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ABSTRACT 
Numerical solutions for solid mechanics problems with a rapid variation of quantities in a small domain 
may result in impractical estimates. The presence of a cavity in an elastic domain, as a classic example, 
enforces more complexity on a large model due to its stress concentration impact. Boundary element 
method (BEM) as a numerical method applicable to this type of problem, also involves singular kernels. 
Due to the implementation complexity of augmented integration schemes, there is still a tendency to 
use ordinary integration techniques. Besides, enforcing boundary conditions might also be challenging 
in BEM. In this study, near-corner stress values are explored to evaluate the impact of straightforward 
integration schemes and discontinuous boundary enforcement treatments. Provided results demonstrate 
that for coordinates near corners in this specific problem, using non-conforming elements and shape 
functions with displacement vectors might reduce the error values to fewer than 1%. Further, despite 
the results for nodes away from corners, unique traction can compromise accuracy for near-corner 
coordinates in exchange for its simple implementation. 
Keywords:  boundary element method, non-conforming elements, corner points. 

1  INTRODUCTION 
Incorporating analytical solutions, boundary element method (BEM) has the capacity to 
provide precise results for a problem with high field variable gradients. Considerably, BEM 
weaknesses regarding computer memory and processing speed have been improved using 
computing algorithms, larger built-in memory, and parallel codes; however, the presence of 
challenges like singular integrands and corner points still might be problematic [1]–[6]. 
     The traction vector in applied BEM formulation has been derived using the analytical 
solution for displacement and elasticity theory; therefore, it is dependent on the normal 
vectors of the boundary surface, and it causes difficulties in implementation for discontinuous 
boundary conditions and corner points. Among many suggested methods to address the issue, 
rounding off the boundary, extra degrees of freedom [1], [7], [8], unique traction [9], [10], 
additional collocation points [5], [11], [12], non-conforming elements (applied here) [2], 
[13]–[18] can be mentioned. 
     In the present work, elastostatic BEM code results have been evaluated for a problem with 
stress concentration. A classic problem with a high gradient of field variables and an available 
analytical solution is the spherical cavity inside an elastic solid [19], [20]. In previous 
research outputs [9], [21], using the same problem, the accumulated stress error values away 
from the corners have been presented. In this study, the error values near corners have been 
calculated separately for each internal position for different non-conforming elements, mesh, 
and integration points by employing simple integration and approximation methods. 

2  GOVERNING EQUATIONS AND METHODS 
The basic BEM formulation is mentioned in eqn (1). 

 𝐶௜௝𝑢௝ሺ𝑃ሻ ൌ ׬ 𝑈௜௝ሺ𝑄,𝑃ሻ 𝑡௝ሺ𝑄ሻ 𝑑𝛤ሺ𝑄ሻ௰
െ ∮ 𝑇௜௝ሺ𝑄,𝑃ሻ 𝑢௝ሺ𝑄ሻ 𝑑𝛤ሺ𝑄ሻ௰

. (1) 
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     Terms U and T are well-known singular functions from Kelvin’s solution, 𝛤 is the 
boundary surface, and the second integral on the right sight of the equations implies that the 
Cauchy principal value is applied. Moreover, 𝛿௜௝, u, and t are the Kronecker delta function, 
displacement, and traction variables, respectively. Also, P and Q represent source and field 
points [1], [3]. As free term (𝐶௜௝) can not be calculated easily using direct methods, widely 
utilised free rigid body motion has been used [22]; this also provides accurate diagonal arrays 
of the matrix T. 
     The only augmented integration scheme used in this study is the degenerate mapping of a 
triangle to a standard quadrilateral element which has a zero Jacobian of mapping [1], [23]. 
This approach was applied for coordinates close to an element surface (critical distance was 
set to a few times more than the largest element length [24]). For coordinates close to an 
element, division to triangles and degenerate mapping were done using the closet position on 
the element. Moreover, results of this study have been derived by 6 and 12 Gaussian 
quadrature in each direction. 
     To tackle the discontinuous boundary conditions, unique tractions (UT), semi-
discontinuous element (SDE), improved semi-discontinuous element (SDEI), and 
discontinuous element (DE) have been used separately. While UT considers a unique traction 
vector as the variable and enforces extra specified traction boundary conditions using a 
separate constant vector, other methods generate new nodes at specific locations and 
introduce new degrees of freedom to differentiate between variables where it is 
mathematically required. Elaborating, DE displaces all nodes even if one of them has 
discontinuous traction values. The only difference between SDE and SDEI is that in SDEI, 
if it is possible, nodes are moved along the edges rather than into the element surface. 
Therefore, for all methods, the integration surface is similar, while nodal positions are 
different [21]. 
     Stress error calculation was performed using an analytical solution provided and utilised 
for a cavity inside an infinite elastic domain [19]–[21]. By choosing a proper model size, the 
solution result can be applied for finite domain. Further, error value was derived using 
relative error equation for each coordinate separately. As the simple integration scheme 
applied here cannot tackle the strong singularity for nodes near the boundary, in the post-
processing section, nodal positions of hexahedral elements for stress and subsequently error 
calculation were considered; this allowed the program to use shape functions and the BEM 
stress equation as two different ways of stress calculation.  

3  NUMERICAL RESULTS 
Using a similar model to previous works [9], [21], a cavity inside a cubic elastic body was 
considered. Benefiting from the symmetrical feature of the problem, 1/8 of the model was 
designed to be meshed and imported as the imported data file. The cube side length was big 
enough to avoid the boundary effect around the cavity. A tensile surface force of 1 MN on 
top (positive Z-direction) and proper boundary conditions on other surfaces were enforced 
(see Fig. 1). Two sets of hexahedral elements, so close to corners, were considered for post-
processing; the stress values for their nodes were calculated with both the BEM solution and 
shape functions and compared with the analytical solution to produce error values for each 
coordinate separately (see Fig. 1 and Table 1). 

4  RESULTS AND DISCUSSION 
Stress error value results have been depicted in Fig. 3. Due to the high error values at some 
cases and coordinates, all error values more than an acceptable value (1%) are shown by one  
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Figure 1:    An outline of the model and boundary conditions (left) and post-processing 
elements’ nodal (right). 

Table 1:  Analysis input data. 

Material 
properties 

Young’s modulus 
(Pa) 

Poisson’s ratio 

 
 1.00E+09 0.3 

BEM mesh Element length (m) 
 Cavity surface Lateral surface 

1 ~0.18 0.2<L<0.28 
2 ~0.09 0.1<L<0.18 

Post-processing 
sets 

Set position and distance  
to the boundary 

Distance ratio to the BEM 
element length 

 
Parallel to boundary 

plane/ 
off-set (m) 

Distance to the 
cavity surface 

(m) 

Cavity 
element

s 

Parallel 
boundary surface 

elements 
1 X–Y plane/0.02 0.02 ~0.11 ~0.1 
2 Y–Z plane/0.02 0.02 ~0.22 ~0.2 

 
colour, which is a sign of computation method failure (applied to all figures). Therefore, this 
comparison is focused on the error values lower than 1%. Also, DE and SDEI results were 
not included in the figure due to the similarity to SDE results. Furthermore, Fig. 2 illustrates 
different nodal coordinates in various methods. Worth mentioning that despite previous work 
[9], this study is more focused on separated error values for coordinates near corners. 
     Due to the simple integration scheme, the BEM stress equation deviated from the solution 
at the nodes close to the boundary. However, noticeably, high error values were mostly at the  
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(a) (b) 

  
(c) (d) 

Figure 2:  Different nodal positions in (a) UT, (b) DE, (c) SDE, and (d) SDEI. 

first layer of nodes, while the distance between the two closest layers to the boundary is  
0.05 m, which implies that boundary layer impact has disappeared at a few fractions of 
element length. Moreover, refining the mesh to half the size has provided minor 
improvements for the BEM equation and slightly better results for nodes near the cavity at 
the bottom face (see for example Fig. 3(b) and (f)). 
     Interestingly, using shape functions in UT for both meshes provided inaccurate stress 
values near corners and more precise values for nodes along the boundaries away from 
corners (see Fig. 3(a) and (e)). When non-conforming elements were utilised, hexahedral 
shape functions provided more accurate results at nearly all nodal coordinates for both 
meshes (see Fig. 3(c)). However, none of the approaches eliminated the errors for the BEM 
stress formulation raised due to integration (see Fig. 3(b), (d), and (f)). 
     All non-conforming elements’ results were regenerated with two higher deviation ratio 
constants (ratio of the distance at which nodes were displaced to make non-conforming 
elements) for both meshes. The comparison of accumulated error values suggested that the 
change in error values was quite negligible. However, for stress values calculated using shape 
functions, compared to the other two methods, there was a slightly more consistent increase 
trend in SDEI error values by increasing the degree of discontinuity (see Fig. 4). Additionally, 
a more quantitative comparison showed that although the accumulated error values of the 
non-conforming methods were so close, the highest point-wise error values limit for SDE 
and SDEI, calculated using shape functions, were slightly lower than DE. 
     Furthermore, simulations were reprocessed by increasing the number of Gaussian 
quadrature points from six to 12 in each direction. The results indicated slight improvement 
in error values calculated using shape functions. However, for the BEM formulation, a 
noticeable reduction in error values was observed for coordinates near the boundaries. 
Interestingly, the degree of improvement was less pronounced for the coarse mesh, likely due  
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

 

Figure 3:    Nodal error values of stress tensor calculated in post-processing using element 
shape functions (left panel) and the BEM stress formula (right panel) for both 
coarse and fine meshes. (a) UT-coarse mesh; (b) UT-coarse mesh; (c) SDE-
coarse mesh; (d) SDE-coarse mesh; (e) UT-fine mesh; and (f) UT-fine mesh. 
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Figure 4:    Stress error values calculated using shape functions and SDEI elements with 
higher deviation ratio in (b). 

to the stronger boundary layer effect associated with bigger elements (see Fig. 5). To further 
reduce the boundary layer effects, the model was meshed with 0.05 m elements. Despite this 
refinement, still for some coordinates close to the boundary (0.02 m distance) high BEM 
formula error values were detected (Fig. 6). Thus, increasing the number of collocation and 
integration points without adequately addressing higher-order BEM stress formula 
singularities in this range of distance ratios may not eliminate the risk of erroneous results. 

5  CONCLUDING REMARKS 
In this study, the impact of the boundary layer and non-conforming elements on the accuracy 
of discontinuous traction vectors and stress function singularity was examined. 
     Based on the results provided using an elastostatic BEM code, it was shown that for this 
specific problem, non-conforming elements can yield accurate results when post-processing 
coordinates are placed near corners. Furthermore, even with simple integration schemes, the 
BEM stress equation can still deliver accurate results for coordinates just a few element-
length fractions away from the boundary. These findings align with the previous research 
outputs on coordinates away from corners. 

(a) (b) 
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Figure 5:    Change in BEM formula stress error values with an increase in the number of 
Gaussian quadrature points from six (left panel) to 12 (right panel). (a) and (b) 
show results for the fine mesh; (c) and (d) show the results for the coarse mesh. 

(a) (b) 

(c) (d) 
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Figure 6:    BEM stress formulation error values for SDE method and an element size of 
0.05 m in the vicinity of the cavity. 
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