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Abstract

A meshless Local Integral Equation (LIE) method is proposed for numerical
simulation of 2D pattern formation in nonlinear reaction-diffusion systems. The
method works with weak formulation of the differential governing equations on
local sub-domains with using the Green function of the Laplace operator as the
test function. The Moving Least Square (MLS) approximation is employed for
spatial variations of field variables while the time evolution is discretized by
using suitable finite difference approximations. The effects of model parameters
and conditions are studied by considering the well known Schnakenberg model.
Keywords: nonlinear reaction-diffusion systems, Turing instability, pattern
formation, Schnakenberg model, meshless methods, local integral equations,
moving least squares, finite differences.

1 Introduction

Alan Turing demonstrated [1] how a simple model system of coupled reaction-
diffusion equations could give rise to spatial patterns in chemical concentrations
through a process of chemical instability (diffusion driven instability). Turing
also pointed out the role of such patterns in biological pattern formation. A large
variety of pattern formation with various applications has been explained by
Turing type models. It is not the aim of this paper to give a review of such
application and modelling of pattern formation [2]. Recall that several Turing
models have been developed such as the Gierer-Meinhardt model [3], Gray-Scott
model [4], Lengyel-Epstein model [5], Brusselator model [6], Schnakenberg
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model [7] and Selkov model [8]. A typical Turing system is a reaction-diffusion
system consisting of at least two chemical species (activator and inhibitor)
exhibiting a steady state which is stable to small perturbations in the absence of
diffusion, but becomes unstable when diffusion is present (Turing instability).
The formation of spatial patterns is principally a nonlinear phenomenon.
Otherwise the unstable modes would grow unlimitedly. Linear theory does
determine conditions under which spontaneous pattern formation is allowed for
certain parameter ranges [2]. Initial and boundary conditions, the shape and size
of the domain yield various forms of patterns. To determine which of the various
possible patterns will be stable or which conversion takes place, one has to go
beyond linear theory. Various numerical methods have been used to solution of
nonlinear reaction-diffusion systems and computer simulations of pattern
formation.

In this paper, we develop the Local integral equation (LIE) method for
numerical simulations of 2-d pattern formation in reaction-diffusion systems.
The method is truly meshless, since no elements are required either for
approximations or for integration in the analysed domain. The Moving Least
Square (MLS) approximation is employed for spatial variations of field variables
while the time evolution is discretized by using one-step #-method. The nodal
points are distributed freely inside the analysed domain and on its boundary
without using any connectivity among nodes. The LIE is a weak formulation of
the differential governing equations on local sub-domains considered around
each interior node with using the Green function of the Laplace operator as the
test function. Thus the integral form of the governing equations is the integral
representation of field variables at interior nodes. The appropriate choice of the
shape of sub-domains enables us to find the Green function vanishing on the
boundary of the sub-domain and so eliminate the normal derivatives of the field
variables from the formulation. This is valuable achievement since the accuracy
of approximations for derivatives is lower than for primary fields and also the
evaluation of derivatives at integration points prolongs the computation. The
nonlinear terms are treated iteratively within each time step. Several numerical
simulations are presented in order to verify the developed method. Attention is
paid to illustrate the dependence of pattern shape on the initial conditions, size
and shape of the analysed domain.

2 Mathematical formulation of reaction-diffusion problems

The governing equations for the concentrations of two chemicals u(x,?)and

v(x,t) subjected to reaction-diffusion processes are given as [2]

0 0
a—uzvzu—i-}/f(u,v) , a—v:dvzv—i-;/g(u,v) in Qx[0,7] €))
t t
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These equations must be completed with prescription of the initial values
{u(x,O),v(x,O)} and the boundary conditions, which are usually taken as the
Neumann type

ou ov

0, —=0 on 0Q 2)
on on

The zero flux conditions imply no external input. If we imposed fixed
boundary conditions on u and v, the spatial patterning could be a direct
consequence of the boundary conditions (as it can be seen in ecological
problems).

The relevant homogeneous steady state (u,v,) of (1) is the positive solution
of

f@,v)=0, gu,v)=0.

Since we are concerned with diffusion-driven instability, the steady state must be
homogeneous and satisfy the equations

Z—L;=7f(u,V) , %=7g(u,V) , 3)

Hence, assuming linear stability for w= (u — Uy, V=V )T about the steady state

(ug,vy )T , we obtain the governing equations

Ju Sy
gu &y

>

ow

—=yAw, A:{ 4

ot
with the partial derivatives of f and g being evaluated at the steady state.

Looking for the time evolution in the form w-~ e , where wis the
eigenvalue, we get the condition Re® < 0 for requirement of linear stability of

the steady state w=0. It can be shown [2] that the linear stability is guaranteed
if

f,u +g, < 0, f"ug’v —f"vg’u >0. &)

The solution of the linearized full reaction-diffusion system (1),

0 d
with using the expansion in terms of the eigenfunctions of the Laplace operator

ow 1 0
a—:DV2w+7Aw , D:( ) , (6)
t

corresponding to eigenvalues IS , yields the dispersion relation a)(kz) . An
analysis of the dispersion relation is extremely informative in that it immediately
says which eigenfunctions, i.e. which spatial patterns are linearly unstable and
grow exponentially with time. Note that with finite domain eigenvalue problems,
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the wavenumbers are discrete and so only certain & are relevant. Of course in
nonlinear RD problems there are mechanisms which do not allow unbounded
growth of unstable modes with ¢ — co . Therefore the linear stability analysis
(though informative) is not complete for post buckling evolution and it is
necessary to know the solution of the nonlinear problems with taking into
account the prescribed boundary and initial conditions as well as the geometry of
the analysed domain.

Nevertheless, the linear stability analysis yields necessary conditions for the
generation of spatial patterns. In the case of two species RD mechanisms of the
form (1) these conditions can be summarized as [2]

f;u+g’v<0 ) (f;ug’v_.]ivg’u)>0
(df;u +g,v) >0 5 (df:u +g,v)2 _4d(f;ug,v _f:vg,u) >0 . (7)

Being satisfied such conditions, the formation of spatial patterns and their
shape depends on the boundary and initial conditions as well as on the shape of
the domain.

3 Local integral equation formulation and numerical
implementation

The governing equations (1) should be valid on an arbitrary sub-domain Q° of
the analysed 2-d domain Q. The weak form of these equations on a local sub-
domain (the local weak form) is given as

[ [a—”— Viu - yf(u,v)}l*dx =0, | {@ —dv?y - 7/g(u,v)}1*dx =0 (8)
ot Lot

QS

where u" is a test function. Basically, the test function can be selected arbitrarily.
One of the convenient choices is to take it as the Green function of the Laplace
operator with vanishing on the boundaries of appropriately chosen sub-domains.

Let the sub-domain Q€ be a circle of the radius 7, and centred at the point

x‘ € Q. Then,
* 1 .
() =——1m| = |, =[] =|lx-x° )
27[ }"0
obeys the equations
Vi () ==6(r), u'(r)|  =0. (10)
Q"

In view of the Gauss divergence theorem, Eqgs. (8)—(10) can be rewritten as
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6u*( x—x° )
u(x“,0+ [ u(x,)————dl +
o an(x)
ou(x,t) * c
o [—& —7f(u(x,t),v(x,t))}‘ (J-x)aa=0  am
QC
Gu*( x—x° )
dv(x’,t)+d | v(x,1) dr +
a0 n(x
ov(x,t) * ¢
+ [ {T—yg(u(x,t),v(x,t)):lu (x—x )dQ:O- (11b)

Q°
Recall that the derived LIEs do not involve normal derivatives of the field

variables u(x,¢)and v(x,t) on the boundary 6Q°.

Besides adopting the local weak formulation, we employ the moving least-
squares (MLS) approximation [9] for the field variable
w(X,t) € {u(x,t), v(x,t)} in order to receive completely mesh-free formulation.

Then, w(x,t) = W(X,t) = i (e (x) (12)

a=l1
where ¢“(x) s the shape function associated with the node x“ and the expansion
coefficient W (¢) is the nodal unknown which is different from the nodal value

w(x“, 1), in general. Note that the nodal points are spread freely in (Q U Q)

without any connectivity among the nodes. The derivatives of the field variables
can be approximated as derivatives of (12). Recall that the evaluation of the
shape function at each point requires a computational procedure which prolong
the computational time. The computational procedure is becoming more time
consuming with increasing the order of the derivatives of the shape functions.
Moreover, the accuracy of the derivatives is decreasing with increasing their
order [10]. Fortunately, in the present formulation the derivatives of the field
variables are reduced to the 1% order and they are evaluated only at the nodal
points instead of the integration points.

Collocation of the LIEs (11) at interior nodes x° € Q, while the prescribed

boundary conditions (2) at boundary nodes x’ € 0Q, with using the MLS-
approximations for field variables and their derivatives, we obtain the system of

the ordinary differential equations for unknowns {ii“ (¢), v* (1)}, (a =1,2,...,n)

n

6Aa ca 2 ~d ca ~ ~ *
32D yea 5 i 0B~y [ f (a0 (

a=1 ot a=1 [0

c
X—X

)dQ =0 (13a)
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i U A% +d§0“(z)3“‘ -7 g(ﬁ(x,t),ﬁ(x,z))u*(Hx—xc )dQ=0(13b)
a=l a=1 of
fﬁ“(z)D”“ -0, f @OD" =0, atx”ecaQ (14)
a=1 a=1
where
A= | ¢“(x)u*( x—x° )dQ,
QC
au*( x—x° ) a¢a
ca _ ya . c a d ba:_ b .
BU=¢'x)+ | ¢ (X)—an(x) I, D*=——(x") (15)

oQ°
Recall that the last integral terms in (13) involve a non-linearity depending on
the kinetics of the considered reaction-diffusion system.
3.1 Approximate integrations
The shape of the sub-domains is arbitrary. In order to facilitate the integrations
involved in the LIEs, we shall consider circular sub-domains centred at interior

nodes and with radius 7. Then, the integration over 0QCis reduced to the

angular integration which can be performed by using the standard Gauss-
Legendre quadrature rule as

Ou (x—xc ) 1 27
= | ¢'(x) dl =—— [ ¢“(x{ + 1y cosp,x5 + 1y sinp)de =
o0 on(x) 2z 0

1Y af_c ¢ i
"2 zlwg¢ (xl Trpcosm(l+sg).xy +7y sm”(lﬂg))’
-

Bca ~ ¢a (XC) + CC’LI , (16)
where Wg, Sg € [—1,1] are the Gaussian weights and integration points.
The domain integrals can be rearranged as follows

g{c h(x)u’* ( )dQ _ —h(xc):_([) . lnédr + O(r04 ) - (%sz h(xC) + O(r04)

c
X—X

(17)

Assuming the radius of sub-domains to be sufficiently small, one can neglect

the terms 0(r04 ) . Thus,
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p 2
4% z(;‘)) ¢ (x) (18)
2
jf(a(x,t),ﬁ(x,t))u*( x—x° )dQ:(%O) _f(ﬁ(xc,t),ﬁ(xc,t)) (19a)
QL‘
2
jg(a(x,r),ﬁ(x,z))u*( x—x° )sz[%O) g(d(xc,t),ﬁ(xc,t)) . (19b)
o

Now, the system of the non-linear ODE (13)-(14) becomes

0
M—+K 0
S SR @)
0 Ma—+dK
t

where M | K are (1 x n ) matrices,

da d da d
A7, x' e B™, x" €Q
M _ , K% = . (d,a=1,2,..,n)
0, x? e D™ x? con
T

ﬁ:{ﬁl(t),...,ﬁn(t)}T, V:{ﬁl(x),...,o”(t)}T, F:{Fl,...,F”} ,

G:{G1 G" }T
. (n )] it nsadn), x! e
F =y(£) ,
0, x4 €00
d rO 2 g(i;(xdst)’ﬁ(xdst)); XdEQ
G =}/(—j .
0, x4 00

3.2 Time discretization

For approximation of the time evolution within the interval
[te> ter 1=t 8 + At], we adopt the 8 -method, when

~d _ Ad ~d
Wi+l — Wi

M1 k
60— +(1-6 , W =wr () e % @), v (),
v o ( )ar k () e u”™ (1), V" (1)}

0<0<I. 1)
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Now, in view of (20) and (21), we obtain the system of nonlinear algebraic

equations for 2nunknowns {1/, vy}, (a=1...,n)

M + OAK 0 { 00 } LTS
0 M + dOAK ) Vi G

(M-(-6)AK 0 U Fy
_( . M_d(l—a)AtKj{Vk}+(l Q)At{Gk}, (22)

which should be solved subsequently for (£ =0,1,...,F). The subscript “k” in

the column vectors ﬁk, Vk , F, G, means that these vectors are taken at the
time instant f, . The initial values v?zg can be obtained from the initial values

w(x,0) by using the approximations

3 et (x) =w(x,0) , (c=1,...,n). (23)
a=1

The nonlinearities are involved in Fand G terms and they can be treated
iteratively in each time step by replacing F;_jand Gy, in the initial iteration

by F, and G, from the last iteration of the previous time step.

4 Numerical examples

Let us consider the Schnakenberg model which is one of the most interesting
Turing models in pattern formation. The Schnakenberg model in the
dimensionless form is as follows [2]

0 0
—u:V2u+}/(a—u+u2v) , —V:dV2v+7(b—u2v) (24)
ot ot

which is a special case of Turing system (1) with f=a—u+u2v ,

g=b- u’y , and ¥~ I being scale dependent. The uniform positive steady
state (ug, vp)is
uo =a+o, VO = —2 s
(a+b)
and the inequalities (7) results in conditions

O<b-a<(a+b)’, (a+b)?>>0, d(b-a)>(a+b)

b>0, a+b>0 (25)

[d(b —a)—(a+b)> T > 4d(a+b)*
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which define a domain in (a,b,d) -parameter space, called the pattern formation

space (or Turing space), within which the mechanisms is unstable to certain
spatial disturbances of wavenumbers k determined by the boundary conditions

and falling into the interval k{ < k% < k3 with [2]

4

2 172
kfm =m d(b—a)—(a+b)’ 1[(d(b—a)—(a +b)3) —4d(a+b)4}

(26)
Since y ~ [*is scale dependent, increasing the size of the domain yields larger

limit values of the wave numbers k;and k, which results in new shorter wave

lengths of allowable patterns.
In the presented examples, we shall illustrate the influence of the parameters,
size and shape of the domain on the pattern formation and the shape of patterns.
In numerical calculations, we have used fixed parameters for the shape
parameter of Gaussian weight functions ¢=0.7%, and for the radius of local

subdomains 7y =0.05%. In all contour graphs, coloration is determined by a
constant threshold value, u, for u and v, for v, such that in the regions with

white colour, u<uyand v<v, while the regions with the concentration

u>uyand v>v, are coloured with green. The results confirm that the profiles

of the function vare always 180° out of phase to those of u and therefore only
the profiles of u are presented.

Example 1
Let us analyse the considered problem in the domain Q =[0,1]x[0,1] with 262

nodal points. The parameter y =100 is fixed and parameters (a,b,d) are chosen

in the Turing space as a =0.1305,b= 0.7695,d = 20. This problem is also
considered in [11, 12]. The time step is At = 0.005 and two iterations are used
in each time step for consideration of nonlinear terms. Initial conditions read:

u(x, 9,0 =a+b+u,, u, =107 exp{—lOO[(x—1/3)2 +(y—l/2)2}},

v(x,y,0)= —
(a+b)

where u, is a small perturbation to the homogeneous steady state (i, v) -

Fig. 1 presents the process of the pattern formation.

WIT Transactions on Modelling and Simulation, Vol 54, © 2013 WIT Press
www.witpress.com, ISSN 1743-355X (on-line)



88 Boundary Elements and Other Mesh Reduction Methods XXXV

t=0.01 t=t

: s @ @
| P ©

D> @@

1O @

0 01 02 08 04 056 06 07 08 05 1
x

) =1

' W W

: LAY
: ¢ e e

: D @

: @ (

0 01 02 03 04 05 06 07 08 08 1 0 01 02 08 04 05 06 07 08 098 1
x

(b) 1=0.1 (e) t=2

) @

1

=06
08 1 -
o8 < 08

07 E .
s 7 Uﬁ>
el 1 >05
04 . ol
03 g ne>
02 8 02
01 m . 01

0

=5

O

J
0®

@0
F W W

O

0 L L L L L L L L L
0 01 02 03 04 05 06 07 08 08 1 0 01 02 03 04 06 06 07 08 05 1
x x

) =06 ) t=5

0

Figure 1: The process of pattern formation with parameters in Example 1.

Example 2

To see the effect of parameter y on the pattern formation, we fix all parameters as
in Ex. 1 and study the model with different values of y. The results at the time
instant ¢ =5 with y =10, 50, 75, and 100 are presented in Fig. 2. The figures on
the Lh.s. are contour plots corresponding to standard colour plots in the r.h.s. It
can be seen that increasing the parameter y results in shortening the lengths of
allowable patterns (i.e., in increasing the wavenumbers in accordance with

Eq. (26)).
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Figure 2: Pattern formation with different values of y at time instant 1 =5.
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5 Conclusions

Pattern formations in nonlinear reaction diffusion systems combining local
activation with long range inhibition were numerically simulated by the aid of
Local Integral Equation method. The weak formulation on local subdomains was
developed for solution of initial-boundary value problems for the set of nonlinear
governing partial differential equations. Spatial variations of the field variables
were discretized by the MLS approximation. Special techniques were proposed
to numerically evaluate the integrals appearing in the LIE formulation. A one
step finite difference method was adopted for discretizing the time variable. The
final system of nonlinear equations was treated iteratively within each time step.
In order to verify the accuracy of the proposed method, we considered the
Schnakenberg model which is one of the most interesting Turing models in
pattern formation. The dependence of pattern shape on the initial and boundary
conditions, size and shape of the analysed domain were studied.
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