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Abstract

Modification of the known family of raised cosine weighting functions with the
power of n by using its convolution operation with an auxiliary rectangular
window having variable duration time is considered in the paper. Such a
modified functions family was derived in a general and exact form for the
defined weighting function in a time and frequency domain as well. It was done
with the help of the convolution windows constant — length type preparation
technique. The derived weighting function was applied for radar chirp signals
synthesis with nonlinear frequency modulation (NLFM). Chosen examples of the
simulation research of the discussed modified weighting functions family
features and radar signals of NLFM type synthesised thanks to it are presented in
the paper.

Keywords: weighting functions, radar signal synthesis, nonlinear frequency
modulation signal, mainlobe, sidelobe, matched filtration.

1 Introduction

Radar signals synthesis is one of the most important problems of modern
radiolocation. These signals transmitted to observed space should have very
specific features.

The so-called matched filter is a very specific part of a radar receiver. Its main
task is to maximize SNR (Signal to Noise Ratio) at its output. In this way radar
range may be maximized too. In the case of radar chirp signals transmission an
echo signal observed at the receiver output has a shape of the very short pulse.
Thanks to it radar range resolution may be good. A product of a received signal
matched filtration is an output signal having mainlobe and sidelobes. Presence of
sidelobes is of course an unwanted effect because it causes weak echo signals
detection difficulty.
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An effective technique of sidelobes attenuation is suitable weighting function
application. These are so called weighting windows that modify the matched
filter transmittance. A resulted filter mismatch is an additional effect of the
weighting procedure. It leads to the worse value of the output SNR and in this
way it causes radar range shortening.

Application of radar signals of NLFM type is a lossless technique of sidelobes
attenuation. The principle of stationary phase is used for the NLFM signals
synthesis, detailed elsewhere in [1-3]. In such an approach suitable weighting
functions are applied too. As a result of principle of stationary phase using
unwanted accumulation of numerical errors can be observed. In order to its
decrease the knowledge concerning exact, analytical form of the weighting
function applied for the signal synthesis is desired.

There are several known techniques used for weighting functions synthesis
having expected features important from the point of view of application. One of
them is based on convolution operation. To be more precise, there are known
methods, such as: time convolution of parent windows, described by Harris [4]
and Nuttall [5], multiple time convolution of rectangular windows, described by
Wen [6] and Dai and Gretsch [7] or multiple time auto and cross convolution of
other well known windows, described by Reljin et al. [8, 9]. These so called
convolution windows have greater sidelobe attenuation and their fast decay.
Unfortunately the output signal mainlobe width increases.

Modification of the known family of the raised cosine weighting functions by
using convolution operation of this functions with an auxiliary rectangular
window having variable duration time is considered in the paper. It enables fine-
tuning of the weighting function properties. The exact analytical formula of the
modified function was derived in time and frequency domain.

The paper is organized as follows. The known idea of convolution weighting
function preparation is presented in section 2 as an introductory remark. The
exact closed formula of the modified raised cosine weighting functions family in
the continuous domain of time and frequency is derived in section 3. Examples
of chosen features of the modified raised cosine weighting functions family are
discussed in section 4. There is an example of its application for radar signal
NLFM type synthesis too. A few sentences of conclusion are written in section 5.

2 Convolution weighting function design

General form of weighting function with finite time duration w,(r) can be
described as a product as follows
wr(e)=wlthy (0), (M
where:
w(t) - considered unlimited time function,

r7(¢) - unitary rectangular window as follows:

WIT Transactions on Modelling and Simulation, Vol 48, © 2009 WIT Press
www.witpress.com, ISSN 1743-355X (on-line)



Computational Methods and Experimental Measurements XIV 231

T
1 for |t|£—
4 2

rp(2) = rect 7= , T>0, )

0 for elsewhere ¢

T - rectangular window time duration.
Equation (1) is the equivalent of the convolution operation in the frequency
domain
1
s (0)= o 7 (0)+ Ry o), ®
where: W(w) and Ry(w) are Fourier transforms of the w(z) and r(¢)

respectively.
Let us consider weighting function modification w;y (t) described by eqn (3)

that is based on its convolution with auxiliary rectangular window 7, (t) having
variable duration time t

wele) = wr () () = [l (] 12 (0). )

where w,(¢) - modified weighting function.

The auxiliary rectangular window 7, (t) is defined as follows

; l for |t| < :
r(t)= rect[—j =47 2 , t>0, Q)
T 0 forelsewhere t

where 1 - variable duration time of the auxiliary rectangular window. A factor
1/t causes that the weighting function max value described by eqn (4) is

independent of the auxiliary rectangular window duration time. It results from
the fact that the area under 7, (t) is unitary, described by Brandwood [10]. The

convolution operation described by eqn (4) equals formula as follows in the
frequency domain

(o) =5 (0)* R, (0)R.(0). ©

where: W.(w) and R (o) are the Fourier transforms of the w,(¢) and r,(z)
respectively.

As a result of convolution operation modified weighting function w.(¢) is
different from zero within an interval from — (7 +1)/2 up to (T +1)/2 and its
duration time is (7'+ 7). In order to keep constant the final weighting function

duration time (it equals 7') there is necessity for suitable scaling of eqns (4) and
(6) in time and frequency according to the Fourier transformation scaling

property
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L) lt(ao),

a

where factor of scale change is defined as follows

T
a= .
T+1

As aresult of eqns (4) and (6) scaling the general form of the modified weighting
functions in the time and frequency domain are as follows:

Ol
W)= [ (o) Ry (ao)|R  (ao). ®)

Scaled modified weighting function described by eqn (7) is different from
zero within the interval from —7/2 up to —7/2 and their duration time is 7 .

The window function received in this way is called constant-length CON
window and it is described by Reljin et al. [9].

The presented method will be applied for known and very useful (among
others for synthesis of the radar and sonar signals with nonlinear frequency
modulation, NLFM) family of cosine windows.

3 Modification of raised cosine weighting functions family —
general solution

Let us consider cosine window family with power of n (raised cosine with
power of n) having a general form as follows

wi(r) = {k +(1—&)cos” (n%ﬂ rect(%) : )

where:
k - real parameter of the function, k € <0, 1> ,
n - integer parameter of the function, n>1,
T - weighting function duration time.

As a result of known trigonometric identities application the general
description of the function described by eqn (9) with the n-th power was
achieved

wit)(r) = {A + Bg(é]cosnin%}rect(%j , (10)

i=0\ !
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where:

s = VTHJ , |_xJ the biggest integer not higher than x,

k forodd n, n=13,5,..
A= k+ l_k[ j foreven n, n=2,4,6,...°
27 /2
1-k
B = ,
2”*1
n[:(n—Zi),

X . . .
( j, X >y - binomial coefficients.
y

As aresult in the general case the weighting function described by eqn (10) in
the time domain is a sum of a constant component and cosine functions limited
in time and scaled in amplitude. Their period is a total submultiple of the
fundamental period that equals 27 .

Considering the weighting function general description presented in the
eqn (10) in the frequency domain and based on the eqn (6) one can obtain

m(0)= o[ W) o) Ry (o) (an

Using Fourier transforms pairs

16 218(w), coswyt <> md(w— wy )+ 18(w + wp)

one can achieve

W(")(w):AZns(m)+anS§['?){ ((o ", Tj+8((o+n ;fﬂ (12)

i=0\ !

After Fourier transform of the rectangular window application
rect L T Saw—T R
T 2

where Sa(.) denotes a function in a shape of Sa(x)= (sinx)/x, and using delta

distribution properties it is possible to achieve the final, general form of the
cosine functions family with power of n in the frequency domain

Wi (o) = ATSamTT+§TlZO(J{ Km—nigjﬂwaﬁmmiﬂﬂ}.(13)

This function is a sum of functions of the (sinx)/x type that parameters and

location on the radian frequency axis depend on the power n and the window
duration time T .
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The general form of the modified weighting function in the time domain,
defined for separate time intervals was solved thanks to convolution operation of
the function presented in the eqn (10) with the auxiliary rectangular window
described by eqn (5):

for —£—££t<—z+l
2 2 2 2
W ()= £(1+Zj+31 M sinn, Z+
2 T T 1y
, (14)
n
4 T i) . n( rj 1
+—t+B sinf n, —| t+—||r—
T s n, T N,
for—T_TSt<u
2
() A B s=l(n TT T
W= L 5 Sa| n, —— |cos| n. —t |, 15
) NN AT T "
for T_TStST+t
2 2
4
s—1|
wgn)(t): £(1+ZJ+BLZ;Sin”i£_
2 T =0 N; 2
(16)

4yl

. T T 1
~Zsin| n;—| t—— | |—
T TN 1 [ T( 2)} N,

In order to fulfil the condition WE")(O) =1 in eqns (14), (15) and (16)
normalization operation was done into the coefficient NV, that depends on t
s2l(n TT

N.=A+B Sal n. ——|. 17
o[ 3 <>

After scaling in time by using coefficient

T
a= ,
T+1
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the time interval borders and the final general form of the modified weighting
function in the time domain are as follows:

(T-)r

for —1£t<—
2 2T + 1)

n
w(")(t) = ﬁ[l + 1] + BlSZIQsinni L
2 T 2

TN j=0 N;

) (18)

+£t +B— r 3Z‘j@sin{niﬂ(i+lﬂ €L

Ta iy N T\a 2

(1 -<)r

WE”)(I) i+iszl(nj8a(ni Eljcos(niij , (19)
T2 a

(20)

. BTE(J FHL

Ta TNz 1

The normalization coefficient described by eqn (17) is the same.

From the eqns (18), (19) and (20) results that the modified weighting function
slopes in the time domain are created by the sum of the constant component,
linear function and sine functions. Modification of the weighting function in its
central part means its scaling in amplitude.

As a result of the modified weighting function exact version analyse in the
frequency domain and based on the eqn (6) one can obtain

W w) = Wi ()R, (o). @)
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Using Fourier transformation of the auxiliary rectangular window R, (o)) and

eqn (13) and after the normalizing coefficient application N, one can achieve

s—1
WT(")(OJ):iSaﬂASam—Tﬁ-iSaEEZ(QSa (o—nl-E L +
N2 2 N 224l T)2

T T

s—1
+iSaﬂé 2[7)83 09+niE r
N, 2 25\ T)2
The final general description of the modified weighting function after scaling
operation using is as follows

s—1
WT(”)((D):ESa—a(MASa a0l +£Sa—amT£Z(7)Sa oo—niljz +
N, 2 2 N2 25U Ta ) 2

s—1
+ iSa—a(ME Z(’.’jSa (0)+ n; ljﬁ
N, 2 2\ Ta) 2
From the eqn (23) results that the auxiliary weighting window is responsible
for amplitude modulation of the modified weighting function separate

components and it cause changes of their lobes width and location on the radial
frequency axis.

(22)

T

(23)

4 Simulation results

A simulation model of the modified weighting functions generator and the pulse
radar signal generator was prepared for testing. It was done in LabWindows CVI
(National Instruments) environment. Thanks to the model both weighting
functions and generated radar NLFM signals features tests are possible. The
influence of the duration time of the auxiliary rectangular window on the
generated signals characteristics was the main task of research. As a result
a number of characteristics were obtained. A few of them are presented below.

Normalized magnitude spectra of the modified weighting function for
different value of the power of #n is presented on fig. 1. Values of the parameters
k and t were fund in the iterative way in order to achieve min level of
sidelobes. Normalized magnitude spectra of the non-modified weighting function
and rectangular window are presented too on common figures for comparison.
The first one was prepared for the same value of the parameter n and for
optimum value of the parameter & that gives the minimum level of sidelobes.

A conclusion can be drawn that thanks to the modification operation the
sidelobes level in dependence on the n value, decreases from about 14 dB up to
27 dB with relation to the case of the non-modified weighting function. The
sidelobes level attenuation was achieved at the cost of the mainlobe broadening.

For example, comparable sidelobes level can be obtained for the modified
window with n =2 and the non-modified window with »n = 6, but in the second
case the mainlobe width at -3 dB level is 1.35 times wider.
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Figure 1: Normalized magnitude spectrum of the modified, non-modified,

and rectangular windows for different # .

Design of the transmitted NLFM radar signal was done in the next research
step. The matched filter output signal is given by the input filter signal
autocorrelation function. The signal autocorrelation function is determined by
the inverse Fourier transform of the energy spectral density. So to generate
aNLFM signal with uniform amplitude one can use the signal with the
magnitude spectrum described by a square root of the weighting function, raised
cosine with power of n for example. Finding the nonlinear frequency law using
the stationary-phase principle was suggested by Fowle [1], Cook and
Bernfeld [2].

This method was applied in this paper. As a result some characteristics were
obtained. A number of them are presented here. Normalized magnitude of the
NLFM signal observed at the matched filter output versus normalized to pulse
duration time are depicted in fig. 2 and fig. 3.
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The characteristics are shown for the magnitude spectrum described by non-
modified and modified weighting function and for two different values of the
BT product.
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Figure 2: Normalized magnitude output matched filter signal for the non-

modified (a. £=0.113, t=0) and modified (b. k=02153,
T =0.535T ) weighting function, and BT =100 .
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Figure 3: Normalized magnitude output matched filter signal for the non

modified (a. £=0.09, t=0) and modified (b. k=0.094,
T =0.415T ) weighting function, BT =100 .

As a result of the recursive finding of the minimum sidelobes level by values
of the k£ and t parameters changing the 0.8 dB improvement of this level were
obtained for BT =100 and 1.8 dB for BT =300 respectively.

5 Conclusion

The main goal of the paper is derivation of the general, analytical formula of the
modified weighting function and its application for NLFM type radar signals
synthesis. The modification essence is the known weighting functions family of
raised cosine type convolution with the auxiliary rectangular window having
variable changeably duration time. The rectangular auxiliary window duration
time selection gives the opportunity for its features fine tuning.

As a result decrease of sidelobes level from 14 dB up to 27 dB, with
simultaneous and expected mainlobe width increase for chosen parameters was
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achieved. Moreover the NLFM radar signal parameters improvement was
noticed at the output of the matched filter. The scale of this effect is relatively
low and it depends on the BT product.

It is worth to add that the described method may be applied for fine tuning
other type of weighting functions.

The modified weighting function described in the paper may be used not only
for radar signal synthesis but for harmonic analysis and filter design too.
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