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Abstract

A mathematical model has been developed in which the force generated by the
fibres of the myocardium is represented as force/unit volume of the
myocardium. By using this approach, new indexes have been derived that can be
used to express the ventriculo-arterial coupling and to differentiate between
various cardiomyopathies. It has also been possible to derive a mathematical
expression for the intramyocardial stress induced in the passive medium of the
myocardium as the sum of two components, one component induced by the
mntraventricular pressure and the other component induced by the force/unit
volume of the myocardium representing the fibres force. Relations between the
intramyocardial stress and the parameters describing the end-systolic pressure-
volume relation (espvr) are presented and discussed.

1 Introduction

The study of the relation between the stress induced in the myocardium and the
intraventricular pressure has been known as the law of Laplace [1-4], it was
initially derived by using the linear theory of elasticity for a passive inert
medium. When it comes to an active medium like the myocardium, one of the
difficult problems in cardiac mechanics is the study of the relation between
myocardial fibre stress and the fibre orientation on the one hand and the
parameters describing the performance of the right or left ventricle as a pump on
" the other hand. There are basically two general approaches for this problem.
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The first approach consists in developing models for the fibre orientation in
the myocardium, as well as for the active force generated by the fibre according
to the Huxley cross-bridge model for instance. The studies by Waldman et al [5]
and Vendelin et al [6] follow this approach. Although this approach is important
at the fundamental research level in that it gives more insight into the intricate
relations between the different parameters involved, its application at the clinical
level is more difficult.

The second approach, which has been developed in a series of previous
studies [7-13], consists in modeling the active force generated by the myocardial
fibres as force/unit volume of the myocardium. This approach is well known in
the theory of elasticity. In view of the complex structure of the myocardium, one
can confidently assume that the total intramyocardial stress ¢, induced in the
passive medium of the myocardium is 2 tensorial quantity with six components
(3 normal and 3 shear stresses) [14]. Under the assumption of a symmetrical
contraction of the myocardium, the intramyocardial stress ¢, reduces to a
vectorial quantity with three orthogonal components (for instance in a cylindrical
coordinate system we have radial o, circumferential o, and longitudinal oy
components),

This second approach has the advantage that it splits the complexity of the
problem in two parts: 1) a study of the relation between the force generated by
the myocardial fibres in the complex structure of the myocardium and the
force/unit volume of the myocardium used in the modeling process; 2) a study of
the relation between the force/unit volume and the mechanics of cardiac
contraction, Consequently one does not need to start by step (1) before moving to
step (2), one can directly start with step (2) if the interest is directly in the study
of the mechanics of cardiac contraction. This is a great simplification of the
problem, when step (2) has been solved one can move back to step (1) if
required. Results obtained by using this approach and related to clinical
applications of the end-systolic pressure-volume relation (espvr), the ventriculo-
arterial coupling, and the calculation of the stress induced in the passive medium
of the myocardium are discussed in this study. We shall confine our attention to
the left ventricle, but the approach used can also be applied in a similar way to
the right ventricle [15].

2 Mathematical model

2.1 Pressure-volume relation

A thick-walled cylinder contracting symmetrically is used to represent the left
ventricle (see Figure 1, left), the cylindrical model is known to be a good
approximate representation of the ventricles near the equatorial region.
Transverse isotropy around the cylinder axis is assumed. A myocardial fibre is
assumed to have a helical shape, with a variable inclination angle as we move
from the endocardium to the pericardium. The projection of a helical fibre on the
cross-section of the myocardium appears as the dotted circle shown in Figure 1
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Figure 1 (lef1); cross-section of a thick-walled cylinder representing the

myocardium. A helical muscular fibre will be projected on the cross-section
of the myocardium as shown by the dotted circle, D = force/unit volume of
the myocardium. P is the left ventricular cavity volume, P, is the outer
pressure on the pericardium, g = inner radius, » = outerradius, h = b —a =
thickness of the myocardium.
(right): simplified drawing showing the end-systolic pressure-volume
relation (espvr) represented by the line d;V,, with slope E,, = left
ventricular elastance. Dh = radial active force/unit area generated on the
inner surface of the myocardium (radial fibre stress at the endocardium). The
point d; is the middle point of the segment d3V,. During a normal ejecting
contraction, the point d of coordinates ( Dh, V) moves near the line dyd,
The pressure-volume loop during a normal ejecting cycle is represented by
Veadod V. 1t is assumed that V,, =~ V,, the end-systolic volume. The change
A( Dh) corresponds to AV, according to the Frank-Starling mechanism.

(left). Because of the assumed symmetry of the problem, the myocardial fibres
generate a radial active force D per unit volume of the myocardium. The radial
active force/unit area on the endocardium (radial fibre stress at the endocardium)
is given by /2 Ddr = Dh, where D is an average value calculated by the mean
valuetheorem, 4 = b — a = thickness of the myocardium, @ = inner radius, & =
outer radius.

The relation between the forces acting on the myocardium and the change in
cavity volume has been derived by using the theory of large elastic deformation
[7] in the case of a quasi-static approximation (inertia forces and viscous forces
neglected). Without entering into the mathematical details, one can intuitively
write the equilibrium of the radial forces/unit area at the endocardium in the form

Dh—(P-P)=E(Vuy—7V) (1a)

Near end-systole when E reaches its maximum value E,,,, (see Figure 1, right)
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( Eh)m - (Pm - Pam) =Epr (Ved"“ Vm) (lb)

V = nmd’L is the cavity volume, V4 is the cavity volume at end-diastole (when
dV/dt = 0), and E is the elastance coefficient. The index m is used to indicate the
variables involved when E reaches E,.., which is supposed to represent the
maximum state of activation of the myocardium. We shall assume in our
calculations that ¥, = V,, the end-systolic volume (when d¥V/dt = 0). The right
hand side of eqns (1) is equivalent to the force resulting from the elastic
deformation of the passive medium of the myocardium.

Eqgn (1b) (and similarly eqn (1a)) can be looked at in three ways (see Figure 1,

right) as explained in the following :

1} If ( Dh),, is kept constant and P,, and ¥, are varied, as if a balloon is blown
against a constant ( Dh),,, the pressure-volume relation is given in a simplied
way by the end-systolic pressure-volume relation (espvr) ds¥,.

2) In an isovolumic contraction (non-gjecting contraction) at constant V,,, the
maximum isovolumic pressure generated by the myocardium is ¢ Dh),, and is
indicated by the point d; in Figure 1 (right).

3) During an ejecting contraction, the pressure-volume relation is given in a
simplified way by the loop V.ud>d;V,,. In this case Dh, P, ¥ and E are varying
simultaneously during the cardiac cycle, and Dh reaches ( Dh), at point d, in
Figure 1 (right).

These three aspects of the pressure-volume relation are summarized by eqns
(1). Eqns (1) can be split as follows

Dh=E (Voy~ V) (2a)

( Dh)y = Epoe (Vea — Vi) (2b)
P-P,=E(V-V) (3a)
PPy =Epse Vo~ Vi) (3b)

V;and V,, are shown in Figure 1 (right). Eqns (3) represent the way the pressure-
volume relation was first introduced. From eqns (2) one can see the direct
relation between the elastance £ and the active state of the myocardium
represented by Dh, the radial active force/unit area generated on the
endocardium (radial fibre stress at the endocardinm).

2.2 Intramyocardial stress calculation

By using the linear theory of elasticity one can also derive the same egns (1)
previously obtained by using the theory of large elastic deformation [7], the
difference between the linear theory and the theory of large elastic deformation is
in the way the elastance coefficient £ is expressed in terms of the parameters
describing the elastic propertics of the myocardium. But this point is of minor
importance for experimentalists who use to calculate E directly from
experimental measurements. Consequently it is the theory of linear elasticity that
we have used to calculate the intramyocardial stress induced in the passive
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medium of the myocardium by using the mathematical formalism described.

Detailed mathematical - analysis for the calculation of the radial o,
circumferential ¢, and longitudinal ¢; components of the total intramyocardial
stress 0;0,2 =g’ + o‘cz + ¢’ induced in the passive medium of the myocardium
have been published elsewhere [12,13]. We shall confine our attention here to
some relations that illustrate the link between the circumferential stress at the
endocardium @, and the parameters describing the pressure-volume relation. The
circumferential stress represents nearly 90% of the total stress induced in the
passive medium of the myocardium, it can be considered as a good
approximation to study the state of the stress in the myocardium. We have the
following relations (see [12,13] for details)

(Ocdm (Vo (2V + Vi) = (P~ Po) = (D), (4a)

which can be split in two equations

(Ce)in (Vaor/ (2Vm + V) == ( Dh)y, (4b)
(O} pm (Va)/(sz + Vm)) =Py~ Fyp (40)

The suffix m indicates as usual that the calculations to be discussed later on are
done when E = E,, (it has been dropped in references [12,13] for simplicity, but
we keep it here to be consistent with the notation used). Note how the splitting of
(Cedm = (Cedddm + (Oua)pm coOrresponds to the splitting of ¥y — V,, into V,q — Fym
and ¥, — V., in eqns.(2),(3). V,, = Ir(bz — &) L is the volume of the myocardium
and it is supposed to be constant for an incompressible medium. By comparing
eqns.(4) with eqns.(2) and (3) one can see how the ventricular elastance £ can be
directly related to the stress induced in the passive medium of the myocardium,
an idea that was discussed qualitatively by Westerhof [16]. During the systolic
phase the induced stress o, is negative (compression) because Dh > P.

It is to be noted that by neglecting ( Dh),, the stress is calculated only by
using eqn (4c), which explains the apparent contradictions reported in the
literature ~ between  measured and calculated stress [17-191.

In the following, the calculations were carried out by assuming that the
pressure at the pericardium P, = 0.

3 Results

3.1 The ventriculo-arterial coupling

The ratio E,./e,, (maximum ventricular elastance/corresponding arterial
elastance, see Figure 1, right) can be used to distinguish between different states
of the myocardium. The stroke work SW = area V dd,V,, represents the energy
delivered to the systemic circulation. When d; moves along the espvr represented
in a simplified way in Figure 1 (right) by the line d;V,,, SW reaches its maximum
value (SW),... when d; coincides with d; (the middle point of the segment d;V,).
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Figure 2 (lefi): the abscissa () = (Gpm + (G)aw is the radial stress induced
in the passive medium of the myocardium calculated at different depths from
the pericardium (left) to the endocardium (right), the ordinates are the
components (¢;),, induced by P, and (G)s, induced by ( Dh),. The
calculation is carried out for three perfusion pressures pp, + 50 mmHg,

x 75 mmHg, * 100 mmHg.

(right): same as the left hand side, with the values of the stresses divided by
the perfusion pressures pp.

Calculation based on experimental data taken from ref, [22].

One can consequently observe that in the normal physiological state of the
myocardium (maximum efficiency for oxygen consumption by the myocardium
[9, 10, 20, 21]) E u/€.m = 2 Which corresponds to P,/( Dh),, = 1/3 (d, below ds
on the segment d;V;,); for mildly depressed state of the myocardium one has
Epud€am = 1 which corresponds to P,/( Dh),, = | (d, and ds coincides); for
severely depressed state of the ventricle one has E,../e.» < I (d; above ds, in this
region an increase in P, results in a decrease of the stroke work SW).
Experimental results that confirm these calculations have been published [20,
21]. By introducing of the active force/unit area Dh in the formalism describing
the pressure-volume relation, the espvr offers a simple way to characterize the
state of the myocardium. The areas under the espvr can also be used to
differentiate between different cardiomyopathies [8, 11].
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Figure 3 (left): the abscissa is the radial distance r in cm from the endocardium
(r = 0.8 ¢m) to the pericardium (r = 1.6 cm), the ordinates are the
circumferential stress components (&), induced by P, and (0.)4, induced
by ( Dh),,. The calculation is carried out for three different perfusion
pressures pp, + 50 mmHg, x 75 mmHg, * 100 mmHg,

(right). same as the left side, with the values of the stresses divided by the
perfusion pressures pp.
Calculation based on experimental data taken from ref. {22].

3.2 Intramyocardial stress calculation

Experimental verification of the mathematical formalism discussed in section 2
to calculate the intramyocaldial stress is based on data published by Mihailescu
et al [22), and Burns et al [18]. The important point to note is the consistency of
the results obtained for two independent experiments and based on the theory of
linear elasticity, whereas previous results have indicated that the linear theory of
elasticity gives inconsistent results [17,19]. In the experiment reported by
Mihailescu et al [22] the experiment was carried out on excised hearts of adult
cats, and the stress in the myocardium was measured by micropipette transducers
and a controlled displacement of those transducers inside the myocardium. One
can assume that the micropipette will sense the total force acting on it, and if
propetly calibrated it will measure the total intramyocardial stress induced in the
passive medium of the myocardium (Gr)m = (Orodpm + (Ciodddm. From (G ODE
can calculate P, -- ( Dh),, and by measuring P,, one can calculate ( Dh),,. One
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Figure 4 (lefi): the abscissa (0)y = (Ot)pm + (Cu)um is the circumferential stress
induced in the passive medium of the myocardium calculated at different
depths from the pericardium (right) to the endocardium (left), the ordinates
are the components (0,),, induced by P, and (0,)a, induced by ( Dh),. The
calculation is carried out for three different perfusion pressures pp,

+ 50 mmHg, x 75 mmHg, * 100 mmHg.

(right): same as the left side, with the values of the stresses divided
by the perfusion pressures pp.

Calculation based on experimental data taken from ref. [22].

can then calculate the components () pm, and (Giy)gm. Finally the components
(Coms (Odom (OL)pm a4 (Cym, (Oddm (O1)am can be calculated according to the
procedure outlined in reference [12]. Figure 2 shows the radial stress (0,), =
(G.)pm + (0;)4m induced in the passive medium of the myocardium and calculated
in this way, the ordinates are the components (6,),, and (0,)4, (the suffix m was
dropped in references [12,13] for simplicity, it is kept here for consistency in the
notation). The results of Figure 2 corresponds to data calculated at different
depths in the myocardium for three different perfusion pressures pp, from
pericardium (left) to endocardium (right). Similar results for the circumferential
stress (O)m = (O)pm + (Ouum are shown in Figure 4, the ordinates are the
components (0,) gy and (0y),n. Note that during the systolic phase ¢, is negative
( Dh > P), consequently the pericardium is to the right side of Figure 4 and the
endocardium to the left side. Figure 3 shows the radial variation of the
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Figure 5 (lefi): the abscissa (Gum = (Ceddpm T (Ocgdum 18 the circumferential
stress induced in the passive medium of the myocardium at the endocardivm
(at 7 = a). The ordinates are the components (0,),, induced by P, and (Gp)sm
induced by ( Dh),. Results from experiments on 6 dogs.
(right); values of P, and - ( Dh),, drawn against ( Dh), - P, correspond
to the circumferential intramyocardial stresses calculated on the left side.
Calculation based on experimental data taken from ref. [18].

circumferential stress components (0w and (0.),m, which are large near the
endocardium (» = 0.8 cm) and decreases towards the pericardium (r = 1.6 cm).
One can note from the results of Figures 2 and 4 as well as the results published
in reference [12] that we have the relations (Gi)un/(Ciodom = (O am/(OJpm =
(6)in(C)pm = - ( Dh)n/Pnm. These relations can be related to E,q by using the
triangular relations shown in Figure 1 (right).

Further evidence for the consistency of these results has been obtained from
the experimental data published by Burns et al {18]. The experiments in this case
were carried out on mongrel dogs with the heart exposed, the circumferential
stress indicated PM,,; in Table 1 of Burns et al [18] is directly measured by using
auxotonic force gauges. This measurement has been approximated by (0y), in
our notation, on the basis that the gauge will sense the maximum circumferential
stress acting at the endocardium with r = ¢ = inner radius of the myocardium.
The procedure for the calculation of (6.}, and (0.p)un is reported in reference
[13], the results are shown in Figure 5 (left), the right hand-side of Figure 5
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shows the corresponding values of P, and - ( ﬁh),,, drawn against ( Dh),, - P,,
and calculated by using eqns (4) . One should observe the similarity between the
curves of Figure 5 (left) obtained from experiments on 6 dogs and calculated at
the endocardium, and the result of Figure 4 obtained from an experiment on a
cat at three different perfusion pressures and at different depths in the
myocardium. This similarity gives further evidence for the consistency of the
mathematical formalism used.

4 Conclusion

This study has presented some results based on the linear theory of elasticity on
the way to calculate the intramyocardial stress as the sum of two components, a
component induced by the intraventricular pressure and a component induced by
the fibres force represented as force/unit volume of the myocardium. The
formalism developed has the interesting feature that it can be linked to the espvr
and to the parameters describing the mechanics of ventricular contraction.
Possible clinical applications of these results in cases of hypertrophy or
hypertension in the future may produce interesting results.
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