the axle were neglected. When analysing the dynamic 
characteristics of a wheel/rail system, it is difficult to model the rail properly. 
Here in the light of the distance between two neighbouring sleepers, a rail of 
500 mm long is included in the model. Fig. 2 shows the boundary conditions on 
the rail. Besides the boundary conditions, the wheelset and rails were restrained 
by springs. The connection between the wheelset and the axle box were 
modelled by radial springs (ܭ௫ି௔,  in fig. 3(a)). The spring constant was	௬ି௔ܭ
௫ି௔ܭ ൌ ௬ି௔ܭ ൌ 10ହ N/mm. In vertical direction the wheelset was constrained 
by the wheel/rail contact only. The vertical load, F, by the car body was applied 
at the centre points of the axle bearing seat on the axle (fig. 3(a)). 6000 kgf at 
both points was applied. To simulate similarly the stiffness of a real rail installed 
in the track, the rails were also constrained by springs in the both end sections 

ܷ௬=0 ܷ௫=0
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(fig. 3(b)). The bottom face of each rail was supported by 51 vertical springs at 
each end section, and the side face was supported by x-, y-directional 115 
springs. The static and dynamic behaviour of the wheel/rail depends on the 
boundary conditions and the constraints by springs. So the analysis was 
performed for various spring constants. The size of the elements in the contact 
area was in the range of 0.5–1mm. Linear tetrahedral elements were used. The 
number of elements was 314,367 for the wheelset, and 63,698 for each rail. 
 

                 

(a) Wheelset                                      (b) rail  

Figure 3: Constraints of the wheelset and rail by springs. 

Table 1:  Material properties. 

 Wheelset Rail 
Elastic modulus (GPa) 206 206 

Poisson ratio 0.3 0.3 
Density (g/cm3) 7.85 7.85 

Number of element Linear tetrahedral, 
314,367 

Linear tetrahedral, 
63,698x2 

 

3 Results  

Fig. 4 shows the contact stress distribution when the spring constants on the rail 
are ܭ௫ ௬ܭ= =1000 N/mm, and ܭ௭ ൌ 10000  N/mm. The friction coefficient 
between the wheel and rail is =0.35. Fig. 4(a) is the von-Mises stress in the 
contact region under the vertical load only (Aforementioned analysis step 1). It is 
found the stress distribution is very similar to that of a classical Hertzian contact 

F 

  ௬ܭ ,௫ܭ

௭ܭ

௫ି௔ܭ  
  ௬ି௔ܭ
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of two objects. Fig. 4(b) shows stress after the frictional force by slippage was 
applied additionally (Analysis step 2). To simulate this frictional contact 
behaviour, pseudo-movement of all the nodes of the rail in the lateral direction 
was given [23]. Because of the frictional load, the area with maximum stress in 
the wheel moved to the right. On the contrary, the high stress field in the rail 
moved to the left. Fig. 5 shows the unstable modal shapes. Two unstable modes 
occurred at frequencies 115.56, and 1279.0 Hz. Fig. 6 is the result when =0.43 
and the same spring constants were applied. In this case three unstable modes 
occurred at 114.41, 1196.0 and 1278.3 Hz. The results obtained under various 
conditions were summarized in figs. 7, 8 and table 2. 
 
 

           

(a) Vertical load                   (b) Vertical and frictional load 

Figure 4: von Mises stress distribution. 

 
 

      
(a) 115.56 Hz                                  (b) 1279.0 Hz 

Figure 5: Flatter instability, ܭ௫ = ௬ܭ =1000 N/mm, ܭ௭ ൌ 10000  N/mm, 
=0.35. 
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(a) 1196.3 Hz                                (b) 1278.3 Hz 

Figure 6: Flatter instability, ܭ௫ = ௬ܭ =1000 N/mm,  ܭ௭ ൌ 10000  N/mm, 
=0.43. 

 
 

      

(a) 196.3 Hz                             (b) 1278.3 Hz 

Figure 7: Flatter instability, ܭ௫=ܭ௬=104 N/mm, ܭ௭=108 N/mm, =0.33. 

 
 

 

    

(a) 217.68 Hz                (b) 6916.0  Hz                   (c) 9396.9 

Figure 8: Flatter instability, ܭ௫=ܭ௬ ൌ  .௭=108 N/mm, =0.35ܭ
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Table 2:  Flutter instability under various conditions. 

Rail supporting spring 
constant, K Friction 

coefficient, 
 

Vertical 
load 
(Kgf) 

Unstable modal frequency 
(Hz) ܭ௫=ܭ௬ 

ሺN/mmሻ
 ௭ܭ

ሺN/mm) 
1000 10000 0.09 12000 None 
1000 10000 0.10 12000 1280.2 
1000 10000 0.20 12000 1277.5 
1000 10000 0.31 12000 116.24, 1278.9 
1000 10000 0.35 12000 115.56, 1279.0 
1000 10000 0.37 12000 115.17, 1278.0 
1000 10000 0.40 12000 114.78, 1278.8 
1000 10000 0.43 12000 114.32, 1196.3, 1278.3 
1000 10000 0.45 12000 114.15, 1197.1, 1279.9 

1000 10000 0.47 12000 
113.76, 1197.6, 1278.9, 

5520.8 

1000 10000 0.35 10000 
114.95, 1192.5, 1272.5, 

6423.1 
1000 10000 0.35 14000 116.09, 1284.1 

10000 108 0.35 12000 212.67, 2217.2, 10675 
50000 108 0.35 12000 214.23 

105 107 0.35 12000 215.26, 9403.7 
108 108 0.35 12000 217.68, 6916.0, 9396.9 
108 108 0.12 12000 None 

4 Conclusions 

In this study, the wheel/rail instability by lateral slippage was simulated 
successfully by the complex eigenvalue approach. It was found the unstable 
modes were dependent on the friction coefficient, vertical load and the boundary 
conditions applied to the rails. The unstable modes obtained at low, middle and 
high frequencies were reasonable compared to the test results in the literature. To 
simulate more correctly the instability of wheel/rail by slippage, it seems that the 
vibrational behaviour of the rails installed in track should be measured and 
imported to the modelling. 
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