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Abstract 

Finite Element (FE) methods have been widely used to model fractures. The 
Theory of Critical Distances (TCD) was proposed to predict the fatigue fracture 
of materials. With the introduction of FE models, this theory has been developed 
and extensively applied to different materials. FE models of fractures usually 
need a high resolution meshing or remeshing due to introducing new cracks. This 
can be a disadvantage, e.g. when the fracture plane of the material is under 
compression. In this paper the TCD was adopted to predict the multiaxial 
fracture of bone with the aim of studying the effects of geometry on fracture 
force.  
Keywords:  bone, fracture, indentation, multiaxial failure, Theory of Critical 
Distances.  

1 Introduction 

In different surgeries various kinds of blades are used for cutting bone. Bone has 
a complicated composite structure and many researchers attempt to understand 
the mechanism of fractures. Understanding the fracture mechanism, cutting 
process and predicting the fracture load is useful to optimize the surgical blades. 
To predict the fracture load especially in complicated problems, computer 
modelling is necessary. Finite Element (FE) methods have been extensively 
employed to simulate the fracture and cutting process. 

 The first model of the cutting process using FE obtained the fracture load by 
simulating the crack’s growth until it was an unstable crack. The maximum force 
before the unstable crack is the cutting force. In a general classification, two 
different sorts of FE analysis have been proposed to study the crack propagation, 
the discrete and smeared approaches [1]. The discrete approach deals with the 
fracture process by introducing a discontinuity in the geometry of the structure 
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while the rest behaves in a linear elastic way. The smeared approach keeps the 
geometry fixed but the strain localization is simulated in a representative region 
of the structure through the material constitutive law. In the first method, 
introducing a new crack and remeshing during the analysis is necessary while a 
high resolution mesh must be made in the second approach. These methods are 
useful in particular studies of crack growth path. In the case of indentation a 
developing crack will be closed due to the high compression on the fracture 
plane. Therefore applying the same methods such as cohesive zone or some 
discrete models are not appropriate.  

 In this paper, the Theory of Critical Distances (TCD) is applied to predict 
effects of indenter geometry on the fracture force. The results were validated 
using experiments.  

2 Materials and methods 

The Theory of Critical Distances (TCD) was proposed by Whitney and Nuismer 
[2] to predict the fatigue strength of notched materials. The TCD assumes that 
fracture occurs when the stress at some characteristic distance, rc=L/2, away 
from the discontinuity reaches a certain stress. The distance, L, and the certain 
stress are called the critical distance and critical stress respectively. This theory 
has been recently developed to be applicable to brittle fracture as well as fatigue 
[3] for various materials [4, 5].   

 As most engineering components are subjected to a complex loading system, 
the TCD has been extended for multiaxial stress fields [6]. For multiaxial TCD 
an equivalent critical stress should be defined. It is mostly a function of shear 
and normal stress acting on the fracture plane. The criterion depends on the 
failure criterion of the material. The failure mechanisms differ for different 
materials; therefore, some critical stress must be defined for a given material 
under multiaxial loading state. 

 Indentation is a multiaxial problem. A complex field of stress including shear 
and normal stresses is acting on the critical plane. Here, to study the bone 
fracture, the Columb-Mohr criterion was employed which was proposed for 
brittle multi-axial fracture.  It is assumed that the critical stress is a linear 
combination of the normal and shear stress on the fracture line as shown in 
Equation (1). The critical stress is assumed to be the shear strength, τu=72MPa, as 
the equation is satisfied if there is no normal stress. 
 

 uτσατ =⋅+      (1) 
 
α is a material constant, which depends on the relative strength of material under 
different stress states. α and L are two unknown material constants and so can be 
obtained from two sets of experimental data. Thus to apply the TCD, first two 
sets of data were employed to find the material constants and then these have 
been used to predict the indentation force for other indenter geometries.   
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 Indentation tests were carried out on 8mm cubes of cortical bone from bovine 
femora, indented in two directions with different blades, either parallel or 
perpendicular to the bone’s longitudinal axis.  The indentation was performed at 
a rate of 2mm/min at room temperature. Indenters with different angles and radii 
were used and they were lubricated so as to reduce the friction between 
materials.   

 A 2D finite element model of was established using ANSYS software. Bone 
was modelled as a nonlinear isotropic material, the indenter as a rigid material. 
Load was applied to the indenter as a force, deformation was determined to 
validate the model. All nodes on the bottom surface of the bone sample (and 
along the sides for the lower 1mm) were constrained in the vertical direction. A 
map mesh using element PLANE82 was used around the contact area. High 
deformation around the contact area tended to cause a mesh destruction error. To 
avoid this problem a mesh ratio up to 1:2 was used in this region. The contact 
surfaces were modelled using CONTA172 and TARGE169 with Standard 
behaviour. The penalty method was employed as a solver.    

3 Results 

Experiments showed that the crack initiates and grows in the longitudinal 
direction of the bone, which is roughly the same as the osteons’ orientation, and 
the weakest direction in the bone. It is independent of the indenting direction. 
Figure 1 shows the main crack growth in both directions of indentation, 
longitudinal and transverse. A critical plane is therefore defined in the 
longitudinal direction starts from crack initiation spot. 
 
 

 

Figure 1: Crack direction during longitudinal (on the left) and transverse (on 
the right) indentation. In both cases cracks develop in the 
longitudinal direction. 

 The crack initiates from the most highly loaded spot on the blade/bone 
interface. Assuming bone is a homogenous material under indentation makes it 
easier to define the crack initiation place. There are two different types of 
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singularities in a blade, boundary and geometric singularities. The first is defined 
as the place where the indenter is separated from the material. This occurs due to 
the sudden change in pressure on the material from a finite value to zero. This 
singularity depends on the contact area between two bodies and also their 
material properties. The second singularity occurs at the point along indenter 
geometry where the radius of curvature changes.  In fact even for a perfect 
indenter, with smooth sides, the radius of boundary curvature is changed from a 
finite value at the tip to an infinite value along the sides. This variation in the 
curvature causes a singularity during the contact due to changing the pressure 
curve on the contact surface. Figure 2 shows the singularities on the contact 
surface. As can be seen the normal stress on the contact surface changes 
markedly as a result of shifting on contact pressure at singular points. 
Singularities in stress during the indentation are probable locations for crack 
initiation. In the case of longitudinal indentation the geometric singularity plays 
an important role. In a special case, if the radius of the indenter tip goes to zero 
then the crack starts from the tip, which is the geometric singularity. 

 
 
 

 

Figure 2: Schematic of the variation of first principal stress (S1) and contact 
pressure during indentation and effects of the singularities.  
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 Figure 3 shows the variation of shear and normal stress on the fracture line 
for longitudinal indentation. It demonstrates that on the fracture line the material 
is highly under compression. According to eqn. (1) a high shear stress is required 
for failure.   

 Using the experimental results for two different indenters (20o-300µm and 
20o-700µm), and the defined critical line the critical distance for bone was 
estimated to be 0.32mm. The value of α also calculated to be 0.3. These values 
of critical distance and α, assumed to be material constants, were employed to 
predict the fracture loads in the other tests. The fracture line, on which 
calculations were performed, was assumed always to be longitudinal. 
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Figure 3: Variation of normal stress and shear stress on the critical line for 
20o-700µm indenter at the fracture force. 

 Figure 4 shows data and predictions of the effect of tip radius on fracture 
force for a constant indenter angle of 20o, for both longitudinal and transverse 
indentation. The results show that there is an increase in fracture force with the 
radius of indenter, the rate of increase being greater at lower radii. Also the 
fracture force in the transverse direction is larger than that in the longitudinal 
direction. The TCD can predict these results well.  

 The experimental results showed only a small variation on fracture load with 
angle for large radii. For example, for indenters with radius of 700µm, the failure 
force changed from 2678±156 (N) to 2834±380 (N) when the angle changed 
from 200 to 600. The TCD predicts the same force for both indenters, with a 
value of 2700N. For smaller radii the TCD predicts significant variation in force 
with angle; predicted force changes from 921(N) to 1180(N) for 50 Micron 
blades when the angle changes from 200 to 600.  
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Figure 4: Experimental results and TCD predictions of cutting force for 
blades with 200 angle and various radii. 

4 Discussion 

Under indentation, failure occurs as a result of normal and shear stress on the 
fracture plane. In this case the normal stress is mostly compression especially for 
blunt indenters. It is shown in Figure 3 that in the presence of compression the 
shear stress is much higher than the shear stress necessary to cause fracture. Eqn.    
(1) is the simplest application of the Coulomb-Mohr criterion. According to this 
theory fracture occurs on a given plane in the material when the critical linear 
combination of normal and shear stress acts on this plane. According to this 
criterion α and τu are material constants that are related to ultimate stresses in 
tensile, compression and shear. Assuming the typical values of bone for 
compression, tensile and shear ultimate stress to be about -250,150,68MPa 
respectively gives α=0.35 and τu=72MPa. Using the critical distance method and 
the experimental results for two groups of data, α=0.3 was estimated which is 
therefore comparable with the Coulomb-Mohr constant.   

 Fracture properties of bone vary in a wide range according to the literature 
[7–20]. The variation in fracture properties stems from the different testing 
conditions and different types of bone is used. The fracture characteristics of 
bone are a function of its orientation and are notch sensitive [21]. The Critical 
Crack Length is a material property, which is defined as the size of the largest 
crack that a material can tolerate before unstable fracture occurs. This value of 
critical crack length is similar to our critical distance value. Some research has 
been performed to obtain the critical crack length of bone. In the literature the 
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critical crack size of bone has been found to vary between 0.3mm and 1.8mm 
[10, 12, 15, 16]. Bonfield and Datta [10] looked at tensile specimens of bovine 
femora containing transverse cracks on the edge and centre. They found a 
Critical Crack Length of L=0.37mm. Robertson et al [16] studied V-notched 
specimens of bovine bone using three-point bending. The critical crack length 
perpendicular to the tensile stress axis was determined to be 0.36mm at the strain 
rate of 7×10-6 to 3×10-2 sec-1. Moyle and Gavens [12] analysed bovine plexiform 
tibia with different crack lengths (4-12mm) and tip radii in transverse direction. 
They found the critical crack length to be 1.8 mm but Kc was overestimated 
about 11.2MNm-1/2. It is also interesting that the fracture toughness of human 
bone and bovine bone relative to its strength are approximately similar [14]. In 
the other words, the critical distances of bovine and human bone are roughly 
similar. We estimated L be about L=0.32mm for longitudinal bovine femora. 
This value of critical distance is comparable with the critical crack length 
reported in other literatures.   

 For the blunt indenters, the radius has a large effect on the fracture force in 
both indenting directions, longitudinal and transverse. The larger the radius the 
larger the fracture force. This is due to the increase of the contact area when 
increasing the radius. Increasing the radius from 50µm to 700µm, changes the 
longitudinal fracture force from about 1000 to around 3000. It is quite 
interesting, that there is not a major difference between the fracture load of a 
sharp blade and a blade with 50µm radius.   

 For indenters with small radii, the fracture force increases when increasing 
the angle. The experiments showed that the larger the radius the less effect of 
angle on the fracture force. Our analysis showed that, for a large enough radius 
of indenter, the edges of indenter that carry the effects of the angle are not in 
contact with the bone before fracture. Therefore only the radius has an effect on 
the fracture force. But for small radii, there is enough deformation before the 
fracture such that the sides of the indenter play a role.  

5 Conclusions 

1. The Theory of Critical Distances was able to predict the effects of radius, 
angle and loading direction on the indentation fracture force in bone. 
2. It demonstrated that the radius has more effect than the angle, and that both 
effects diminish with increasing radius. 
3. The effect of material anisotropy was successfully accounted for simply by 
changing the direction of the critical line (predicted fracture line). 
4. The approach is very easy to implement using FEA: modelling of crack 
growth is not necessary, which is a great advantage when predicting failure 
under compressive loading. 
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