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Abstract

The Laplace transform method in time has been used, together with the boundary

element method, by a number of authors for the solution of diffusion problems.

The major problem associated with the use of the Laplace transform is the

development of a numerical inversion. There is a variety of numerical techniques

available and the most attractive are those based on real arithmetic. One

technique, Stehfest's method, based on a statistically calculated sample, has been

the numerical inversion process chosen by all authors so far. The procedure has

been successfully implemented on a distributed memory architecture. An

alternative technique, based on shifted Legendre polynomials, has been used

together with the finite element method for the solution of the wave equation and

is a possible alternative to Stehfest's method. The method is also suitable for

solution in a distributed memory environment. The two methods are compared

using the 'Single Program Multiple Data' paradigm on a sixty-four processor

nCUBE machine arranged in a hypercube configuration.
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260 Boundary Elements

Introduction

The Laplace transform solution method for time-dependent problems is

now well-established^^. The process is such that a parabolic problem

in time is converted to an elliptic problem in the transform space. A

variety of techniques may be employed to solve the resulting elliptic

problem e.g. Davies et al? compare the finite difference, method, the

finite element method, the boundary element method, the method of

fundamental solutions and the multiquadric method. The boundary

element method was first used in conjunction with the Laplace transform

by Moridis and Reddelf and its suitability for development in a parallel

environment was discussed by Davies et al? The attraction of the

Laplace transform method for parabolic problems is that there are no

stability problems as there are with finite difference time-stepping

processes. The solution is developed directly at one specific time value.

If the time history is required then the solution is developed at defined

specific times without the necessity of intermediate values. In some

problems the solution at one particular time only is required and just one

application of the Laplace transform boundary element method is needed

giving a significant saving in computational effort. The major drawback,

however, is that the method requires a numerical inversion procedure for

the Laplace transform. The inversion formula for the Laplace transform

is a contour integral in the complex plane and many numerical inversion

processes involve complex expressions. In our problem we have

solutions on the real axis so we wish to choose inversion processes which

involve only real arithmetic. Previous authorŝ '̂  have used a method due

to Stehfest^ which is simple to use, provides accurate results and is
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Boundary Elements 261

recommended by Davies and Martin '° in their study of a variety of

numerical Laplace transform inversion methods. In this study a process

based on Legendre polynomials" is considered as is a method based on

shifted Legendre polynomials. The authors conclude that methods based

on Legendre polynomials "give only mediocre results". However, Aral

and Giilgat^ use the shifted Legendre polynomial approach of Zakian and

Little wood ™ in a finite element context for the wave equation with

satisfactory results. Both Laplace transform methods are suitable for

implementation in a time domain decomposition manner because the

solutions for different time values are completely independent.

Consequently they can be solved on a 'Single Program Multiple Data'

distributed system. There is excellent load balance because there is no

interprocessor communication during the solution process. Such

communication occurs only during pre- and post-processing.

Laplace transform method

We shall consider problems with a homogeneous initial condition and

constant boundary conditions^.

Consider the initial boundary-value problem defined in the two-

dimensional region, D, bounded by the closed curve C = Ci + Co .

subject to

u = W| on Cj

du
— = 9 = 9% onC%
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262 Boundary Elements

and

w(x,y,0) = 0. (4)

We now define the Laplace transform in time by

oo
w(x,A)= |w(x,f)6r̂ 6ff (5)

0

so that the initial boundary-value problem (1), (2), (3), (4) becomes

V^w = — u in D (6)
K

subject to

%i =̂ - onC; (7)
A

q^=~- on €3. (8)
A

The elliptic partial differential equation (6) in the transform plane is the

modified Helmholtz equation whose fundamental solution is

(9)

where p - A/K" and R is the distance of the field point (*,}>) from the

source point. K^ is the modified Bessel function of the second kind.

_ _ du*
The corresponding flux function, q*, is given by q* = - and

dn

since" = - it follows that

R.n. (10)

The boundary integral equation for the modified Helmholtz equation (6)

is given by

au =^f KQ(pR)q+upKi(pR) — R.np. (11)
\ R J
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Boundary Elements 263

The boundary element method is applied in the usual manner'* to set up a

system of equations of the form

whose solution yields approximate values of u and q at TV nodes on the

boundary.

The numerical Laplace transform method is set up as follows:

We choose a specific time value, r, at which we seek the solution and we

define a discrete set of transform parameters given by

{A,: j = 0,l,...,M}. (13)

The boundary element method is applied to equation (11) for each

Pj ~ \^i A '° obtain a set of approximate solutions

Uij, i = l,...,N; y = 0,..., A/

The inverse transforms are then given by the following two methods:

(1) Stehfest's method

choose A,.=(y + l , ; = 0,1,...,M

and the inverse transform is given by

jj , , In2^ -
"'(*) = — IV* (14)

* 7=0

where r = 1... N for boundary points and r = 1... L for internal points.

The weights, Wj , are given by^

min(/'+2,4)
=̂(-i)̂ « y ''
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264 Boundary Elements

(2) Zakian and Littlewood's method

Wechoose A, =̂ -, ; = 0,1,...,M
* T

The inverse transforms are not quite so simple to develop as they are in

Stehfest's method. We first obtain the constants, a^ , given by^

,
^=(-1)1 0<;</:; & = 0,1,_,M (16)

then evaluate the weights w^ given by

7=0

Finally the solution is obtained in the form

M
(/rŴ Ẑ Ŵ With Z = ̂^ (18)

6=0

the shifted Legendre polynomial of degree k.

A distributed memory implementation

We seek the solution, [/(T̂ ), given by equation (14) or equation (18) at

T = T%, w = 1,...,P. If we have p processors available choose P to be a

multiple of p i.e. P = mp . We then distribute the work equally over the

processors and evaluate collections of f/(r̂ ) on different processors in

parallel with the others. In this way we achieve very good load balancing.

We illustrate the method with the solution of the following two-

dimensional heat conduction problem^:
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Boundary Elements 265

v?2 1 du
V u = — in -l<;c<l, - 1 < y < 1

KT & ^

subject to the boundary conditions

w(-l,)V) = ̂(%,-l,r) = w(l,);,r) = w(x,l,f) = 1

and the initial condition

w(x,);,0):=0.

Over a variety of tests^ we find that a value M = 1 gives marginally the

best accuracy and is in agreement with the assertion of Moridis and

Reddell that the accuracy of the method is insensitive to changes in the

values of M in the range 6 < n < 20 .

The environment used is a sixty-four processor nCUBE parallel

computer arranged in a hypercube configuration. The boundary is divided

into 68 linear elements and we use eight-point Gauss quadrature. The

singular integrals are valuated using the Telles self-adaptive schemed

Solutions are obtained at 64 different times

{?„ =0.1%; „ = !,...,64}

with the solution obtained using 1,2,4, 8, 16, 32 and 64 processors i.e.

hypercubes of dimension J2^: d = 0,...,5J.

In Table 1 we compare the computation times for the two methods

where we see that there is little to choose between them. Since the

accuracy is similar it is likely that a user would choose Stehfest's method

because it is slightly easier to implement.
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266 Boundary Elements

Table 1. Computation times (s) for the two algorithms.

No. of proc's

1

2

4

8

16

32

64

Stehfest

3196

1619

812.2

406.6

203.4

101.7

50.88

Z& L

3179

1610

808.1

404.7

202.6

101.3

50.67

In Figure 1 we show the speed-up for Stehfest's method defined as

Sp - TI/TP , where T. is the computation time on j processors.

log^speed-up)

Figure 1. Speed-up as the number of processors increases.
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Boundary Elements 267

We have almost perfect linear speed-up as would be expected because the

time-domain decomposition of the problem by the Laplace transform

completely uncouples the calculations of the solution at each rn
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