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ABSTRACT

New modification of the fast algorithm based on the Barnes—Hut (BH) and fast multipole method
(FMM) is developed for the problem of velocities calculation in vortex particle method. It provides a
quasilinear computational complexity and allows for the accuracy flexible adjustment, similar to the
classic Barnes—Hut method. Four schemes are developed with a different number of terms being held
in multipole and local expansions. All the necessary formulae are presented, expressed in terms of
operations with complex numbers. If extremely high accuracy is not required, the proposed algorithm
is more efficient in comparison to the traditional FMM methods.
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1 INTRODUCTION
Vortex particle method [1], [2] is an efficient tool for solving problems of incompressible
flow simulation around airfoils including fluid structure interaction problems. The main idea
is to consider the vorticity Q = ¢yr]/ as a primary computational variable. For the viscosity

effect simulation, we use the viscous vortex domains (VVD) method, based on the diffusive
velocity approach, that seems to be the most efficient [3]. Thus, the Navier—Stokes equations
in 2D case for incompressible flow can be written down in vorticity form:

%+Vx(ﬁx(l7+W))=(), (1)

where V' is flow velocity, V-V =0; Q = QF ; k is unit vector orthogonal to the flow plane;

W= —v% is the so-called diffusive velocity, proportional to the kinematic viscosity
coefficient V.

Eqn (1) can be considered as the transfer equation for vorticity that moves with the
velocity (I7+W) Vorticity field in the flow domain is simulated by a set of N vortex
particles — Rankine or Lamb vortices, characterized by positions in the flow domain 7,
circulations T, that remain constant in time, j=1,...,N, and small radius &, equal for all the

vortices.
The velocity field can be reconstructed using the Biot—Savart law. If there are no airfoils
in the flow domain, it takes the form
_ L kx(F-&) - . XT,  kx(F-F
P =7, + [0 oy, =7, + 3o )
27| F =& (,.:127rmax{\r—rj|,g}

2
here V is the incident flow velocity; Rankine vortex model is considered.
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The vortex convective velocities calculation V(%), i =1,...,N , according to eqn (2) is the

most time-consuming operation in the vortex particle method algorithm. Being performed
directly, its computational complexity is proportional to N?; this problem is similar to the
gravitational N-body problem. Taking into account that in vortex method the number of
particles can reach millions [4], the only efficient way to reduce computational complexity
is approximate fast methods implementation, which have quasilinear complexity. In order to
choose optimal fast method, it is necessary to take into account specific features of the
problem, the required accuracy, consistency of particular fast method with implementation
of other operations in the whole algorithm, its scalability (for parallel computers of different
architectures), etc. Note, that the considered problem differs significantly from the classical
N-body problem: firstly, the kernel function in the integrand in eqn (2) decreases
proportionally to distance, instead of squared distance, and secondly, vortex particles
circulations can be positive or negative while body masses are always positive.

The tree-based Barnes—Hut method is the first fast method, suggested in 1986 for such
problems [5], and it still remains popular. It has quasilinear computational complexity
O(NlogN) instead of squared one O(N?) . Its adaptation for velocities calculation in vortex

particle method is suggested in Dynnikova [6]. However, there are several issues: it is almost
always less efficient in comparison to the fast multipole method (FMM) [8]; its adaptation
for other operations in vortex method algorithm, e.g., the boundary integral equation solution,
is not very efficient. Note also, that it can not be generalized for 3D flows simulation. The
FMM algorithm, suggested slightly later in 1987, is also tree-based, but the tree traversal is
performed in quite different way in comparison to the previously mentioned Barnes—Hut
method. It has linear O(N) computational complexity. Note, that it is very efficient when

the extremely large number of particles is considered or very high, up to machine precision
is required. But it is not obvious, that it is preferable in all the cases.

For example, in Capuzzo-Dolcetta and Miocchi [10], the authors had compared two
methods for the gravitational problem by varying the accuracy and number of particles, and
stated that the Barnes—Hut algorithm is more efficient if N has an order of hundreds of
thousands. However, the multipole approximation works good for the clusters of dense-
placed particles. If the problem implies essential non-uniform distribution of particles, hybrid
mesh-hierarchical methods are known [11] that combine fast mesh algorithms (known as
P3M [12]) for areas with rarefied-placed particles and multipole approximation for clusters.
The ideas of constructing hybrid FMM/BH algorithm are also known [13] where high-order
expansion of the influence function is used for electrostatic potential calculation, but without
its local expansions. Taking into account that in vortex particle method the extremely high
accuracy is not required, and the number of particles in 2D problems can reach a few million,
the combination of the FMM and BH methods can lead to the optimal solution for the
considered problems. This idea can be considered as the development of one proposed in
Dynnikova [6] from more general point of view.

In the present paper a new modification of the Barnes—Hut algorithm is proposed, that has
hybrid nature and includes some ideas of the Fast Multipole Method. The suggested
algorithm seems to be preferable for 2D flows simulation due to flexible accuracy adjusting
and convenient tree structure.

2 THE BARNES-HUT/MULTIPOLE ALGORITHM
The suggested method belongs to the tree-codes. The tree is the hierarchical structure of
rectangular cells. The root cell includes all the particles in the flow domain. Then it is divided
across the longest side, and two resulting first-level cells are cropped precisely to the
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particles, that are contained in them. In contrast to the original Barnes—Hut method, tree cells
dividing is performed not up to level at which each cell contains a single vortex, but the
process is stopped on the specified tree level. The example of tree cells for the vortex wake
after the bridge cross section is shown in Fig. 1. The vortex wake is simulated with vortex
particles.

—
C=pnnnnn- g

Figure 1: Tree cells example: 2nd, 4th, 6th and 8th level cells.

Note, that the above described algorithm of tree constructing can be called ‘naive’ and has
the only advantage: it is adaptive, that is clearly seen in Fig. 1. However, it is recursive and
poorly scalable; in parallel mode three construction for large values of N becomes very time-
consuming procedure, takes up to half of time of the entire algorithm. Much more efficient
way is to use non-recursive algorithm based on the fractal Morton’s curve construction [7].

The main idea of the method suggested in the present paper, is that the influence of some
far-placed cluster of particles onto another cluster, called ‘control cluster’ (more precisely,
onto its centre), is calculated approximately using multipole expansion of the influence
function. Then, the local expansion of the influence function is constructed in the control
cluster, that is finally used for velocities computation at vortex particles positions. The
velocity, induced by the vortex particles, placed in closely-placed clusters, is calculated
directly according to the Biot—Savart law (2).

The method has two adjustable parameters: tree depth, that should be chosen in such a
way to minimize computational complexity of the whole algorithm, and proximity parameter
0, that determines the ratio between the accuracy and computational complexity. We suppose
that the cell p is far enough from another cell ¢ if the distance between their centers | o |

satisfies the proximity criterion:
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hp+hq+g
o

where 4, and £, are sums of width and length of the corresponding cells; vortices radius &

|pl= , 3

is added to numerator for the correct processing of cells containing a single particle, since
the value of # for such cells is equal to zero.

2.1 Main idea of the modification

Let us consider firstly the model problem of the velocities calculation at the points, at which
the particles are placed in a control cluster, that are influenced by vortex particles placed in
an influence particle (Fig. 2). We assume, that the control and influence clusters are far
enough, so that the criterion (3) is satisfied. However, the resulting formulae and the
numerical algorithm will be written down for the general case.

Influence e i
cluster . 4‘

P q.k

t ' Control
a9 ; cluster

Figure 2: Scheme of two far-placed clusters interaction.

Here the following notations are introduced: 7° and 7 is the influence and control clusters
centre positions, respectively; p =7 —7°; 7. is the Sth particle position in the influence

s

cluster (s =1,...,N,); A7 =7 —7°; Ap is the vortex particle position in the control cluster

with respect to its center.

The direct influence (hereinafter the ‘influence’ means the velocity, induced by the
considered influence cluster at the corresponding point) at the control cluster centre can be
calculated according to the Biot—Savart formula:

P =Y Rx(-V,GE-7), G =il
s=1 T

— 9
|7
here d. is arbitrary constant non-zero vector.

Assuming that |A7 | is much smaller than | g |, the influence function 17(77) can be

expanded into Taylor series with respect to the variables | A7 |/| p|:

V(F)= STk x(~V,G((F ~F") A7) = =S T kx(V,G(p-AF,))

V" (B)+V(B)+V (D) + V" (P)+V" (D), )

where V", V¢, V¢, V° and V" are monopole, dipole, quadrupole, octupole and
hexadecapole terms respectively, calculated as
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. p+l
V“”(,B)—( 1) ZF kx(V, (v .V ,G(P)-...-AF. ®...® AF)), 5)
. 4 tzmes p times

[

where the operation means inner tensor product; ‘® ’ is outer (Kronecker) tensor
product; the superscript ‘ (p)’ corresponds to the p -th multipole term: p=0 for the

monopole term, p =1 for the dipole term, etc. In fact, in the original Barnes — Hut algorithm

monopole and dipole terms are taken into account because the centre of expansion is chosen
at the centre of mass (the dipole moment in this case is equal to zero). Since vortex particles
can have both positive and negative circulations, the vorticity centre, being understood
similarly to the center of mass, can lie outside the cell or even at infinity (the last case takes
place when total vorticity in the cell is equal to zero). Moreover, the accuracy of the
expansion depends on position of expansion center. Thus, we choose the center of expansion
at the geometrical cell center, that provides minimal a’priori error estimation. Another
possible way is to consider vortices with positive and negative circulations separately, as it
is suggested in Dynnikova [6]; in this case it is necessary to perform all the operations twice.

After series expansion of the influence function (4), all the multipole terms (5) should be
factorized in order to distinguish the corresponding multipole moments that depend only on
the Sth cell parameters, hence they are calculated once for each cell. The general factorized
formula is the following:

PR~ SV 3)=5® (B)-...m" (&7 I).

©0)

. = . .
where the multipole moments 72  are the p thrank tensors (scalar value m" is considered

=)
as the Oth rank tensor); the coefficients ® are the (p+1)th rank tensors equal to
logarithmic potential multiple gradients up to constant factor =1/ (27x):

|d. |

6" (5)=(-1y"v D p0a 6)

(p+1) times

Here the notation () is used for a tensor of arbitrary rank.

In the framework of traditional Barnes—Hut algorithm, a single particle is contained in
each leaf cell, whereas the consideration of multiple particles per leaf cell requires much
smaller tree (in term of tree depth), and therefore can be more efficient [9]. The optimal tree
depth, that provides minimal computational complexity, depends on number of vortex
particles as well as on geometrical shape of the vortex wake. Note, that the tree depth almost
does not effect the accuracy of the velocities computation.

Thus, for vortex particles velocities calculation in the suggested fast method modification,
the local expansions of the multipole terms in eqn (4) should be performed with respect to
small distance |Ap | (Fig. 2). As a result, the velocity is calculated as follows:

PE+ap) = 3@ (5)+V, 0 () Ap+..)-...” (R7.T)).
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This expression can be transformed and written down in suitable for practical computations
form by grouping the terms containing multipliers with the same Ap degree (we denote

APZ = AP® AP, etc.):

P+ 09~ X By (P4 E ()05 + S Es(p) 857 + L E(p)05™), (D)

where coefficients E, are tensors of the (g +1)th rank, which are accumulated for each
control cluster over all influence clusters that are far enough from it according to the criterion

(3). As it has been mentioned, the tensors E, are obtained as the coefficients in power (local)

expansions of multipole terms, where the vector EO corresponds to the sum of constant

terms, the matrix £ — to linear terms, etc. Note, that number of terms in local expansion of
multipole terms in (4) should be chosen consistently.

For example, if one considers only monopole term in eqn (4), there is no need to perform
its local expansion at all: linear term of the local expansion has the same order of magnitude
as the omitted dipole term. Then, if monopole and dipole terms are taken into account, the
first one should be expanded up to linear term, while the second one can be considered as a
constant, etc. However, in the table shown below, it is suggested to consider one additional
multipole term (as constant, without local expansion). This approach allows to deal with
influence clusters, which are much bigger than the control one; such situation is very common
at the tree traversal. So, the following table shows the coefficients k,, which are equal to 1 if

the corresponding coefficient should be taken into account; otherwise they are equal to 0.
The first row marked by I, corresponds to the coarsest approximation, where only two terms
are taken into account without their local expansions; row II corresponds to more accurate
version, etc.

kl k 2 k3 k4

I 1 0 0 0

1 1 1 0 0
m | 1 1 1 0
v [ 1 1 1 1

For the most accurate scheme IV the tensor coefficients £, in local expansion are
calculated using the following formulae:

k, =q4 = = . = =~
@ ..mq_lr__ ...m]+_4®h....mh’

o= =:m m :d.*d M
E(p)=0"m" +kO" -m +2!_ 3l !

E(P)=—k0'm" @ i’ ~Z8 i, ®)

Ez (P = k3@qmm +k4(:)0 ) fﬁda

E,(p) = —k,0°m".

WIT Transactions on Engineering Sciences, Vol 135, © 2023 WIT Press
www.witpress.com, ISSN 1743-3533 (on-line)




Boundary Elements and Other Mesh Reduction Methods XLVI 161

Eqn (7) is the final formula for approximate calculation of vortex particles velocities in
control cluster, induced by far-placed influence clusters. However, calculations according to
the presented formulae are extremely time-consuming due to operation on a lot of

. . = =W =
components of higher rank tensors. At the same time, all the tensors m g ,® and E, are

fully symmetric (with respect to any pair of indices) and their convolutions over arbitrary
pair of indices are equal to zero, so all of them (except monopole moment m™ which is
scalar) are determined by only a pair of real numbers. Thus, in practice it is necessary to store
and calculate only two components of each tensor.

2.2 Formulae for numerical calculations

Since we deal with 2D flow simulation, the vortex particle position in the flow domain
7. ={x,y,} can be considered as a complex number z =x, +iy , where i is the unit
imaginary number. In further formulac we use the operations of complex numbers
multiplication z, -z, and raising to a power z”.

Let us firstly consider the multipole moments calculation of tree leaf cells. The monopole
moment is real scalar itself, so we still use the notation m™ . The tensor of any higher

. =) . . .
multipole moment m " is determined by two real numbers, denoted as m(()” " and m”, which

(p) (p)

can be considered as a real and imaginary parts of the complex number m'” = m{" +im” .

Thus, the multipole moments can be represented through vortex circulations I', and complex

numbers z_ that correspond to their positions A7, , s =1,...,N,_, as follows:

NS‘
m?”=3Tz’, peN )
s=1

Then the parent-cell parameters can be found by summation of children multipole moments
(represented through complex numbers), being shifted to the centre of parent cell. The
shifting scheme is shown in Fig. 3.

T ®
. ® e
[ ] |
ho } hl
o— >0
o
Iy | Iy
° |
° hd L4
l o

Parent cell

Figure 3: Multipole moments shifting.

The necessary formulae can be derived by calculation the multipole moments with respect
to shifted point (7, +iZ), expressing the result through the same and lower-order unshifted

moments. The resulting shifting rules, where shifting vector 4 is considered as a complex
number z, = h, +ih,, are the following:
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P
m(p) |}_’: Zcﬁm(pfk)zlli’ (10)
k=0

where CI’j is binomial coefficient. It should be noted, that all the presented formulae for the

multipole moments and their shifting rules are similar to ones in the original FMM algorithm.

=(p)
Tensor coefficients ® , that initially have been introduced according to eqn (6), now
correspond to the complex numbers ®” | and they are determined by only the distance

vector between the clusters centers p , represented as the complex number z,=p, +ip, .

Thus, the formulae, that are the most suitable in practice, have the following form:

Q" = 122, @)(p):Lz(@(p—l),Z )’ peN. (11)
|Zp| ? |Zp| g

In order to calculate complex analogues E, of the tensor coefficients E, arising in local
expansions introduced initially by eqn (8), it is necessary to summarize products of ®'” and

. —(p)
conjugate numbers m  :

—a 1 — 1 —o 1 —
E,=0" -m"+0’ =0 m =0 m +—0 ~mh,
2! 3! 41

E =0 -m" -0 —Le (12)
: 2!

—d
E,=0"m"+0"-m,
E,=-0"-m".

If one considers six multipole moments instead of five as we did, it is necessary to
introduce additional coefficient £, in local expansion and add one more term in each
expression for E; ... E, in eqn (12), and similarly to higher number of multipole terms. So,

all of the presented formulae, expressed through complex numbers allow applying them for
arbitrary higher-order multipole moments and local expansions of corresponding terms.

Finally, in order to calculate the approximate velocity, instead of (7) the following formula
for local expansions can be used:

17(?+A,5)z£><(00+(7' LT+ 0%, (13)

where vectors U°, U', U? and U’ depend on the vector Ap and correspond to complex

numbers U calculated as follows:

1 _
Uq:TEq'ZZﬁo ZAﬁ:Apx"_iApy’ q=01,2.3.

q:
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2.3 Algorithm

The main steps of the suggested tree-based hybrid Barnes—Hut/multipole algorithm are the
following:

1. Tree root formation, bounding all the vortex particles.
2. Hierarchical tree structure construction.
3. Calculation of the leaf cells parameters (complex analogues of multipole moments)

according to eqn (9).

4. Upward tree traversal and parent-cells parameters calculation by summation shifted
according to eqn (10) children multipole moments.
5. For each leaf cell:

e downward tree traversal: if the current cell is far enough, i.e., the criterion (3) is
satisfied, the local expansion coefficients (12) are accumulated; otherwise the
downward traversal is continued or, if cell is a leaf, it is stored as a close cell list;

e direct influence calculation induced by vortex particles, that are contained in close
cells (using the Biot—Savart law);

e summation of the last result with approximate influence calculated using eqn (13).

3 NUMERICAL EXPERIMENT
3.1 Accuracy investigation

The first numerical experiment is performed for the model problem of velocities calculation
in square hxh control cluster induced by vortex particles contained in square dxd
influence cluster placed at the distance | p| (Fig. 4).

Figure 4: Model problem of two clusters interaction.

In order to estimate the accuracy of the developed method, we assume, that the influence
cluster is always placed at the boundary of the close-zone, i.e., 8 =(2d +2h)/| p| and we

vary it by changing values /4 and | g |. The relative error is calculated as

1
NZ | V: direct _ V: Sast ‘
_ N5

sV _
max | V, irec ‘
i

, (14)

WIT Transactions on Engineering Sciences, Vol 135, © 2023 WIT Press
www.witpress.com, ISSN 1743-3533 (on-line)



164 Boundary Elements and Other Mesh Reduction Methods XLVI

where 171 #ret s the i th vortex velocity calculated directly by using the Biot-Savart law (eqn

2)); 17, #st_ using the proposed Barnes—Hut method modification. Fig. 5 shows the relative

error oV dependency against the proximity parameter for the schemes I...IV that
correspond to different number of terms accounted in series expansion.

5V
!. . .
0.100_ : . o : L3 .:!::“’E""*--.—»KO(Q)
0.010f "o [T, e o Htwete, Schemel
e Thas e )
0.001 r e, « Scheme II
Te T, 0@
10-4 "‘.\_\. .\!\rt*- « Scheme II1
1075 "0_(6;3) T « Scheme IV
1076 o) .,
1/6
1 2 5 10

Figure 5:  The relative error of the velocities calculation against the inverse proximity
parameter.

It is seen that the scheme I provides the first order of accuracy: the error decreases
proportionally to 8, while the most accurate scheme IV provides the fourth order of accuracy
(with respect to 6).

3.2 Complexity investigation

The method’s computational complexity is examined on the problem of velocities
calculation, induced by their mutual interaction, for large number of vortex particles: from
5-10* to 2-10°. The number of multiplicative and division operations Q , performed on real

numbers, is shown in Fig. 6 for plausible value of proximity criterion 8 =0.5.

10]4 Q
1013
-»- Scheme [
10" -+ Scheme II
10! - Scheme IIT
-~ Scheme IV
1010 -o-Direct
algorithm
10°
108 N
50000 100000 200000 500000 1000000 2000000

Figure 6: Computational complexities of different fast method schemes against number of
vortex particles.
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It is seen that computational complexity of all the fast method modifications is quasilinear;
the complexity of the most accurate scheme IV is twice as high in comparison to the scheme
I, but it is one hundred times more accurate. In comparison to direct particle-to-particle (Biot—
Savart) method, that has squared computational complexity, for the most time-consuming
problem with 2 millions particles, the suggested fast method provides speedup up to 10*
times.

3.3 Comparison with the FMM

In order to compare the proposed algorithm with original FMM method, we use in-house
implementation of the FMM running on 6-core Intel i7-8§700 CPU with OpenMP technology.
We compare it to the most accurate version of the proposed fast method (scheme IV) also
being run in parallel mode. Firstly, we consider two model problems of mutual interaction
calculation for N =100000 and N =500000 vortex particles distributed uniformly in unit

square. Calculation time for both methods is shown in Fig. 7, where ‘B-H’ means the
proposed fast method modification. The labels under the ‘columns’ correspond to the relative
0.2 o
0

error value, which is nearly the same for both methods.

2.9-107 1.0-107* 3.6-107° 1.3-107° 4.9-107¢ <—¢sy—> 3.2:107* 1.1-107™* 4.0-107 1.5:107° 5.7-107°

Time, sec Time, sec
0.4} N=100 000

2.0¢ N=500 000

iEis 1.5}
m B-H

= FMM

—_
[=1
W

Figure 7:  Comparison of the Barnes—Hut method modification with original FMM
algorithm for the uniformly distributed vortex particles; N =100000 and

N =500000.

It is seen, that the FMM runtime does not change significantly with increasing the
accuracy, so the method is especially efficient if the high accuracy is required. At the same
time complexity of the proposed fast method depends essentially on the accuracy. It is
slightly more efficient than FMM for low accuracy, but its efficiency reduces sharply with
increasing both the accuracy and number of vortex particles.

The next numerical experiment is performed for similar problem, but now vortex particles
form realistic vortex wake after the bridge cross-section (Fig. 1). Here we also consider two
cases with different number of vortex particles — N = 50000 and N =250000 ; calculation

time is shown in Fig. 8.

So, that for the typical vortex particles distribution simulating some vortex wake, FMM
runtime is two to three times higher in comparison to the proposed Barnes—Hut method
modification at medium error level. Thus, for such problems the developed algorithm seems
to be obviously preferable.
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Time, sec Time, sec
0.20f N=50 000

N=~250 000

1.2¢

0.15¢ 1.0F
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mFmMm  0-6¢
0.05F 0.4F
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Figure 8: Comparison of the Barnes—Hut method modification with original FMM
algorithm for the vortex wake after the bridge section, N =~50000 and

N =250000.

4 CONCLUSION

In the paper the Barnes—Hut algorithm modification for vortex particles velocities calculation
in 2D vortex method is proposed. This method has quasilinear computational complexity and
is based on multipole and local expansions of the influence function. It is tree-based
algorithm and provides flexible accuracy adjusting in contrast to the original FMM method.
Four schemes of different accuracy are proposed, that are distinguished by number of terms
in corresponding expansions. Schemes have 14 orders of accuracy with respect to proximity
parameter. The necessary formulae are derived for multipole moments calculation, their
shifting rules and coefficients of the local expansions. The most suitable way for operations
with all the tensors is their representation through complex numbers. For the problems with
uniform distribution of vortex particles, the proposed algorithm takes approximately the same
time as the FMM method at medium accuracy. For the velocities calculation of the particles,
that form vortex wake after the bridge cross section, the proposed method is two to three
times faster.
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