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ABSTRACT

This paper proposes a general formulation of the BEM based on the Burton—Miller method to study
scattering wave propagation by null-thickness bodies with complex geometry. This approach allows the
use of arbitrary high-order elements and exact boundary geometry. We use the Bézier—Bernstein form
of a polynomial as an approximation basis to represent both geometry and field variables. The solution
of the element interpolation problem in the Bézier—Bernstein space defines generalised Lagrange
interpolation functions that are used as element shape functions. The proposed procedure consists of
a new quadrature rule for the accurate evaluation of integral kernels in the sense of the Cauchy principal
and the Hadamard finite part by an exclusively numerical procedure.

Keywords: hypersingular formulation, dual BEM, boundary integral equation, hypersingular kernels,
singular kernels.

1 INTRODUCTION

Krishnasamy et al. [1], Liu and Rizzo [2] and Liu [3] developed dual formulations using the
Burton—Miller method to study wave scattering from thin shapes. The Burton—Miller method
has been widely used to avoid spurious eigenfrequencies in exterior acoustic problems.
The method is based on a linear combination of the boundary integral equation (BIE)
and the hipersingular boundary integral equation (HBIE) which is typically written as
BIE + pHBIE = 0, where p is the coupling parameter. Although this approach is much
simpler and more general than other dual formulations, it has not been widely applied in
wave propagation from null-thickness bodies.

2 DUAL BEM FORMULATIONS
This work analyses the wave propagation in a fluid medium in presence of thin rigid bodies
with arbitrary shape (Fig. 1) according to the two-dimensional Helmholtz equation:

V2u(x)+rk2u(x) = 0, xe, (1

where u(x) is the velocity potential and x > 0 denotes the wavenumber. The system is elicited
by an incident wavefield caused by a point source defined by ug(x,Xg) = —LHél) (k10)/2,

where H, él) is the Hankel function of first kind, 7o = ||x — X|| is the distance to the source
point Xg, and the unit imaginary number is denoted by the Greek letter ¢ to prevent confusion
with some subscripts used in the paper.

The problem definition is completed by setting the boundary conditions for on I' =
0f). Dirichlet and Neumann boundary conditions are defined as u(x) = %(x) and ¢(x) =
Ou(x)/On(x) = g(x), respectively, where n(x) is the outward normal at the boundary. Also,
it is possible to adopt the Robin boundary condition to gather the three types of boundary
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Figure 1: Boundary definition of a thin body.

conditions in one expression:
a(x)u(x) + f(x)q(x) =~(x),  x€T, )

where a(x), 8(x) and y(x) are known parameters [4].
The Green’s function ¥ (x,y) for Helmholtz equation in an unbounded region at receiver
position x due to a source acting at y is the solution to:

V2U(x,y) + £2U(x,y) = —5(r) 3)

where ¢ is the Dirac delta function and r = ||x — y||. The solution to this equation defines the
Green’s function for an unbounded region in the frequency domain:

‘II(X’ Y) =

L

THo (sr) @)
It is assumed that x? is not an eigenvalue of V?u(x)+ x?u(x) =0 subject to the
homogeneous form of the imposed boundary conditions.

2.1 Indeterminacy of the boundary integral equation

This section briefly reviews the degeneracy of the boundary integral equation (BIE) as the
thickness of a thin body tends to zero. The BIE for the velocity potential can be written as
follows [5]:

c(y)uly) = uo(y) + /F (gzg‘;@(x, y) —u(x)(m) dr Q)

where y is the collocation point and the integral-free term ¢(y) depends only on the boundary
geometry. The discretised form of eqn (5) when the boundary is discretised into /N elements
with T' = JI_ T7 is:

N
5ty = wo) + 3 [ (gzgg W(x,y) - mgm) T

Then, the field variables within an element I'7 are interpolated from the nodal values u’ using
element shape functions ¢’ (x) of order p:

u(x) = > o' (x)u’ ™
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The element approximation is substituted into eqn (6) to yield the following expression:

c(y)u(y) = uo(y)

+§:{Zp: K . ¢'(x)¥(x,y) dF) q - < 5 ¢z‘(x)5(‘;’l£z;)y)dr> u]} (®)

j=1 \i=0

which is the classical BEM formulation. This expression for a collocation point y™ (see
Fig. 1) can be further elaborated by separating the element integral according to I'"™ and
I~ (a similar equation is obtained for collocation in y~):

Fu(y®) = uo(y)

Py {zp: K : ¢i(x>\lf(x7y*>dF) qi—( ., ¢i(x)mdr> “”

riert Li=0
+ > { _p [( . ¢i(x>\lf(xay+>dr) qi_( » d)i(x)de) uz}}
©)

Tiel—
Thus, the element nodes are chosen as collocation points to yield a non-symmetric linear
system of equations relating the nodal variables. The system of equations is rearranged
according to the boundary conditions.
For example, the system of equations for a fixed scatter with null-thickness and sound
hard condition, ¢(x) = 0, x € T', can be written as follows:

1
-I+H™ —H' ut ut
Ht 51 Htt| M Yo

where, ut, u—, uar and u,, correspond to nodal values of u® and u at the boundaries I't
and I'~. The boundary is assumed to be smooth, i.e. ¢(y*) = 1/2. H" " is the influence
matrix obtained from the element integration in I' " (second and fourth integrals in eqn (9))
considering that the Green’s function satisfies:

0¥(x,y") _ 0¥(xy")
on(xt)  On(x7)
Obviously, the determinant of the coefficient matrix in eqn (10) is equal to zero and the system
degenerates.

Similar occurs with the hypersingular boundary integral equation (HBIE). Taking the
normal derivative in eqn (9) at the collocation point and assuming a smooth boundary gives:

10u(yt) — duo(y")
20m(y*t)  om(y")

* EABIL gt e) o (o) <
* DA e mgta) - ([ somag ) <]

c(y " )uly

=0

(1)
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where

PU(xtyt)  ov(xT,yh) (13)
On(x*)on(y*)  On(x~)on(y*)

Then, the system of equation for a fixed scatter with null-thickness and sound hard condition

degenerates as in the BIE:
u qO

where qf and q, represent the normal derivatives of the point source, dug(y*)/On(y™)

ﬁ++ _ﬁ++
_i_"I++ I"_i++

and Oug(y~)/On(y~), respectively, and the influence matrix H' ' is obtained from element
integration.

2.2 Dual formulations
In practice, dual formulations based on the combination of the BIE and HBIE are used to
define a well-posed system of equations [1].

The most common procedure is to collocate in a single surface of the scatter (I'" or I'™)
using both the BIE and the HBIE according to eqns (9) and (12):

L Suly*) = uo(y*) +{ [( [ o y+>dr) >

15)
B </F ¢i(x)(mdr> A“i]}
and
oo -0 5 ([ o) s

(L ¢i<x>w<;;y(>+)dr> )

where Yu(y") = u(y") +u(y~) and Aq(y") = q(y") — ¢(y~). Similarly, the increment
of potential Au® and the total flux and ¥¢q" are defined at the nodal point i. The system of
equations for a fixed scatter can be written as:

1 ++ +
o] - )
0 H 4o
This procedure is commonly referred to as the dual formulation. The HBIE equations in (17)
can also be used alone if only the increment of the potential Au needs to be calculated. It
should be noted that this approach is only valid for null-thickness scatters and should be
further elaborated in presence of thick bodies [6].

Krishnasamy et al. [1], Liu and Rizzo [2] and Liu [3] developed dual formulations

using the Burton—Miller method to study wave scattering from thin shapes. The Burton—
Miller method has been widely used to avoid spurious eigenfrequencies in exterior acoustic
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problems. The method is based on a linear combination of the boundary integral equation
(BIE) and the hipersingular boundary integral equation (HBIE) which is typically written
as BIE + p¢HBIE = 0, where p is the coupling parameter. Although this approach is much
simpler and more general than other dual formulations, it has not been widely applied in wave
propagation from null-thickness bodies.

A general formulation of the BEM based on the Burton—Miller method is then proposed to
represent acoustic wave propagation problems involving complex thin and thick geometries.
The approach presented herein allows the use of arbitrary high-order elements and exact
boundary geometry. The proposed method improves the versatility of the BEM as both the
BIE and HBIE are evaluated numerically.

2.3 Treatment of singular and hypersingular kernels

The element integrals in eqns (9) and (12) are typically of the form:

I= ., ¢ (x)F(x,y) dT(x) (18)

There is an inherent difficulty in boundary element formulations related to the treatment of
integral kernels, in particular when the collocation node belongs to the integration element.
These integrals are classified as weakly-singular, singular and hypersingular and should be
understood in the sense of the Cauchy Principal Value (CPV) or in the Hadamard Finite
Part (FP). Combined formulations such as the above become more difficult as all these types
of integrals appear, which are typically treated with specific techniques that also depend on
the element order. The lack of generality is therefore one of the main drawback on dual
formulations.

Kolm and Rokhlin [7] pointed out the need to develop integration schemes that allow
evaluation without looking at the integral kernels. The authors presented an algorithm to
construct quadrature rules for the simultaneous evaluation of the aforementioned integrals in
order to obtain simplified implementations. In this regard, we proposed in a previous work [8]
a procedure to design quadrature rules for weakly-singular and singular integrals. Following,
the quadrature rules are extended to hypersingular integrals.

The quadrature rules in Velazquez-Mata et al. [8] are derived from the fact that the element
shape function ¢*(x) can be represented in the Bernstein form as [9]:

¢'(t) = cBi(t), i=0,...,p (19)
k=0

where ¢}, are control points and By (t) is the Bernstein polynomial of order n defined over
the interval ¢ € [0, 1]:

Br(t) = (Z) AL -tk k=0,...,n (20)
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Then, the integral kernel in eqn (18) can be rewritten as follows in the natural coordinate &:

1= [ soreyga= /# ) g g

where, F(t,y) stands for the type of singularity in the fundamental solution.
This integral can be approximated using a quadrature rule of order M as:

n M
=3 d (Z B ) Pt ) 5 drézmwm)
-y (Z“/”“ ) )“““")

k=0

(22)

where t,,, and w,,, are the integration points and weights, respectively. The quadrature weights
are obtained from the solution of a system of equations defined from the above approximation

[8]:

Zwk(tmvy)wm:mka kZO,...7TL (23)

m=0

where my, are the generalised moment:

1 1
e — / it y) dt = / B (0)F(t,y) dt (24)
0 0

The generalised moments are the exact solution for the integral kernels in eqn (21) and can
be calculated from the Brandad approach to the finite part integrals [10], [11].

The hypersingular integral kernels F (¢, y), or its expansion in series, includes terms of the
form 1/72, with r = ||x — y||. The distance 7 can be expressed in the univariate coordinate
asr =ty — 2t + 1, where ?y is the coordinate of the collocation point y.

Then, the generalised moment of these terms are obtained according to the following
formulas:

OB dg
= FP - &7
1tk /0 (to — 2t + 1)2 dt dt
1 1
1 s . dBp(t) dt / 1 de
= B(t)FP | ———— gt — Zepv [ ——— S
i (o) A(m—%+mhu At de o to—2t+1dt (25

{ BL6) — Bt + PR Ry 2t

St
+A to—2t+1
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where
1 2
T — N o6
o (to—2t+1)2dt —1/2 to = £1
to+1

! 1 1
CPV / b de ol ol # 27)
JO

to— 2t + 1 dt +log(2) fo = <1

Eqn (23) defines a system of n + 1 equations for each type of function to be integrated.
The extension of the quadrature rule proposed in this work is capable of integrating kernels
with constant, log(r), 1/r, and 1/r? terms when the collocation point belongs to the
integration element, which are found in the fundamental solution or in their series expansions.
Therefore, eqn (23) defines a system of 4(n + 1) equations with M + 1 unknown weights
w,,. The solution is obtained in the least-squares sense when overdetermined and in the
minimum norm least-squares sense when undetermined. The solution of the generalised
moment for weakly singular and singular integrals can be found in Velazquez-Mata et al. [8].

2.4 Dealing with complex boundary geometry

The BEM formulation in the Bézier—Bernstein space [4], [9] is used in this work to handle
exact geometries defined as Bézier curves, that are widely used in computer aid design
(CAD). The element geometry is then represented as I'V (x) = r/ (¢), where the Bézier curves

is defined as follows:
n

(1) => b.BE(t) (28)

k=0

with b‘,i the control points used to approximate the geometry and n the curve degree. Then,
the element integral (eqn (18)) is rewritten in the univariate basis as [9]:

[ siorey = [ dere|

J()’ dt (29)

An efficient curve computation of r/ (t) is achieved using the polar form (or blossom)
[12], which defines a multi-affine transformation satisfying:

b, =R(0,...,0,1,...,1) (30)
k k
where R (t1,...,t,) is computed as:
RI(ty, ... t,) = Z [T =) IT tebiy, (31)
i€l keK

UKL {1 2 n}
Thus, the Bézier in the polar form is defined as follows:

=> RI0,...,0,1,... . )Bi(t) =RI(t,... 1) (32)
k=0 ¥ o
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and its first derivative becomes:

dri(t) d_ . . _
=—R/(t,....t) =n(RI(t,...,t,1) =R(0,¢,...,1)) (33)
dt dt —— ——

n—1 n—1

Boundary elements are defined by subdividing Bézier curves according to a h-refinement
strategy. The element geometry is evaluated and subdivided using the polar form of Bernstein
polynomials without CAD interaction, providing great flexibility in mesh refinement. The
field variables are approximated independently of the geometry representation, and therefore
p-refinement only affects the field approximation.

2.5 System of equations

The system of equations is obtained from the discretised boundary integral equation
according to the element approximation. Neumann and Robin boundary conditions are
defined in scattering problems to define sound hard and impedance conditions from eqn (2):

du(x) _ ~(x) — a(x)u(x) (34)

on(x) B(x)

The boundary conditions can be implicitly defined in the integral kernels, rather than by
prescribing nodal values as is done in standard formulations [4]. The main advantage of this
procedure is that the right-hand side of the system of equations is integrated taking the exact
distribution of loads into account. Then, eqn (6) becomes:

5u0+ 3 [ (58w + 80 ugxar|

-y [/F ggwx,w dr} + uo(y)

Jj=1

(35)

Once the element approximation (eqn (7)) is introduced in (35), a system of equations
Hu = b is obtained which allows the solution of the unknown nodal values u. Similarly,
a system of equation is Hu = b is derived from the HBIE (eqn (12)):

Loy e[ (e vy | 9PUxy) o
25(y) ””ZUW@(@ ) oaoan)) ]

RO ~(x) DU (x, y) duo(y)
- w(y)*;[/m o ont )+

(36)

Finally, the system of equation given by the Burton—Miller method using a linear
combination of eqns (35) and (36) is (H+ ,uﬁ)u =b+ /Li;, where p is the coupling
parameter.

The proposed method is valid for both thick and thin geometries. The boundary is
represented by overlapping curves with outward normals in the limit case of zero thickness.
The procedure for obtaining the system of equations and the solution is the same regardless
of the boundary geometry. Therefore, the proposed BEM formulation is simplest and most
general approach for dealing with arbitrary geometries.
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Figure 2: Convergence analysis for hp-refinement plotted versus (a) element order p; and
(b) nodal density per wavelength dy.

3 CHOOSING THE COUPLING PARAMETER

Many authors have discussed the choice of the coupling parameter p as referred to by
Marburg in [13]. The parameter ;1 = 4/ is assumed to provide the system with the lowest
condition number. Marburg [13] discussed that the correct sign of the coupling parameter
depends on the harmonic time dependence and on the Green’s function. Liu [3] suggests that
using p = =¢h improves the contribution from both formulations, as the element length h
should decrease with increasing wavenumber. The author concludes that this choice improves
the system conditioning and the stability of the results.

However, the choice of the coupling parameter for thin bodies has not been investigated
as much in the past. The main contributions can be found in the early work of Rizzo and
co-workers. Krishnasamy et al. [1] set © = 1 to study acoustic wave propagation through a
thin penny-shaped scatterer with radius @ = 1 and thickness up to » = 10~7. Later, Liu and
Rizzo [2] analysed shear waves in a penny-shaped open crack of different thicknesses and
found that the choice of coupling parameter was not so restrictive. Values between p = —1
and p = +1 gave well-posed systems with low condition numbers.

This section study the optimum choice of the coupling parameter for thick and thin bodies.

3.1 Optimal choice of the coupling parameter for thick bodies

First, we considered a benchmark problem concerning the scattering of waves from a fixed
cylindrical cavity at the origin with radius » = 1 m elicited by a source point in y = (0, 1).
The circular geometry was approximated by a C? quartic Bézier curve [9]. The analytical
solution to this problem can be found in Tadeu and Godinho [14].

Fig. 2 shows the Ly scaled error e for x = 40rad/m and different hp—strategies.
A convergence analysis was carried out for several element sizes h with successive
p—enrichment. The element discretisation was set to kh = {1, 3, 6, 9}, resulting in six, two,
one and one-and-a-half elements per wavelength according to the node density:

dy = 2P 37
rh

The boundary elements were then discretised to perform a h— refinement and the element
order was increased until convergence was reached. The coupling parameter was 4 = —uh to
account for the element length in the mesh refinements.
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The lowest error was O(10~10) for the BIE formulation and O(10~%) for the HBIE and
the Burton—Miller formulations. The accuracy of the Burton—Miller formulation was the same
as that of the HBIE. Furthermore, the convergence was faster for the finer discretisation than
for the coarser discretisation. The numerical results converged to the analytical solution when
the node density per wavelength was higher than d) = 3 in the coarser meshes and d) = 12
for the finest discretisation. Furthermore, the solution error for a fixed node density was lower
for a coarse mesh than for a fine mesh, as can be seen in Fig. 2(b). Therefore, a coarse mesh
with an adequate node density gave better results than a fine mesh with the same density,
or equivalently, the use of high order elements in coarse meshes (p-refinement) gave better
results than low order elements in a fine discretisation (h-refinement) for a fixed node density.

We have found in several tests that the accuracy of the Burton—Miller method depends
strongly on the choice of the coupling parameter. Although the most common choices
such as = —th or = /K give good results, there are other options that provide more
accurate results. This issue requires further research to properly identify the optimal coupling
parameter that minimises the solution error. The optimum choice of the coupling parameter
was found as the optimal solution to this problem using a genetic algorithm. The polar form of
the coupling parameter 1 = pZ6 = p(cos(#) + ¢sin(6)) was adopted for this analysis. The
lower and upper limits of the optimisation variables were p € [0,100] and 6 € [0, 27]. The
initial population was 50, the crossover fraction was 0.8, and the elite children were 3 in each
generation.

Fig. 3(a) compares the error for a wavenumber varying in the interval x € [1, 80] rad/m
obtained with the Burton-Miller method using the coupling parameters y = —¢/h, 1 = —tk
and the optimum choice ;1 = pZf. The boundary discretisation was given by xkh = 9 with
a node density dy = 10, which corresponds to one-and-a-half elements per wavelength of
order p = 15. The error was O(10~°) for the common choices y = —¢/h and 1 = —ux of
the coupling parameter. However, the error was O(10~1°) for the optimal choice. Fig. 3(b)
shows the radius and angle of the optimal coupling parameter. This fact requires further
investigation.

Finally, Fig. 4 shows the scattered wavefield by degenerated ellipse with the minor axis
tending to zero. The radial distribution of the incident wave field in the absence of the
scatterer was lost under the effect of boundary wave reflections. A shadowed region was
found downstream the scatterers in all cases where the potential amplitude was significantly
lower.

—o—pu=—th

1074 —o—p = —u/k|
= pll

i |

10°¢

0 20 40 60 80
Wavenumber « [rad/m]

Scaled L, error
=

10-10 |

10"

10 20 30 40 50 60 0 20 40 60 80
Wavenumber £ [rad/m] Wavenumber & [rad/m]

(a) (b)

Figure 3: (a) Scaled Ly error for different choices of the coupling parameter; and (b) Optimal
coupling parameter . = pZ6.
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x [m] z [m]

() (d

Figure 4: Real part of potential field distribution for ellipse geometries given by: (a) R, =
1.00m; (b) R, = 0.10m; (¢) R, = 0.01 m; and (d) R, = 0.00 m.

4 CONCLUSIONS

This paper analysed the application of the Burton—Miller method to study wave scattering
by thick or thin bodies with complex geometry. The proposed method is based on the
Bézier—Bernstien formulation of the BEM. The approach allows the use of arbitrary high-
order element and exact boundary geometry. The singular and hypersingular kernels are
numerically evaluated without the need for a regularisation process. This approach is much
simpler and more general than other dual formulations and improves the versatility of the
BEM as both the BIE and HBIE are evaluated numerically. The procedure for obtaining
the system of equations and the solution is the same regardless of the boundary geometry.
Therefore, the proposed BEM formulation is the simplest and most general approach for
dealing with arbitrary geometries.
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