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Abstract 

Frequency converters find wide application in rail vehicles and power supply 
stations of railway networks. An important disadvantage of frequency converters 
is the emission of voltage and current harmonics. They cause extra stress to 
railway equipment and can interfere with sensitive signalling circuits resulting in 
their mis-operation. Therefore, propagation of current harmonics in the catenary 
network and resonance phenomena have to be investigated, which requires 
network calculations for high frequencies. A new catenary network calculation 
method covers the frequency range up to 20 kHz. Experimental proof of the 
calculation method was done. Comparison of calculations and experimental 
results is given. 
Keywords: network model, network calculation, catenary, track circuits, 
frequency converter, harmonics, electromagnetic compatibility. 

1 Introduction 

The development of high power semiconductors today results in the increasing 
use of frequency converters in railway networks. Nowadays, most rail vehicles 
and also some power stations are equipped with frequency converters. Such 
converters generate an AC-voltage by building it with pulse shaped voltages 
(pulse width modulation). Because of that, the resulting output voltage of the 
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converter consists of a main frequency voltage and harmonics (e.g. Etxeberria-
Otadui et al. [1]). 
     Figure  1 shows a simple traction network. The frequency converter of a 
locomotive generates voltage harmonics ( )conv

νU . Due to the network impedance, 

voltage harmonics cause current harmonics. The ν-th current harmonic ( )conv
νI  of 

the converter can be calculated as 
 

( ) ( ) /=conv conv
ν ν νI U Z ,         (1) 

 
with Zν as input impedance of the network for the ν-th harmonic seen from the 
converter. Current harmonics of the converter propagate into the overhead 
catenary. Flowing back through the rails to the converter, current harmonics can 
affect track circuits. 
 

 
Figure 1: Traction network. 

 
     Track circuits are used for signalling purposes and are one of the most 
important parts of a railway system. They serve to detect the presence of trains 
on a particular track section. Track circuits of German railways operate at 
frequencies of 42 and 100 Hz as well as at audio frequencies from 4,75 kHz up 
to 16,8 kHz. A track circuit uses rails as part of a circuit. 
     Returning back to the frequency converter, current harmonics flow also 
through the rails. Therefore, if a harmonic current is in the same frequency range 
as the operating frequency of the track circuit, it can interfere the track circuit 
and lead to a mis-operation of the detection relay [2]. 
     Propagating along the catenary, current harmonics of the converter can be, 
depending on the network conditions, either damped or amplified. Because 
considered track circuits are distant from the converter place, the propagation of 
current harmonics along the catenary network must be investigated. The current 
Iν(dr) at the location of the detection relay can be calculated using a location-
dependent damping ratio Dν [3] 
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( )
( ) ( )= ⋅ = ⋅

conv
dr conv ν
ν ν ν ν

ν

UI I D D
Z

.        (2) 

 
     Magnitudes of voltage harmonics ( )conv

νU  depend on a frequency converter 
type and the height of mains voltage. They can be calculated or measured for a 
given converter type. Thus, the influence of the converter harmonics on the track 
circuits is determined mainly by the damping ratio and impedance which are 
heavily dependent on the harmonic’s frequency and network parameters such as 
catenary length, length of feeding cables in substations, type of catenary, 
location of vehicles, substations and track circuits and so on [4]. 
     Thus, it is very difficult to make a general statement about the 
electromagnetic compatibility of a certain converter type basing on a few 
measurements. Because of that we propose to check interference limits using the 
model shown in figure 2. The model consists of a network model and a track 
circuit model. This paper is focused on the network model. Benefits and limits of 
known network models are discussed. Then, a new network model developed by 
the authors is presented. A comparative analysis of the discussed models is 
given. The theoretical model has been verified with the help of measurements. 
The results are given in the paper. 
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Figure 2: Model for checking interference limits. 

 

2 Overview of known network models 

2.1 General requirements to a network model 

In order to check electromagnetic compatibility of frequency converters and 
track circuits with the help of the model figure 2, the network model must be 
applicable for long non-homogeneous catenary networks with railway stations, 
substations, tunnels and so on. A catenary can consist of many wires and be 
configured in any manner. The network model must be applicable for high 
frequencies and be able to calculate rail currents and their propagation along the 
track. Below, an overview of the known network models is given. 
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2.2 Network simulation model 

This approach consists in building the model of the network circuit in a 
simulation program such as Simulink of the MathWorks Company or Simplorer 
of the Ansoft Corporation. All nodes of the original network circuit must be 
replicated in the simulation model. In railway catenary networks with return 
current conduction through the soil, the earth points of catenary masts are to be 
considered as nodes. Because masts are usually installed every 40-80 m along 
the track, the number of nodes to be replicated in the simulation model is very 
high. For long tracks with many nodes the simulation model becomes so 
complex and requires so much computation costs, that it becomes no more 
applicable. But a simplified replication of the network in the simulation model 
would result in methodical errors. 

2.3 Two-wire transmission line model 

This network model is used for calculation of two-wire systems. The 
interrelation of input and output voltages and currents Uin, Iin, Uout, Iout of a two-
wire system of the length l is described with the well-known transmission line 
equations 
 

( ) ( )
( ) ( )

 = ⋅ ⋅ + ⋅ ⋅ ⋅


= ⋅ ⋅ + ⋅ ⋅

in out out w

in out w out

U U ch γ l I Z sh γ l

I U sh γ l / Z I ch γ l
,         (3) 

 
with γ and Zw as propagation factor and wave impedance of the two-wire system 
respectively. 
     Railway catenary networks, in which the soil is used as a return current 
conductor, must be considered as many-wire systems consisting of at least three 
conductors (contact line, rail and soil). In order to apply the line equations, the 
number of conductors must be reduced to two. For this purpose, several feeding 
current conductors (contact and carrying wires) and return current conductors 
(soil, rails and return current wires) must be consolidated [5]. The two-wire 
system, obtained in that way, can be calculated with the line equations (3). 
     However, a consolidation of wires without methodical errors is possible only 
if a current distribution in single wires is balanced and remains constant along 
the railway track. This requirement is fulfilled only for homogeneous tracks. In 
the vicinity of track boundaries and non-homogeneous transition areas 
(substations, tunnels, railway stations, rail vehicles and so on) a current 
distribution in rails and soil is not balanced [6]. In this case, the consolidation of 
conductors leads to methodical errors. Thus, the model does not meet the above-
mentioned requirements. 

2.4 Network model with multipoles 

The main idea of this calculation method is to represent the track with a 
multipole described with its transmission matrix ( )M as shown in figure 1. In 
this case, the following matrix equation takes place 
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( ) ( )×( )=out inUI M UI .    (4) 
 
( )inUI  and ( )outUI  are column vectors of the input and output voltages and 
currents of the multipole. The elements of the matrix ( )M  can be calculated as 
described in [6] and [7]. Additionally, capacitive couplings of conductors must 
be considered for high frequencies. 
     The matrix equation (4) can be solved together with boundary conditions, 
which are defined by node equations for voltages and currents on the ends of the 
track. Currents and voltages of all conductors along the track can be computed 
with the help of one of the classical circuit calculation methods. 
     The described multipolar calculation method was implemented in a 
MATLAB program. Our investigations have shown, that a numeric network 
computation with this method is possible only for low frequencies and         
short-length tracks. The results computed for 16,8 kHz were no more plausible 
for a track longer then approximately 5 km. The reason for errors is the limited 
accuracy of representation of numeric data in the computer. 
     In general, the sensitivity of the solution of a system of linear equations to 
errors in the data can be estimated with the help of the reciprocal condition 
number RCOND of the matrix ( )M . The reciprocal condition number can be 
computed for example with a MATLAB-Function RCOND(M) and can take on 
values between 0 and 1. When RCOND(M) is near 1, the matrix is said to be 
well-conditioned. For a well-conditioned matrix small changes in the data always 
result in small changes in the solution. When RCOND(M) is near 0, the matrix is 
called ill-conditioned. In this case small changes in the data (for example due to 
the limited accuracy of their numeric representation in the computer) can lead to 
very large changes in the solution. Thus, the solution of the system with the      
ill-conditioned matrix is not accurate. Our investigations for catenary networks 
have shown, that the reciprocal condition number tends to zero with growing 
track length as well as with the frequency. Thus, the matrix ( )M becomes        
ill-conditioned beginning from the certain track length. This results in big errors 
of the numerical solution of eqn (4). Therefore, this calculation method is limited 
to short-length tracks and low frequencies. 

2.5 Summary of the overview 

The overview of the known network models and their calculation methods has 
shown, that some models (for example, two-wire transmission line model) 
reproduce the real network with essential simplifications resulting in methodical 
errors. Other models, in which simplifications like consolidation of conductors 
are not mandatory, require too much computation costs (network simulations) or 
they cannot be calculated for long tracks and high frequencies due to numeric 
errors (multipolar calculation method [7]). 
     Thus, there is currently no model with an appropriate calculation method, 
which meets the requirements in full measure. 
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3 New multipolar calculation method 

The patented method for calculation of the multipolar network model has been 
developed by the authors. The main idea of the new method is to reduce the 
numeric errors of the known multipolar calculation method by improving the 
reciprocal condition number of the transmission matrix of the network. The 
improvement of this number is achieved by increasing the matrix order. The 
developed multipolar calculation method enables computations for long tracks 
and covers the frequency range up to 20 kHz. 
     Consider the case when the matrix ( )M  is ill-conditioned, i.e. RCOND(M)≈0 
so that eqn (4) cannot be solved directly due to numeric errors. Thus, the 
common multipolar method is not applicable. 
     In the proposed calculation method the whole track of the length l is 
subdivided into n sections of the lengths l1, l2,…,ln (figure 3). Each section can 
include multiple spans, masts, vehicles and so on and is represented as a 
multipole with its square transmission matrix ( )iM , i=1..n. For voltages and 
currents at the beginning of the track are related to those at the end of the track 
by the equation 
 

( ) ( ) ( ) ( ) ( ) ( )×...× × ×= =n 1out in inUI M M UI M UI .  (5) 
 

l

M1
inUI outUI

M2
1UI 2UI

Mn
(n-1)UI

1l 2l nl  

Figure 3: Subdivision of the track in sections. 

     The following matrix equations take place for boundaries of each section 
 

( ) ( ) ( )

( ) ( ) ( )

1 2

1

0 ×

0 × −

 = −


 = −

in

n n out

M UI UI

M UI UI

,   (6) 

with 1( )UI … 1( )−nUI  as matrices of input and output voltages and currents of 
the corresponding sections. 
     The subdivision in sections is to be made in such a way, that the reciprocal 
condition number of the matrix of each section is big enough to solve each of the 
equations (6) with a given accuracy [8]. 
     Boundary conditions on the ends of the track can be expressed in a matrix 
form 
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( ) ( ) ( ) ( ) ( ) ( )× , ×= =in in out outin outB A UI B A UI ,   (7) 
 
with ( )inB , ( )outB  as column vectors and ( )inA , ( )outA  as matrices of the 
boundary conditions. 
     The eqns (6) and (7) can be consolidated together into a single matrix 
equation 
 

1

2
1

2

0 ... 0 0
0 0 ... 0 0
... ... ... ... ... ...

× ,
0 0 0 ...

...
0 ... 0 0

0 0 ... 0

−   
    
    
    
 =   

−     
    
         

   

in

n

in in
out

out out

M I
UI

M
UI
UI

M I
B A

UI
B A

         (8) 

 
with ( )I as identity matrix of the same order as 1( )M ... ( )nM . 
     With the help of matrix theory [9] it can be shown, that the matrix in eqn (8) 
is better conditioned than the matrix ( )M  in eqn (4). Thus, errors of the numeric 
solution of eqn (8) are also smaller. They can be kept within desired tolerance 
limits by defining the total number of sections and the length of the each section. 
     The accuracy of the numeric solution increases with growing number of 
subdivisions and reducing lengths of the sections. But the order of the matrix in 
eqn (8) and therefore computation costs grow as well. Thus, the subdivision 
should be performed in such a way that on the one hand the number of sections 
is as low as possible. On the other hand, the solution of eqns (6) must be accurate 
enough for each section, i.e. the reciprocal condition number of the each matrix 
( )iM  must be big enough. In order to achieve the optimal subdivision of the 
track, a special iterative algorithm described in [8] should be used. 

4 Comparison of calculation methods 

In order to compare different network calculation methods, they have been 
applied to the double-track network (figure 1). A 1,3-km long four-track railway 
station, which is ca. 8 km distant from the frequency converter, was considered. 
     Figure 4 shows the rail current calculated for 16,8-kHz harmonic with three 
methods. The 16,8-kHz harmonic voltage of the converter was taken 

( ) 1Vconv
16,8 kHzU = . One can see, that the results form the common multipolar method 

become unfeasible from 5,5 km due to numeric errors. In contrast, the new 
multipolar calculation method provides plausible results along the whole track. 
The results obtained with the two-wire transmission line model diverge from 
those of the new multipolar method. This is to lead back to the methodical errors 
due to a non-balanced current distribution between rails and soil in the near of 
railway station and track ends. 
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Figure 4: 

the two-wire transmission line method (3). 

 

5 Comparison of calculation and measurement results 

In order to check the correctness of the new calculation method, measurements 
were done on a 25 km long single track suburban line consisting of two rails of 
the type S54, a carrying wire of the type Ri100 and a traction wire of the type 
Bz50. The supply voltage of 15 kV of the overhead catenary was powered off 
during the measurements. By means of a wave generator and a power amplifier 
the one end of the catenary was fed with a sine voltage inU = 200 V with 
frequencies from 16,7 Hz up to 18 kHz. The other end of the catenary was short-
circuited to the rail through the measuring resistor of 1 Ω. The feeding current 

inI  and the current KI  over the measuring resistor at the short-circuit place were 
measured. With the measured values the track impedance /= in inZ U I  and the 
damping ratio /=K K inD I I  were computed. 
     Before doing measurements, the frequency-dependent impedance and the 
damping ratio have been calculated with the help of the network model. Measure 
and calculation results are shown in figure 5 (curves 1 and 2). 
     The similar character of the measured and calculated dependencies can be 
noted. However, the calculated curves are somewhat stretched along the 
frequency axis. Trying to find the reason for the discrepancy the authors have 
established, that mast insulators influence the results due to capacitances 
between their caps. According to a rough guess of the insulator capacitance 
(Behmann and Schäfer  [10]), the value of approximately 40 pF pro capacitor 
could be considered. A sidearm of each mast consists of an armature and two to 
three insulators. Moreover, the armature parts staying under voltage build a 

 © 2006 WIT Press
 www.witpress.com, ISSN 1743-3509 (on-line) 
WIT Transactions on The Built Environment, Vol 88,

784  Computers in Railways X

Rail current of the 16,8-kHz harmonic, calculated with the 
common multipolar method (1), new multipolar method (2), and 



capacitance to the ground. Thus, the total sidearm capacitance can be guessed to 
be 120 pF per mast. The capacitance of the overhead catenary without taking into 
account sidearm capacitances was calculated as 10,4 nF/km. With 15 to 25 masts 
pro kilometre, the additional capacitance due to the mast sidearms makes up 15 
to 25% of the total capacitance of the catenary and therefore can not be neglected 
in the network model. The results obtained with the improved model show much 
better agreement with the measurements (curve 3 in figure 5). 
 

 

Figure 5: Calculated and measured catenary impedance and current damping 
ratio. (1) - measurements, (2) - calculations before measuring 
neglecting sidearm capacitances, (3) - calculations with the improved 
model taking into account sidearm capacitances. 

6 Conclusions 

In the presented new multipolar calculation method numeric errors of the 
common multipolar method have been reduced. This allows network 
computations for long, non-homogeneous traction networks for high frequencies. 
The method can be used to assess the maximal expected harmonic current 
emitted by a frequency converter of a vehicle or a station. Obtained results can 
be used for checking the electromagnetic compatibility of frequency converters 
and track circuits. Good agreement between calculation and measurement results 
testifies the correctness of the calculation method. 
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