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ABSTRACT

The present article introduces a novel boundary integral method (BIM), adapted from an earlier method
of Hansen and Kelmanson (1992, 1994) and suitable for the solution of creeping flow boundary value
problems where the boundary presents singularities in the stresses. We use the new BIM to solve the
problem of the planar extrusion of a Newtonian fluid at zero Reynolds number and, in particular,
to determine the shape of the free surface in the immediate neighbourhood of the separation point
for a range of capillary numbers. The proposed method incorporates the singular solution near the
separation point, thus overcoming one limitation of a classical BIM to the problem (see, for example,
Kelmanson (1983)). In a recent article, Owens (2022) also incorporated the singular solution into his
BIM formulation. However, since the integration path used in the present BIM passes directly through
the separation point this leads to an important improvement on the method of Owens (2022), who
was obligated to skirt the singularity due to the non-integrability there of the normal derivative of
the vorticity. Results presented for the extrudate swell ratio, the angle of separation and the leading
exponent in the asymptotic expression for the stream function are shown to be in convincing agreement
with others in the theoretical, numerical and experimental literature.

Keywords: Stokes flow, singularity, boundary integral method, free surface flows.

1 INTRODUCTION

The use of boundary integral methods (BIMs) for the solution of Poisson’s equation and the
biharmonic equation arising in boundary value problems in such fields as linear elasticity,
electrostatics, potential flows and slow viscous flows dates back some fifty years. That such
methods only require boundary data for the computation of the solution throughout the
domain of definition presents both advantages and disadvantages. On the positive side, and
where applicable, BIMs are, in general, more cost-efficient than other mesh-based methods,
giving rise to much smaller linear systems to be solved than those arising from equivalent
finite element or finite difference (FD) approximations, for example, albeit with matrices that
may be ill-conditioned. However, the presence of singularities on the boundary due to a sharp
corner or a sudden change of boundary condition, for example, leads to poor convergence of
classical BIMs and the need to treat such singularities in a mathematically rigorous fashion
has spawned a number of different techniques in the literature.

1.1 BIMs for boundary value problems with singularities on the boundary

In 1983, Kelmanson [1], [2] used a singular subtraction (SS) BIM to solve three problems:
the steady lid-driven cavity problem, the problem of the slow channel flow of a viscous
fluid through a sudden expansion and the planar “stick-slip” problem for a viscous fluid.
The dominant asymptotic behaviour of the stream function ¢ in the neighbourhood of the
singularities in these problems was written down by Kelmanson in the form of truncated
series g whose coefficients had to be determined as part of the solution process. Provided that
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the truncated series had a sufficient number of terms, the recasting of the problems in terms
of a modified stream function

X::w_ga (1)

meant that the modified flow variables became regular throughout the flow domains. By
evaluating the kernel integrals exactly rather than by Gaussian quadrature computer time
savings of up to 38% were realised and, in the first of the two articles, CPU time and storage
savings compared with FD methods were shown to be substantial.

The subtraction of a truncated series representation of the asymptotic behaviour at a
boundary singularity of the solution to an elliptic boundary value problem has been done for
boundary value problems involving harmonic functions and this dates back to the SS method
of Symm [3]. Ingham and Kelmanson [4] used both a classical BIM and a BIM modified using
the SS method to solve two Laplacian boundary value problems for a potential function .
One problem (A) had Dirichlet conditions prescribed for ¢ where the singularity was due
to a discontinuous boundary potential and the other problem (B) featured a discontinuity in
the prescribed boundary flux. A comparison with FD calculations, where the finite difference
boundary mesh points coincided with the BIM segment end points, showed that for finer
meshes the two BIMs used considerably less CPU time for problem B. In the case of
problem A, it was only the possibility of calculating an optimal relaxation parameter for
the FD SOR iterations that allowed that method to require less CPU time to converge than the
BIMs. The modified BIM was considerably more accurate than the classical BIM for problem
A, and only required about 10% more CPU time.

In 1984, Kelmanson [5] and Ingham and Kelmanson [6] used a singularity incorporation
(SI) BIM to solve nonlinear problems of two dimensional steady state heat transfer, the
conducting medium having variable thermal conductivity. Under a Kirchoff transformation
the transformed variable T satisfied Laplace’s equation and the series representation of the
behaviour of 7" in the neighbourhood of a boundary singularity was enforced solely on a small
number of elements nearest to the singularity, in contrast to the SS method of Symm [3].
Thus the modification to the classical BIM was small although the authors reported dramatic
improvements in the rate of convergence of results throughout the solution domain of the
problems considered.

Where applicable, the so-called singularity annihilation (SA) BIM, employed by
Kelmanson and Lonsdale [7], has the advantage over both SS and SI BIMs in that it requires
no extra coding and employs the natural boundary conditions of the original problem. The
basic idea is a simple one: if the boundary singularities are in a region of the boundary
where suitably constructed Green’s functions are asymptotically small then the solution’s
singular behaviour may be annihilated. This was achieved by the authors for the benchmark
lid-driven cavity problem where the asymptotic behaviour ¢» = O(r) of the stream function
1 in corners between the moving lid and the vertical walls is the same as that of Taylor’s
scraper flow problem [8] and leads to O(r 1) behaviour of the vorticity and pressure at these
points: a particularly severe test of the numerical method. Comparisons of the calculated
stream function values with those obtained using the SS method of Kelmanson [1] showed
impressive agreement and were corroborated by the biharmonic method of fundamental
solutions of Karageorghis and Fairweather [9]. However, the SA BIM required substantially
less coding than the SS BIM of Kelmanson [1].

The O(r~1) behaviour of the stresses at the singular points between the lid and walls in
the lid-driven cavity problem mean that they are not integrable and that therefore it is not a
physically realizable flow. Hansen and Kelmanson [10], [11] used a BIM to investigate the
effect of introducing small leaks at the corners where the lid meets the walls, thus making
the flow physical and modelling what must take place under experimental conditions. Near
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the re-entrant corners in the leaky lid-driven cavity problem the authors showed that the
stream function 1) = O(r'**) with \ real and in the interval (0, 1). Thus, the vorticity w and
pressure p were now integrable but the normal derivative of the vorticity dw/dn, appearing
in the integral formulae for v and w, was not. However, the authors were able to evaluate
these integrals without avoiding the re-entrant corner by noting that on a piecewise smooth
boundary in Stokes flow the tangential derivative of the pressure equals Ow/On (where these
exist) and that with a change of variables and integration by parts the integrals in the integral
formulae were finite. The resulting BIM was first used by Xu [12].

Some 65 years ago, Michael [13] showed for the problem of creeping planar flow of
a Newtonian fluid extruding from a channel that, with the assumption of either vanishing
surface tension or zero curvature of the free surface near the separation point, the angle
formed between the free surface and the channel wall was 180°. Since that time there has
been widespread disagreement, both in the experimental and numerical literature, about
the character of the free surface (and therefore about the solution to the problem) in the
neighbourhood of the channel orifice and, in particular, about the angle of separation. The
values of the separation angles computed by Owens [14] for capillary numbers C'a ranging
from 1 to 1,000 fell well within the interval of values published in previous experimental
and numerical papers, although there is a paucity of such results available in the literature.
His analysis showed that for non-zero surface tensions the normal stress and curvature of
the free surface were unbounded at the point of separation, consistent with the analysis and
results of Anderson and Davis [15], Schultz and Gervasio [16] and Salamon et al. [17]. It
was concluded by Owens that the case of zero surface tension (C'a = oo, with corresponding
separation angle of 180°), is a singular limit.

The problem of the planar extrusion of a Newtonian fluid at vanishing Reynolds number
Re was considered by Kelmanson [18] using a classical BIM but no account of the singularity
in the stresses at the separation point C' was taken, leading to the author’s admission that it
was to be expected that near this point the numerical results would be in error. Owens [14] has
also used a BIM to solve the same problem, with the incorporation of the singular solution
near the separation point. However, due to the non-integrability at C' of dw/dn, appearing in
the integral formulae for ¢ and w, he chose a boundary integration path that closely skirted
the singular point, thus introducing a source of error.

Because the shape of the free surface must be found from some iterative process and
is typically non-trivial, SA BIMs are unusable for creeping planar extrusion flows with
0 < Ca < co. It is not possible for these flows to employ SS BIMs either: the angle of
separation being unknown a priori means that the exponents in the leading order asymptotic
form g (see (1)) must be numerically calculated and it is not known how to do this for
more than the first two exponents, meaning that the flow variables will not have the required
regularity throughout the flow domain. In this article, we use a novel SI BIM, a modification
of the BIM of Hansen and Kelmanson [10], [11], to solve the problem of the planar extrusion
of a Newtonian fluid at vanishing Reynolds number Re and, in particular, to determine the
shape of the free surface in the immediate neighbourhood of the separation point C' for a
range of capillary numbers.

The relevance of the results of our calculations to steady extrusion flows at non-zero
Reynolds numbers, may be understood from the following argument of Moffatt [8]: Let us
suppose that in the neighbourhood of C' the stream function for the two-dimensional Navier—
Stokes equations may be written in terms of local polar coordinates (7, #) in the form

¥~ Ar'tAF(0), 2
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for some constant A, exponent A\ and function f. Then, denoting the fluid velocity by v we
see that the inertial term v - Vv = O(A?r?*~1) is negligible compared to the viscous term
vV2v = O(vAr*=2) if

AT)‘+1

< 1. 3)

The inequality (3) holds (provided Re(\) > 0) for r sufficiently small. That is, in the
neighbourhood of the singularity we expect the behaviour to be Stokesian. Neither is the
local analysis near the separation point C' in the present study limited to the strictly planar
case. At zero Reynolds numbers, and in the absence of gravity, the (three-dimensional) flow
of a Newtonian fluid extruded from a circular die will be axisymmetric and sufficiently far
from the die lip there are obvious differences between the three-dimensional and planar
extrudate. Such differences would include the values of the extrudate swell ratios computed
under different flow conditions [19]. Ramalingam [20] points out, however, that the analysis
of the singular behaviour of the flow variables near the orifice of an axisymmetric extrusion
flow may be expected to show it to be locally planar. See too an analysis of Burda [21] of
the asymptotics near corners in axisymmetric Stokes flow. The novel SI BIM presented in the
present article could therefore, we believe, be adapted to the axisymmetric case.

1.2 Outline

The outline of this article is as follows: After briefly presenting the governing equations for
Stokes flow in Section 2.1 we proceed to give a concise mathematical description of the
problem to be solved, together with the boundary conditions that apply in Section 2.2. In
Section 2.3 we describe how the mathematical equation of the free surface is divided into two
parts and how the two surfaces are matched at some small distance from the separation point.
The form of the surface near the separation point C' has slope tan(ca) (for an angle o which
must be calculated) and allows for the possibility of infinite curvature there. Further from
C' we use a linear combination of linearly independent functions proposed by Kelmanson [2]
whose parameters must be adjusted in an attempt to satisfy the normal force balance condition
on the free surface.

In Section 2.4, and inspired by Michael [13] and Lugt and Schwiderski [22], we derive
the singular form of the stream function ), the vorticity w and the pressure p in the
neighbourhood of the separation point. It may be concluded that the integrals representing
1 and w in the classical BIM diverge if the integration path passes through the separation
point because of the non-integrability of dw/On there.

In Section 3 we outline two different BIMs for the solution of the boundary value problem
of interest and explain how they differ. In Section 3.1 the BIM of Hansen and Kelmanson
[10], [11], already mentioned in the Introduction, is treated to a more thorough exposition.
Then, in Section 3.2 we show that it is not necessary to use integration by parts on the entire
boundary when Ow/dn is replaced by 9p/0s in the integral representations of ¢ and w,
but that it may be confined to the intersection of the boundary with a small neighbourhood
of the separation point. Since the integration path used in the present BIM passes directly
through the separation point this is an important difference between the new method and
that of Owens [14] who was obligated to skirt the singularity. In supplying details of the
discretization of the new BIM in Section 3.2.1 it becomes clear that there may be fewer jump
terms in the pressure to contend with than in Hansen and Kelmanson’s BIM and that the
boundary grid for the computation of p and the other flow variables becomes a staggered one.
We enumerate some of the other advantages of the present method with respect to that of
Hansen and Kelmanson in Section 3.2.2.
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The parameters appearing in the linear combination of functions proposed by
Kelmanson [2] for the representation of the free surface sufficiently far from the separation
point are calculated using the Levenberg—Marquardt [23], [24] method which solves the non-
linear least-squares problem arising from the minimisation of the residual of the normal
stress balance at certain selected points on the free surface. We explain this is more detail
in Section 3.3.

Some numerical results, obtained on three different meshes, are presented in Section 4.
It is shown in Section 4.1 that for any given surface tension, the (positive) slope of the free
surface attains a maximum near the separation point and that the second derivative grows
dramatically as the separation point is approached along the free surface, the curvature at the
separation point itself being infinite. In Section 4.2 we present results for the extrudate swell
ratio over a range of capillary numbers and these are shown to be in excellent agreement
with others in the numerical literature [14], [17], [19], [25]. However, recognising that the
extrudate swell ratio is a somewhat crude measure of the correctness of the solution, in
Section 4.3 we also post our calculated values for the separation angles o and leading
order indices A\; appearing in the asymptotic forms of the flow variables in the immediate
neighbourhood of the separation point. The dearth and spread of data for these two parameters
in the scientific literature, be it theoretical [16], numerical [17] or experimental [26]-[29]
make comparisons difficult although agreement between our results with what has been
previously published would seem to be satisfactory.

2 PLANAR EXTRUSION OF A NEWTONIAN FLUID AT
VANISHING REYNOLDS NUMBER

2.1 Governing equations for steady planar Stokes flow

The governing non-dimensional equations for steady Stokes flow in a domain €2 are
V-v=0, in Q, @
—Vp+ Av =0, in Q, (&)

where v is the fluid velocity and p is the pressure. In two dimensions, (4) allows us to
introduce a stream function v such that v = (u(x,y), v(z,y)) may be written

v:VX(0,0,w)ﬁu:a—yandv:fa, (6)

where, in the usual notation, « and y are dimensionless Cartesian coordinates. By calculating
the curl of (5) we get the biharmonic equation for v:

A% = 0. (7

We now introduce w := A, and see that (7) may be re-expressed as a system of coupled
equations

Aw=0, inQ,
{ w mn (8)

AY = w, in .
2.2 Geometry, problem description and boundary conditions
2.2.1 Problem geometry and assumptions

The upper portion of the two-dimensional geometry of the problem to be solved is shown in
Fig. 1. Dimensionless Cartesian coordinates (x, y) are used and z is chosen, in a natural way,
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wall (y = 1) (0,1

uniform flow

A2 =0 —

‘Poiseuille

axis of symmetry (y = 0)

Figure 1: Problem geometry of planar extrusion.

as the stream-wise coordinate. Far upstream a Newtonian fluid is driven, at negligibly small
Reynolds number, by a constant dimensionless pressure gradient 9p/Ox along the channel
formed between two parallel walls y = +1 giving rise to steady planar Poiseuille flow. At
x = 0 the fluid is extruded into air and the points (0, 1) are separation points where the
fluid undergoes a transition from being confined by the walls to forming a jet. The tangent to
the free surface I at the point of separation (0, 1) forms an angle « with the solid wall y = 1,
as shown in Fig. 1. Sufficiently far downstream of the line of extrusion into air the flow is
considered to be steady and uniform and the free surface is parallel to the x—axis, having
equation y = 1), for some constant 7)., called the extrudate swell ratio.

2.2.2 Boundary conditions for ¥ and w
The coupled eqn (8) are solved subject to boundary conditions derived by further assuming
no-slip and no-penetration conditions along the solid wall {z < 0, y = 1}, unit volume flow
rate in the upper half channel far upstream, and zero shear and normal stresses along the free
surface I' and axis of symmetry y = 0.

Atentry (z — —o0) we have

3 >
(G 21/( 3 ) ;W Y, ©)
whereas at exit (x — 0o) uniform flow and incompressibility lead to
p=-"2 w=o0 (10)

No-slip and no-penetration conditions on the upper solid wall {z < 0, y = 1} are ensured by
prescribing
oy

=1, ==~ =0, 11

v=1, 5 (a

and along the axis of symmetry (y = 0) the zero shear-rate and no-penetration conditions
give rise to

0%
=0, — =0. 12
(0 * By (12)
Along the free surface I', continuous with the solid wall, we must now have
b=1. (13)
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Let 9%/0t? denote the second-order tangential derivative. Then, the zero shear-stress
condition on the free surface

9% 0%
— — 55 =0 14
on?  0Ot? ’ (14
can be used to show (see, for example, Batchelor [30] or Longuet-Higgins [31]) that on I
oy
= 9 " 15
w Ko 15)
where « is the signed curvature, defined by
k=-=V-n, (16)

and 7 is the unit outward pointing normal vector on I'. Finally, a normal force balance on the
free surface gives

0?1
onds

where the excess pressure [p] := p — p, is the difference between the fluid pressure p and
atmospheric pressure p,, -y is the surface tension and 9/0s (= 9/0t) denotes a derivative
with respect to arc length along I'. From this point on, and to ease the notation, we will
simply denote the excess pressure by p.

[p] + 2

+ k=0, (17)

2.3 Mathematical description of the free surface

The mathematical equation of the free surface I' is divided into two parts and the two surfaces
are matched at some small distance . > 0 from the separation point C'. The free surface at the
separation point has slope tan(«) and we allow for the possibility of infinite curvature there.
Further from C' we use a linear combination of linearly independent functions proposed by
Kelmanson [2] whose parameters must be adjusted in an attempt to satisfy the normal force
balance condition (17).

2.3.1 Atadistance r > 7. from the separation point C

Sufficiently far from the separation point the equation of the free surface I' is written
y = n(x), where

n(@) = Binix), (18)
i=1
and where the n linearly independent functions {n;}?_, are defined by
ni(x) =14 o tanh (z (60, — (€0,i — €00,i) €XP(—7: T))) , i=1,2,...,n. (19
The parameters {«;, x4, €0,i, Vi appearing in (19), together with the {3;}7_, of (18) are

to be determined. Although the form (18) is not used at C' we nevertheless impose 7(0) = 1.
This constraint means that

}:mzL (20)
=1

which reduces the number of parameters in (18) that need to be calculated to 5n — 1.
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(0,1)

wall (y = 1)

Figure 2: Polar angle # measured in the anti-clockwise direction from the channel wall
y=1.

2.3.2 Atadistance r < 7. from the separation point C
In the sector centred at C' and of radius r. we express the equation of the free surface in polar
coordinates (again, see Fig. 2) as the truncated series

2
y=1+h(r)=1—rsina+h pMEL 4y 2t C;—r cos a, 21
2

where the parameters {a, A1, h1, ho,c,} are found so that to leading orders the curve T’
and its curvature might be continuous at r = r., so that non-trivial singular solutions (see
Section 2.4) may be found for all variables in the sector of radius 7. centred at C' and so that
to leading orders the normal stress balance (17) may be satisfied on the surface (21).

2.4 Singular representations

We now seek a solution to the biharmonic equation (7) in the near neighbourhood of the
separation point. One can show (see, for example, Michael [13] or Lugt and Schwiderski [22])
that in a sector centred at (0, 1) and provided that A, # 1 and Re()\,) >0(n=1,2,...), ¢
may be written in the form

=14 rT£(0), (22)
n=1

where r and 6 are polar coordinates centred at (0, 1) (see Fig. 2), the eigenvalues )\, are to
be determined and

fn(0) = Ay cos (An, + 1)0) + By sin (A, +1)0)
+ Cycos (A, — 1)8) + Dy sin (A, — 1)0), (23)

where {4,,, B,,,Cpn, D, } (n =1,2,3,...) are coefficients to be calculated. The radial and
transverse components of the velocity v are given by

19 9 S
Ur = r E;g Z nf ) and vy = 78717{} - 7;()‘71 + 1)7’)\"fn(9)7 24

so that, as observed for example by Sturges [32], the weak regularity condition Re(),) > 0
means that the velocity vanishes as » — 0. Following Michael [13], we also observe that
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Re(),,) > 0 is a physical requirement in order that the integrated stresses remain finite as
r— 0.

The boundary conditions (11), (13) and (14) may be shown to give rise to a homogeneous
linear system of equations for A;, By, C; and Dy which, provided that it is singular, allows
the determination of three of these coefficients in terms of the fourth. In the present paper
we choose to find A1, By and D; in terms of C;. The boundary conditions of Section 2.2.2
also allow As, By, C5 and Dy to be written in terms of C. In agreement with the  exponent
in the correction C'at); to the leading order term in the perturbation expansion (2.13a) of the
stream function in an article of Anderson and Davis [15], it may be shown [14] that Ao = 2\,
is necessary in order that the separation angle « be different from 7. Thus, for ¢ = 1,2 we
may write

fi(0) = C1Fi(0), i=1,2,

with the function F; having as parameters only A1 and a. Truncating (22) after two terms we
are therefore left with
Y(r,0) ~ 1+ C1Y(r,0), (25)

where we define
U(r,0) .= rMFTLE (0) + r?M LRy (9). (26)

A singular expression for p in the neighbourhood of the separation point may be obtained
using (5) and the relationship (6) between v and :

p~ C1Il(r,0) — ¢y, 27
where
Al . @) P21 . @)
I0(r.0) = T ((\ + D2F60) + F0) + 33— (@0 +1°F50) + F (6)).

(28)
and ¢, is a constant in the definition of y = 1 4 h(r) (see eqn (21)).
Finally, using w = A1) (see (8)) we get an expression for w in the neighbourhood of the
separation point:
W(T‘, 9) ~ Clﬂ(rv 9)) (29)

where
Q(r,0) == (1 4+ X)2rM R (0) + (14 20)2r?M Ly (6). (30)

The coefficient C; in (25), (27) and (29) is to be determined. A\; and « appearing in the
functions F and F5 and ¢, a constant in (27) are found from a nonlinear least-squares
calculation of the free surface, as will be described in Section 3.3. One can show (see, for
example, Table 1 of Sturges [32]) that if & € [, 37 /2] the value of A; will be real and remain
in the interval [1/3, 1/2]. Therefore, from (26), (28) and (30) whereas v, dv/0n, p and w are
all Riemann integrable at r = 0, dw/dn = O(r*1~2) is not.

3 BOUNDARY INTEGRAL FORMULATIONS FOR THE SOLUTION OF (7)
Let © be the truncated domain whose boundary 02 is ABU BC"UC'C,U%, U C/C" U
C"DUDE UEA, as shown in Figs 3 and 4. The inflow boundary AB is set at a finite
distance —x _ ., upstream and the outflow boundary D FE a finite distance x, downstream of
the die exit. C is the separation point (0, 1) and the points C’ and C"’ are both at a distance r..
from C' on the wall BC' and the free surface C'D, respectively. Thus, C’ is the point (—7, 1)
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A‘ ————————————— - - E

Figure 4: Figure showing the integration path C'C, U €, U C;/C" contained in the singular
region W N Q.

and C" the point (zo,n(z0)) where x is the positive root of
w5 + (n(wo) = 1)* =12, (31)

In Figs 3 and 4, the points C}, and C] are points on the wall BC' and the free surface CD,
respectively, a distance 0 < p < r. from C. €, is the arc of radius p centred at C, having
initial point C, and end point C}/, as shown in Fig. 4. )V denotes the disk of radius 7. centred
at C' and in the sector YW N Q the singular forms (25), (27) and (29) or their derivatives will
be used to represent all flow variables appearing in (32), (33) and (39).

Suppose that P(z’,3’) is an arbitrary point in R2. Then, using Green’s identities it can be
shown that 1)(z’, 3') and w(a’, y’), the solutions to (8), may be expressed in integral form as

f(w’,y’)w(x’,y')=/ <%G1—waG1) ds, (32)

Ow Gy O 8G1> s 33

g(x/7y/)w(x/’y/) = /dQ <anG2 - WGT + %Gl - on

WIT Transactions on Engineering Sciences, Vol 135, © 2023 WIT Press
www.witpress.com, ISSN 1743-3533 (on-line)



Boundary Elements and Other Mesh Reduction Methods XLVI 133

where the normal derivative 9/0n := 7 - V and n is an outward pointing unit normal vector
to 0€2. The factor £(z’,y') in (32) and (33) is defined by

2£ if P € 90,

i

(P)=91 ifPeq, (34)
0 otherwise,

where ¢ is the angle between the left and right tangents at the boundary point P when
P € 99. The functions G; = G1(z,y,2',y’) and Go = Gao(x,y,2’,y’) appearing in (32)
and (33) are fundamental solutions of, respectively, the two-dimensional Laplace’s equation
and biharmonic equation, chosen to be

Gy = —ﬁ log((z — #')2 + (y — ¢/)?), (35)
Gy = fﬁ(«x — )24 (y—y)D)(log((z — )2+ (y—y)?) —2).  (36)

Along a plane piecewise smooth curve C it may be easily shown from (5) and (6) that
op _ 0w
ds  on’

almost everywhere, a result that will be seen to be of central importance in the sections that
follow.

(37)

3.1 The formulation of Hansen and Kelmanson [10], [11]

The approach of Hansen and Kelmanson [10], [11] uses integration by parts to write, along a
smooth finite curve C having initial point ¢ and end point b

W as = [ 26 as = pa) — pGla) — ZG

con c Os %)

where GG is some suitable differentiable function and it has been assumed that pG is
continuous along C. Setting G = G (35) or G (36), the generalization of (38) to the simple
closed piecewise smooth boundary curve C = 0f2, where pG has a finite number of jumps, is
straightforward and, in the present case, leads to

op B 8p Op P op A dp
- BSG ds = L Bs G;ds —|—/ &SGJ ds + o asG] ds—i—/E GSGJ ds

= GG + Gl + G, 101 + GG~ + PGl Ens + PGyl

c’ D A
» 0G; 9G, 0G; / 0G;
/B P a5 ds / P7as ds / ,/ P s ds & P a5 ds

iy G 9G, dG,;
_ ) C _ ') _
pG;15 — G5 T — pGj1Snt /B P, ds /%p s %
D A _
f/ 9G54 f/ 2255 s 212 (39)
% P55 g Os
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We assume here and henceforth that (z’, ") is not chosen to coincide with the separation
point. Thus, by the integrability of pdG;/0ds along €, for all p > 0 we have, in the limit
p— 0,

Jp c'+ P oG, / 409G,
o0 85G ds = [pG]] - [pG; } ~pGilent /B ds ds E P95 s
(40)

where it is understood (since C’;,, C,’)’ — C when p — 0) that

D c’ C c’’ D
oG, . (¢ G, oG, 9G, aG,
/Bpﬁds_/B P o5 d8+/c,pas d8+/ P75 ds*/c,,pas ds.

41
Thus, (40) becomes
o, , 1B oy /C 9G,; /C 9G,;
[5Gy ds =G ~ GIe* —pailE — [T as— [ pT as

c” D A
0G; G ; G,
- ds — L ds — —L ds. (42
/C 65 /,/pas 8 /Epas s. (42)
In[10], [11], Hansen and Kelmanson’s boundary integral discretizations of eqns (32) and (33)

used midpoint collocation for the pressure and vorticity in each of the subintervals outside a
singular region.

3.2 A new formulation

Rather than perform an integration by parts all along 952, as in (38), we propose to do so only
along that part of 9 that is within WW N € (where all variables have a singular representation)
and then let p — 0. (Of course, another possibility would be to retain dw/OnG; (j = 1,2)
outside W N Q but then if the pressure is subsequently needed on the boundary it will have
to be determined in a post-processing step by integrating (37) along 0f).) First of all,

e oas— [ 9P o /@. " op
| 95Gids= | aGds+<c/ 5.Cyds+ | 52G; ds+ » 5. G ds

/ 8deJr/ 8pG ds. (43)

We now use integration by parts on the terms inside the parentheses in (43) and then let p — 0
to get

glin <[pG ]Cr:a [pGj}Z%/ + [pGj}z; _/(,J;paan ds —/(gppaif ds—/;;”paij ds)

P

. _ c’ . . " X
= limp—o (PGJ'(C" ) = pG(C") = [of p %t ds — Je, P O ds — fccg p 5 ds)
= pG)S — S p % s — (S p 2L ds, (44)

where, again, (z’,y’) # (0,1) and the integrability of p0G/0s along €, for all p > 0 has
allowed us to write

. 0G;
o ), P as 40
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In summary, (43) becomes

dp o= ap e /C” dG,;
/maGdsf{pG]c/Jr+/BaGds / ol ds— | pTytds

/ —G ds + apG ds. (45)
1 E a

3.2.1 Discretization

Referring throughout this section to Fig. 5, we now discretize the integrals appearing on the
right-hand sides of eqns (32) and (33) where, in each case, the terms involving the integrals
of dw/On are transformed into integrals involving the pressure p, as described in eqns (43)—
(45). First of all, using the boundary conditions (9) and (10) and the assumption that the flow
at both entry and exit is fully developed (so that, for example, Op/9s = 0) we are able to
evaluate the contributions along AB and DFE to the integrals in (32) and (33) exactly. Then,
exploiting the boundary conditions (11), (12), (13) and (15) reduces the flow variables to be
determined on the boundary to just p and w along BC' and to p and 9v/9n along CD U EA
as shown in Fig. 5. Since 9v¢»/dn = 0 on the solid wall the third term in the contribution along
BC to the integral on the right-hand side of (33) vanishes. Further simplification follows from
the knowledge of v along the upper and lower boundaries. In the remainder of this section
we detail the discretization of the right-hand side of (33). The treatment of the integral in (32)
is analogous.

1€ {nl—i—l,nl +n2}

0Q;

; +

Pit2 Pi+3
wn,i
1€ {n1—|—n2—|—1,n1 +n2—|—n3}

Figure 5: Summary of discrete variables along the boundary OS2, showing the division into
n1 + no + n3 sub-intervals 9€);.
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Along BC’ The part BC’ of the boundary is written as the union of ny subintervals 9€;,
(i =1,2,...,ny) the length of the ith subinterval being denoted Ax; > 0:

BC' = | J 0%, with |BC'| =Y Aa;. (46)
=1 1=1

The contribution along BC’ to the integral on the right-hand side of (33) therefore becomes

< /op 0Gs  0G, i op Gy 0G4
o (e ) -2 [, (G5 -5 ) oo @)

and on each subinterval 9€2; we approximate the integral by the midpoint rule

6p 6G2 8G1 - 8}9 / ) 8G2 _ (9G1
/ (05 Gy —w o on ) ds =~ (8s>i Gods — w; B ds e ds,
aQ 9 a0 a0

'i L)
where (0p/0s), and w; are approximations to the values of Jp/0s and w at the midpoint
of 09;. The partial derivative (Jp/0s), is approximated using a central difference

approximation:
0 i+1 — Pi
( p) ~ (49)

i

0s Az;

where p; 11 and p, are approximations to p at the end points of the subinterval 9€2; (see Fig. 5).
The unknowns to be determined from this contribution to the boundary integral on the right-
hand side of (33) are therefore n; approximations to w at the midpoints of the subintervals
0%); and ny + 1 approximations to p at the end points of these subintervals. Clearly, the final
term on the right-hand side of (47), involving only OG1/dn passes to the right-hand side of
the system to be solved for the unknowns.

Along C””D 1In a similar fashion, we write C”’D as the union of my subintervals
{8Qi}"1+"2 and again use the midpoint rule and central difference approximations to get

i=ni+1
D/ ow 9Gy O 9G1
/,, (aﬂ ~n T o ‘%n) ds
b rop o 0Gs oG4
= / <asG2 T (Q“an *Gl) - an) ds
ni+ns
N Pit2 — Pit1 [ 0G, [ 9Gy
le ( As, )/G2ds+<8n)./<2ﬁ n +G1 ) ds o ds,
i=ni+1 29, 1891, 9Q;

(50)

where As; denotes the arclength of the ith subinterval 0€2;. The unknowns to be determined
from this contribution to the boundary integral are now, therefore, no approximations to
0 /0On at the midpoints of the subintervals 0f2; and ny + 1 approximations to p at the end
points of these subintervals. As before, the final term on the right-hand side of (50), involving
only OG1/On passes to the right-hand side of the system to be solved for the unknowns.
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Along EA The contribution along F'A to the integral on the right-hand side of (33) is
particularly simple due to the vanishing of both w and 1/ along the axis of symmetry. The
decomposition of AE into n3 subintervals {99} ¥"%  and the use of the midpoint rule
and central difference approximations leads to

+nz2+ng
dp 8w " ([ Pi+3 — Pit2 o
/E (a Gat oo )dsw‘ Z v Gads +( 5 i G1ds,
o o0

i=ni+nz+1
(51)

where Az; denotes the length of J€2;. The approximations to the pressure at the end points
of the n3 subintervals and the approximations to the normal derivative of the stream function
at the midpoints of those subintervals represent the (ng + 1 + n3z = 2n3 + 1) unknowns to
be found from this contribution to the boundary integral.

i i

Along C’'C U CC"”  Along this portion of the boundary 9€) we use the singular forms (27)
for p, (29) for w and the normal derivative of (25) for 91/0n and integration by parts for the
integral of Op/ds G, as explained in Section 3.2. Thus we have

c
c" 0G, 0Gy  0Gy
G2l /C, (—p as  “on  on )ds

CII
8G2 an 81/) 6G1
+/C <‘ Py Y an+anG1‘an)dS

C
"_ oG oG oG
= [(C4II — Cp)Gg]g,+ +/ (—(Clﬂ — cp)i2 BN ¢ Pt 1) ds

/ ds on on
C//
0G4 0G4 0G4
+/C" <_(CIH - Cp) 95 —C12 87 + C¥,Gp — on ) ds
C
Iold 0Gy 0Gy  0Gq
= C1 [HGQ}C'-F +L < Clng Clg % 8n> ds
C//

+/ (ClﬂaG — Ci1Q @ + C1V¥,,G1 — aG’l) ds. (52)

c ds on on

The sole unknown from this contribution to the boundary integral is the singular coefficient
C and, as along BC” and C”' D, the terms on the right-hand side of (52) involving 0G; /dn
pass to the right-hand side of the system to be solved for the unknowns. Note that for
simplicity the approximate form y = n(x) was used in the evaluation of the integrals along
C'C" since the difference between the graph of this function and that of the singular form (21)
is very small, even if the curvature of the two curves at the separation point is very different
(one finite, one infinite).

Summary of flow variables to be determined For a given free surface I' the above
paragraphs should make it clear that a total of 2(n; + ns + ng) +4 unknowns are to
be calculated. To generate the same number of equations as unknowns we discretize, as
explained above, eqns (32) and (33) with the choice of points (z/,y’) made equal to
the Cartesian coordinates of the midpoints of the n; 4+ ng + n3 subintervals. This yields
2(ny1 4 ng + n3) equations. Assuming that the pressure is equal to that of the atmosphere at
exit requires the prescription py, +n,+2 = Pn;+ns+3 = 0, supplying two more equations. The
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assumption that at inflow fully developed conditions apply and that therefore the pressure is a
constant along AB means that we should set p; = Py, 4n,+ns+3, giVing one more equation.
Finally, we choose one other point (z’,y’) # (0, 1) different from all the others and satisfy
the discrete version of one of eqns (32) and (33) to complete the required number of equations
and create a square and non-singular coefficient matrix for the system to be solved. As is usual
with boundary integral methods this matrix is full but sufficiently small (even for the finest
meshes used) that an efficient direct solver may be used.

3.2.2 Differences with the formulation of Hansen and Kelmanson [10], [11]

Comparing eqns (42) and (45) in addition to the respective discretizations employed by
Hansen and Kelmanson [10], [11] and proposed in this article in Section 3.2.1 reveals a
number of important differences between the two approaches:

1. The present formulation leads to a somewhat simpler expression than (42) by avoiding
jump terms at the points C’ and C”.

2. The present formulation avoids what may be very delicate evaluations of improper
integrals of pdGi(x,y,x’,y’)/ds along paths passing through the point (z’,y’).
Instead, we may have improper integrals of Op/dsG1, but all Cauchy principal values
exist and are simple to evaluate. More specifically, if a subinterval 0f); consists of
an arc segment of length As; then, as explained in Section 3.2.1, we use central
differences to write

8p o —~ (pi-‘rl — Di ) /A

/ani 8SG1(I7y7x7y)d8 ASi 0, G1(337y7$7y)d3 (53)
Let us denote the coordinates of the end points of 9€; by (x;,v;) and (z;+1, Yit1)-
Then, if (z/,y") € 99, the Cauchy principal value of the integral appearing on the
right-hand side of (53) is evaluated by expressing it as the sum of two convergent
integrals: one over the subset of 92; having end points (z;,y;) and (2’,y’) and the
other over the subset of 9€2; having end points («’,y’) and (2;11,yi+1). These are
evaluated using an adaptive quadrature method: see Shampine [33].

3. When discretized (see Section 3.2.1) the new formulation will lead to a staggered
boundary grid for the computation of p and w along BC' and of p and 9v/On along
CD UEA, the discrete pressure values being calculated at the end points of the
subintervals {0Q;}1"*""™ and the remaining variables at the midpoints of these
subintervals. This avoids possible problems with non-physical oscillatory pressure
values or even pressure indeterminacy that may arise when all flow variables are
collocated at the subinterval midpoints.

3.3 Determination of the free surface I'

Thus far in the solution process, along y = () only the kinematic and shear-free conditions
(13)—(15) have been satisfied and the free surface has been considered known. Of course,
the correct free surface, along which the normal stress balance condition (17) is respected,
must also be found. To find it we will use an iterative method and introduce the residual of
the normal stress at N + 1 points along C”’ D, where we choose N + 1 = 5n — 1 in order to
determine the parameters appearing in the linear combination (18) of the n basis functions
71; (see Section 2.3.1). We denote by R; the residual of the normal stress balance at a point
(x;,m(x;)) of the free surface:

_ 0* o
R; = p(xi,n(x;)) + 2%(%,77(@)) +ys(xi, n(z)), i=1,2,...,N. (54)
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R; is approximated numerically using simple central differences in the calculation of the
approximative derivative with respect to arc length of 9v/9n and spline interpolation of this
and the calculated approximation to the pressure.

Next we use the Levenberg—Marquardt [23], [24] method, implemented in 1sgnonlin
of MATLAB, to solve the non-linear least-squares problem

N+1

mcin Z R%(c), (55)
i=1

where c is the vector containing the 5n — 1 parameters appearing in the linear combination
(18) of the n basis functions 7;. Once the minimum has been found we recalculate C; and
all the flow variables as detailed in Section 3.2.1 and continue until ¢**1), the (k + 1)th
iterative value of c, satisfies some convergence criterion, such as

[e®HD — e® ||y < s []1+ ™5, (56)

for some suitably small choice of the relative step tolerance s. Numerical continuation may be
used to obtain solutions on increasingly refined meshes. That is to say, the converged vector
c calculated for a certain choice of ny, ne and nz may be used to calculate the initial free
surface shape when finer meshes are employed.

4 NUMERICAL RESULTS

Calculations were performed for values of the dimensionless surface tension v = 0.001,
0.01, 0.1 and 1 on meshes where the total number M of boundary elements Of2; varied
from M = 1434 (2872 unknowns) to M = 1854 (3712 unknowns). The radius r. of the
singular sector W N Q was set equal to 1075, With the choice of n = 10 basis functions 7;
(see (19)) the number of points N + 1 where the normal stress balance residual (54) was
evaluated was equal to 5n — 1 = 49. The Levenberg—Marquardt algorithm (see Section 3.3)
was considered to have converged when the inequality (56) was satisfied with a relative step
tolerance s = 1075, It was found that this choice of s always ensured that the final value of
the objective function (55) was no more than O(1075).

4.1 Shape of the free surface

In Figs 6 to 8 we plot the converged free surface function y = n(z), given by the linear
combination (18), in addition to its first and second derivatives, over the full range of
dimensionless surface tensions. It may be observed from Figs 7 and 8 that, for any given
surface tension v, the (positive) slope of the free surface attains a maximum at some point
0 < 24 < 1 and that the second derivative grows dramatically as x — 0. These results were
computed on the finest mesh (M = 1854) and in Section 3.3 we have explained how the
parameters {«;, €s0.4,€0,i, iy were calculated. Once they have been found it remains the
case, however, that

n
1"(0) = =2 Bivi(€0.i — €o0i) Vi
i=1
is finite and that there is no reason to expect that
n
n'(0) = Bicico,
i=1

will equal tan(«).
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Figure 6: n; = ny = ng = 618. Free surface y = n(x) computed at values 1, 0.1, 0.01 and
0.001 of the dimensionless surface tension .
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Figure 7: m; = ng = ng = 618. First derivative y = 7/(x) computed at values 1, 0.1, 0.01
and 0.001 of the dimensionless surface tension .

Given the deficiencies noted above of the representation (18) of the free surface in a
neighbourhood of the separation point, we match the correct leading order asymptotic form
(21), as explained in Section 2.3.2, to this far-field solution. In Fig. 9 we show the results
of the matching at x = zo of (18) with (21), as computed on the M = 1854 mesh. Over
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Figure 8: n1 = ny = ng = 618. Second derivative y = 7" (z) computed at values 1, 0.1,
0.01 and 0.001 of the dimensionless surface tension +.

x € [0, 2r.] the graphs of (18) and (21) shown in Fig. 9 appear to the naked eye to be those
of linear functions. In reality, x(0), the curvature at the origin, is infinite.

1.000004

1.0000035
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Figure 9: n1 = ny = ng = 618. Matching of the inner solution y = 1+ h(r) (21) to the

outer solution y = n(x) (18) at = x (see (31)) at values 1, 0.1, 0.01 and 0.001
of the dimensionless surface tension +.
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4.2 Extrudate swell ratio 7

Comparison of the calculated values of 7., on meshes with M = 1434, 1644 and 1854 is
made in Table 1 with the results of the original boundary element method calculations with
M = 1854 of Owens [14], with the result (at v = 1) of the high-resolution finite element
method of Salamon et al. [17], and with some of the results of the singular finite element
calculations of Georgiou and Boudouvis [25] and of the finite element method of Mitsoulis
et al. [19]. Since the result of Salamon et al. [17] was computed on a highly refined finite
element mesh involving 171258 unknowns we believe that this may be considered to be a
benchmark value for the case v = 1. The value of the extrudate swell ratio at this value of
~ computed by Georgiou and Boudouvis [25] is within 0.026% of the benchmark value and
was obtained on a finite element mesh having 30866 unknowns. The results of Mitsoulis
et al. [19] were obtained using meshes having either 22548 or 30866 degrees of freedom. Our
calculation of 7, at v = 1 using the M = 1854 boundary integral mesh is within 0.0629%
of the value of Salamon et al. but was obtained using a mesh having only 3712 degrees of
freedom. In this example, the cost advantages of using a boundary element method are clear.
From the evidence presented in Table 1 it would seem that slightly higher values of 7., might
be expected were we able to compute results on yet finer meshes, bringing them into even
closer agreement with the results of Georgiou and Boudouvis [25], Mitsoulis et al. [19] and
Salamon et al. [17]. Regrettably, however, calculations for M > 1854 are beyond what we
can perform conveniently with the computing resources currently at our disposal.

Table 1: Values of the extrudate swell ratio 7., for different values of the non-dimensional
surface tension -y, computed using the boundary integral equation method and M
boundary elements.

Present method

vy M=1434 M=1644 M=1854 Owens [14] Georgiou and Mitsoulis et al. [19] Salamon et al. [17]
Boudouvis [25]

1 1.1279 1.1280 1.1281 1.1282 1.1291 1.129 1.12881

1071 1.1784 1.1793 1.1792 1.1792 1.1794 1.180 -

1072 1.1853 1.1853 1.1858 1.1857 - 1.186

1073 1.1859 1.1861 1.1861 1.1861 -

107° - - - - 1.186

4.3 Separation angles and leading order indices

In Table 2 we show the values of the parameters « (in radians and degrees) and A\; computed
on the finest mesh and compare these with the results obtained by Owens [14] using a
boundary integral method. We note in Table 2 a few very minor differences between the
parameter values attributed to Owens [14] and those in his original article. This is because
of small errors found in the calculation of the parameters Ay, Bo, Co and D, appearing in
(23) since the article of Owens went to press. Agreement between our results and those of
Owens [14] is excellent although the present results should be viewed as the more accurate
of the two sets.

In the second and third columns of Table 2 we display the results for the separation angles
in both radians and degrees when v = 1, 0.1, 0.01 and 0.001, as computed on the finest mesh.
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Following the ansatz by Schultz and Gervasio [16] for the form of the free surface y = n(x)
near the separation point:
n(x) —1=a+bx+ ca", (57)

for certain parameters a, b, ¢ and n, Salamon et al. [17] estimated b to be equal to 0.176
when v =1 and Re = 0. Comparing (57) with (21) and noting that r ~ x/ cos(a — )
we can therefore estimate, when v = 1, o & (180 + arctan(0.176)) = 189.98°, which is in
satisfactory agreement with our own result of 189.37°. Experimental results reported by
Nickell et al. [26], Tanner [27] and Tanner et al. [28] were all for Reynolds numbers below
102 and those of Batchelor et al. [29] were for Re =~ 1078, The data from the experimental
results reported by these authors showed separation angles to be between 189° and 194°, so
that our calculated values of « are well within the range of those measured experimentally.

There are very few results available in the literature for the index A;. Salamon et al. [17]
estimated the value of the parameter n in the ansatz (57) to be 1.43 when v = 1 and Re = 0,
so that again, comparing (57) with (21) gives Ay = n — 1 = 0.43, not too far from the
computed value shown in the first row and fourth column of Table 2.

Table 2: Values of the parameters a and \; appearing in (21). The far-field solutions
were computed on the finest mesh (M = 1854).

Present method Owens [14]T
0% « (radians)  « (degrees) A1 « (radians) A1
1 3.3051 189.3667  4.5317 x 1071 3.3049 4.5321 x 107!
107! 3.3342 191.0373  4.4587 x 1071 3.3337 4.4599 x 107!
1072 3.3368 191.1872  4.4522 x 1071 3.3363 4.4535 x 107!
1073 3.3371 191.2032  4.4516 x 1071 3.3363 4.4536 x 107!

t Results corrected since the publication of Owens [14].

5 CONCLUSIONS

In the present paper we have presented a new BIM which is suitable for free surface boundary
value problems involving creeping flows of a viscous fluid. The method has been applied to
the problem of the planar extrusion of such a fluid. It has been pointed out in the Introduction
that because the shape of the free surface is typically non-trivial and unknown a priori so-
called singularity annihilation BIMs (see, for example, Kelmanson and Lonsdale [7]) are
unusable, and that it is also impossible to employ singularity subtraction BIMs in such a way
that the transformed variables have the required regularity properties throughout the flow
domain.

The new BIM proposed in this article builds upon an existing idea of Hansen and
Kelmanson [10], [11] which uses the change of variable (37) and integration by parts to
perform the boundary integral along paths that pass through a singularity where dw/0n
may not be integrable but p is. We do the same. The essential difference between our
formulation and that of Hansen and Kelmanson is in the treatment of the integration of
Op/0sG; (j = 1,2) insubintervals 9Q; (i = 1,2,...,n1 + ng + ng) some distance from the
singularity. It has been seen in Section 3.2.2 to be advantageous in such boundary elements
to evaluate numerically the integral of Op/0sG; without performing an integration by parts.
The result is a staggered boundary grid for the computation of p and the other flow variables.

The new BIM also has the advantage over the earlier work of Owens [14] in that we
integrate around the true boundary of the flow domain whereas, due to the non-integrability
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of Jw/On at the point of separation, Owens [14] skirted around this singular point following
a circular arc, introducing an error, even though the radius of the arc centred at the separation
point was small and the correct singular representations of the variables were employed
along it.

The results shown in Section 4.2 for the extrudate swell ratio over a range of capillary
numbers are in excellent agreement with others in the numerical literature [14], [17], [19],
[25]. However, the extrudate swell ratio is a somewhat crude measure of the correctness of
the solution. Therefore, in Section 4.3 we also post our calculated values for the separation
angles « and leading order indices \; appearing in the asymptotic form of the flow variables
in the immediate neighbourhood of the separation point. Here there is a dire shortage of
data in the literature with which we can compare our results although where theoretical [16],
numerical [17] and experimental [26]-[29] results have been previously published agreement
would appear to be convincing.
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