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ABSTRACT
The application of the boundary element method to the buckling problem requires a domain integration
and the use of the gradient boundary integral equation to perform the analysis. One of the most used
techniques to convert the domain integral to equivalent boundary integrals is the dual reciprocity
method (DRM). The present study employs the DRM in conjunction with a meshless solution using
radial functions to obtain the gradient of the deflection instead of employing the gradient boundary
integral equation. The plate bending model considered the effect of shear deformation and the results
obtained are compared to those available in the literature.
Keywords: plates (engineering), boundary element method, buckling (mechanics).

1 INTRODUCTION
Plates have been incorporated to the principal structural elements in constructive and
mechanical engineering systems, due to the improvement of the constructive processes. This
feature has encouraged many researchers to develop theories to describe the bending
behaviour of those elements, such as the Kirchhoff and the Reissner—Mindlin models [1], [2].

Although the plate bending behaviour can be appropriately defined with those models,
only a few cases can be solved directly. The terms related to the geometrical non-linearity
effect (GNL) in the buckling problem modifies the partial differential equations (PDE), and
thus it becomes more difficult to obtain the exact solutions.

Some researchers on structural mechanics have developed many studies to analyse the
plate buckling behaviour. To improve the accuracy on computation of the buckling
parameters for the classical bending model, the minimum potential energy and the Rayleigh—
Ritz method were employed by Bryan [3], for uniform compression cases, and by Way [4],
for membrane shears combined to bending compression. Similar studies were done by Dawe
and Roufaeil [5] and Xiang et al. [6], employing the Mindlin theory. Tham and Szeto [7] used
the finite strip method (FSM) to obtain the first and the second buckling modes of square,
triangular, parallelogrammical and elliptical geometries. The finite element method (FEM)
has been widely applied to plate buckling, like in Sakiyama and Matsuda [8] and Featherson
and Ruiz [9]. The boundary element method (BEM) was used in the buckling analyses
considering the classical bending model [10] or those with the effect of shear deformation in
bending [11]. The boundary discretization is the main advantage of the BEM formulation, a
small system of equations related to the boundary node values results in comparison to that
in the domain discretization methods. The internal values required for the buckling analysis
are subsequently computed after the solution of the system of equations. Nardini and Brebbia
proposed the dual reciprocity method (DRM) [14] to keep the advantage of boundary only
discretization in problems requiring the domain integral for the solution. The boundary
integral equations of the problem are combined with the particular solutions used to convert
the domain integrals in a sum of boundary integrals. The generalization of the DRM for
several cases found in engineering problems as well as a complete explanation on the
technique was done in Partridge et al. [15].
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The dual reciprocity boundary element method (DRBEM) was used in problems
containing the GNL effect, to compute the plate buckling parameters for rectangular and
circular geometries [16], and to analyse large deflections of plates in Purbolaksono and
Aliabadi [17], all of them based on the Reissner—Mindlin model. Considering the Kirchhoff’s
model, the DRBEM was combined with the analog equations method (AEM) in Chinnaboon
et al. [18], to get the bucking factors of rectangular plates and in Katsikadelis and Babouskos
[19] for post-buckling analysis. More complex applications using the multi-region method
were done in Baiz and Aliabadi [20], on the local buckling of thin-walled structures using
the classical model, on large deflections of assembled structures with shear deformable plates
and in fracture mechanics including the GNL effect [22].

The present study is derived from Soares et al. [23] where the formulation for plate
buckling considered the effect of shear deformation. No relation was required for in-plane
stress derivatives and the GNL effect used the gradient of the deflection instead of the second
derivatives of the deflection, requiring the null value for the divergence of the in-plane stress
tensor, which is employed in most of the BEM formulations. The use of a meshless solution
for the gradient of deflection instead of using the gradient boundary integral equation is the
main difference in the present study with reference to Soares et al. [23]. The buckling
parameter of unilaterally compressed square plates were obtained considering the simply
supported and the clamped edge conditions for cases with thickness to plate side ratio
between 0.001 to 0.2.

2 BOUNDARY INTEGRAL EQUATIONS
The linearization of the geometrical non-linearity (GNL) effect in the plate bending
equilibrium under the in-plane forces on the domain results in the plate buckling equations
[1]. The BEM formulation for the buckling analysis in isotropic plates [11] employed the
displacement and the deflection gradient BIEs. The equations are next presented with the
values {1, 2 and 3} for the Latin indices and {1, 2} for the Greek indices. The differentiation
in the kernels of the gradient BIE was written in terms of the field point coordinates:

Cij (xXDu;(x") + f[Tij(x’,x)uj(x) — Uij(x’,x)tj(x)]dl“(x) =
T
= [ na(X)Nap ()uz g (Ui (x", )dT(x) = [f Nap (Xt p(X) Uz 0 (x', X)dQX) (1)

uz, (X') = j[T3m,(X’, u;(x) = Usj, (X', x)t; (x)]dI‘(x) +
T

. f Mg (X) N (X)uz g (x) Uy, (X', x)dl (x) + -
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et [f Nep (s p(X)Usz.6, (X', X)dQ(X) 2

where Cj; is an element of the matrix C related to the boundary geometry at the source point,
being 0,5 for the external points and 1,0 for internal points, which becomes the identity matrix
when a smooth boundary is considered, u. is the plate rotation in direction a, and u3 is the
plate deflection. U;; represents the rotation (j = 1, 2) or the deflection (j = 3) due to a unit
couple (i =1, 2) or a unit point force (i = 3). T} represents the moment (j = 1, 2) or the shear
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(j=3) due to a unit couple (i = 1, 2) or a unit point force (i = 3). U; and Tj; are related to the
fundamental solution. N, is the resultant on the thickness of the in-plane stresses.
The constitutive equations for the isotropic plates are given by:

(1-v) 2
M(xﬂ =D _21/ (ua_ﬁ + uﬁ,a + iuy‘ydaﬁ) (3)
(1-v)
Qu = D22 (g + Usg) )
with
2
K
Az = 12?

D is the flexural rigidity, / is the plate thickness, v is Poisson’s ratio, and 84 is the Kronecker

delta. The shear parameter k2 is equal to 5/6 or n?/12 for the Reissner or the Mindlin model,
respectively.

3 APPLICATION OF THE DUAL RECIPROCITY METHOD
The kernels in the domain integrals of eqns (1) and (2) contain the products between the GNL
effect (plate deflection weighted by in-plane forces) and the first and the second derivatives
of deflection due to the fundamental solution (Uj3), respectively. The introduction of the
DRM in eqns (1) and (2) requires the use of the first derivative of the BIEs for the
displacements (rotation and deflection) as well as the second derivatives of the BIE for the
deflection [23].

Wy (X)) = [ [Ty (X7, 0u(0) = Uy, (X7, 206,(0)]dT () = ff,, a0 Uz, (X', X)dQX)
(&)

u3,ay(X,) = fp [Tij,ay(Xlﬁx)uj(x) - Uij,ay(X"x)tj(x)]dF(x) -
Jo, 4@V 0 (X', X)dQ(X) ()

The order of the singularities in eqns (1) and (2) are increased in the DRM with the
introduction of eqns (5) and (6). The meshless formulation to obtain the gradient of the
deflection carried to only use the eqn (3) in the DRM. In this way, the singularities remain
in the same order of those in the formulation [11] with eqns (1) and (2). The gradient BIE
(eqn 5) is introduced in eqn (3) to work with the DRM, which is combined with the meshless
formulation.

The steps to introduce the DRM were the same in Soares et al. [23] but they were only
applied to eqn (3). A vector function (b) related to the GNL effect and resulting from the
product between the in-plane force tensor and the gradient of plate deflection is given by:

bg(X) = Nog(X)uz 5(X) (M
The vector function () is approximated with the following relation [15]:
be(X) = Entiag f™ ®)

The summation in eqn (8) is extended to all points employed in the DRM, i.e., the total
number of points placed on the boundary (N) and in the domain (L), f™ and aj* are sets of
the approximating functions and weighting coefficients, respectively [15]. The application of
the DRM employs the particular solution (}", which is related to the approximating function

™ [23].
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The radial basis function (1 + r), which was used in Soares et al. [23], carried the
following particular solutions:

T (AL PP S S S WY ()
Yo = 5 \16 + as) e U3 = D(1-v)A2 \ 4 + 9 D \64 + 225 ®
The distributed shear and bending moments related to the particular solutions are obtained

with the constitutive eqns (3) and (4), and reduced to the generalized tractions with the
following relations:

E;’(n = Mof};nﬁ
fgn = O;;"nﬁ
The displacement BIE for the buckling problem using the DRM is obtained after the

introduction of the relation given in eqn (8) in the kernel of the domain integral in eqn (3)
and using the gradient BIE, eqn (5). The final displacement BIE is given by Soares et al. [23]:

(10)

Cij (xXDu;(x") + j[Tij(x’,x)uj(x) — Uij(x’,x)tj(x)]d[‘(x) =
r
N+L

— [ neGONep 1ty (Vs (' DAY + ) {1 + -
r m=1

. — f[na(x)Mmﬁ‘g (x’,x)ﬁ;;"(x) + ng(x)Qipp (x', x)UF (x) + -
T

e =Uigo (', )EF (X) = Uiz o (x', ) EF (1) [dT () } an

The gradient of the deflection for the buckling analysis was obtained with the meshless

formulation [15]. The meshless solution employed a different radial basis function to that in

eqn (8) for the DRM. The relation between the deflection and the radial functions was
established in the same way of eqn (8) and is given by:

us(X) = LRt B (12)

The gradient of the deflection considering eqn (12) is next written with the differentiation

done on the radial basis function, i.e.:

uzp(X) = XN B™fy (13)

The gradient of the deflection is obtained when eqns (12) and (13) are combined, which
can be written in the matrix form:

(u3) = [£,1B) = (B) = [fi] " (us3)
(us,e) = [fw,e] )

(u3,6) = [fw,B][fw]_l(uG) (14)
Two types of augmented thin plate spline RBF were employed in the numerical examples
and are given by:
4 2 3
=) mi i () + ()] (15)
3 3 5
=) m i+ () + ()] (16)
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4 NUMERICAL IMPLEMENTATION

The discretization of the BIEs employed quadratic isoparametric boundary elements with the
collocation points always placed on the boundary. The same mapping function was used for
conformal and non-conformal interpolations. The collocation points were placed at positions
(—0.67 and 0.0), in the range (—1, +1), in the case of continuous elements and at positions
(—0.67, 0.0, +0.67) in the case of discontinuous elements, i.e., the collocation points were
always shifted inside the boundary elements. The singularity subtraction [13] and the
transformation of variable techniques [13] were employed for the Cauchy and weak-type
singularities, respectively, when integrations were performed on elements containing the
collocation points. The standard Gauss—Legendre scheme was employed for integrations on
elements not containing the collocation points.

The DRM considered points distributed in the domain and on the boundary. The points
on the boundary were placed at the positions of the collocation points. The first boundary
integral on the right-hand side (RHS) of eqn (11) is not related with the DRM but the result
of the algebraic manipulation on the integral containing the GNL effect in Soares and
Palermo [11]. The discretization of the DBIE in eqns (1) or (11) assumed a constant value
along each boundary element for the sum of products between the gradient of the deflection
and the in-plane forces, which values were obtained at the central node of the boundary
elements. It is necessary to note the value the deflection gradient was computed with eqn (14)
in this study.

The eigenvalue analysis used the basic inverse iteration with the Rayleigh quotient [23]
according to the following equations:

Ax D) = Bx () (17)
N CREO)
A = oD ey (18)

The vector x) in eqns (17) and (18) is related to values of the gradient of the deflection
at the DRM points. Starting with an eigenvector x(© with elements equal to 1.0, the values of
the displacements and tractions at the boundary nodes are found with eqn (11), and the
deflection values are introduced in eqn (14) to get the gradients, which were used to obtain
the eigenvector xV. The vectors x® and x(" are introduced in eqn (18) to obtain the
eigenvalues.

5 NUMERICAL EXAMPLES

A square plate under uniform load on the domain was solved and the results obtained with
the meshless solution (eqn 14) were compared with the BEM solution (eqn 5) [12]. The
Young’s modulus (E) and Poisson’s ratio (v) were 2 MPa and 0.3, respectively. The shear
parameter k> was ©>/12 (Mindlin), the plate side (L) and thickness (h) were 4 m and 0.8 m,
respectively, and the uniform load q was 0.64 kN.m 2. The boundary conditions were the
clamped edge (C), the free edge (F) and the simply supported edge (S) with the hard condition
(the twist rotation restrained). The meshes used 128 quadratic boundary elements (BE)
combined with 49 internal points (P) uniformly distributed in the domain, 121 (P) and 225
(P). The results obtained with 49 internal points are presented because better values were
obtained when the number of internal points was increased. The radial function for the
meshless solution was presented in eqn (15). The relative differences between the obtained
results are presented in Tables 1 and 2. The relative differences were increased in cases with
free edges.
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Table 1: Relative differences between results obtained for deflection gradient with the
BEM solution (eqn 5) and the meshless solution (eqn 14) for plates with same
boundary conditions on opposite sides.

Position Relative differences (%)
xi/L Xo/L sy | Usp [ U3y | Usp | Usg | Usp | Usy | Usp | Usg | Uz
0.125 0.125 08 |08 | 1.1 | 1.1 |23]16]93[03]147 ] 1.6
0.250 0.125 0410206201427 ]67[03] 15 |06
0.375 0.125 0310004 23|11 ]31[57]02] 13 |03
0.500 0.125 - 00| - |24| - |31 | - |02 - 0.2
0.125 0.250 0210412006 |11 ]08]67]0.1]306]0.6
0.250 0.250 01]101]09]09 |08 ]12]51]01]195]03
0.375 0.250 01100071106 ]14]45]0.1]165]0.1
0.500 0.250 - 00| — |11 ] - [14] - |01 - 0.1
0.125 0.375 00]103]23/04/08]06]|55]01)254/]03
0.250 0.375 00/01]11]07]05]09]41]01]212]02
0.375 0.375 001000707 |]04]09]36]01]196]0.1
0.500 0.375 - 00| - 08| - |10 = |01 — 0.1
0.125 0.500 00| — |24 - 107 — |52 - 231 | —
0.250 0.500 00| - |11 | - |04] - [39] - 200 -
0.375 0.500 00| — 108 - |03 ] — [34] - |191| -
0.500 0.500 - — - - - — - - — -
Boundary conditions SSSS CCCC CSCS SFSF CFCF

Table 2: Relative differences between results obtained for deflection gradient with the
BEM solution (eqn 5) and the meshless solution (eqn 14) for plates with same
boundary conditions on opposite sides in one direction only.

Position Relative differences (%)
xi/L xo/L Usg | Usp | Usg | Uz
0.125 0.125 151 119107 |24
0.375 0.125 248 | 0.1 103 ] 28
0.625 0.125 252 101103 ]28
0.875 0.125 153 119107 |24
0.125 0.375 23 0102103
0.375 0.375 1.9 [ 000104
0.625 0.375 1.5 000104
0.875 0.375 1.9 [ 01 ]02]03
0.125 0.625 47 100 0.0 |07
0.375 0.625 24 000004
0.625 0.625 23 [ 000004
0.875 0.625 45 100 0.0 0.6
0.125 0.875 44 102102 |43
0.375 0.875 1.6 [ 01 ]0.0]29
0.625 0.875 1.6 [ 01 ]0.0]29
0.875 0.875 44 10202 ] 42

Boundary conditions CFFF CSFS
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The buckling parameters were obtained for a square plate under uniaxial compression
condition shown in Fig. 1, considering the simply supported and clamped edge conditions,
and using 128 quadratic boundary elements and 676 internal points. The results obtained for
those cases are presented in Table 3, and were very close to the literature. They are shown to
evaluate the application of the meshless solution combined with the DRM for a non-linear
problem. The buckling parameter k is a non-dimensional value related to the critical load of
the plate (N,,), the length of the plate side (a) and the flexural rigidity (D) according to
following expression:

_ a®Ner
T wip

19

" R
. i

s .1'_'.
" .

Figure 1: Square plate under uniaxial compression.

The plates had a thickness to length ratio between 1/1000 and 1/5. The Young’s modulus
(E) and Poisson’s ratio (v) were 206.9 GPa and 0.3, respectively. The value of the shear
parameter k> was 5/6. The comparison between values for the buckling parameter obtained
with the results available literature are presented in Table 1.

6 CONCLUSIONS

The present technique combining the DRM to convert the domain integral to equivalent
boundary integrals and the meshless solution to compute the deflection derivatives instead of
using the BIE for the gradient of the defection was efficient to compute the buckling
parameters. The displacement BIE containing terms resulting from the DRM was the only
equation in the numerical formulation. The equation was used to obtain the boundary element
matrices as in all boundary element formulations and to compute the required deflection at
the points needed to obtain the gradient of the deflection, which is used to introduce the GNL
effect. The main feature with reference to the formulation presented in Soares et al. [23] was
the use of one equation type (displacement BIE) in the solution instead of working with the
gradient BIE containing integrals with the singularities increased. The computer and/or
numerical effort in this technique was low whereas the choice of the better radial function to
perform an efficient analysis was the main difficulty. The authors intend to apply the present
technique to all cases studied in Soares and Palermo [11] and Soares et al. [23] and relevant
cases in the literature.
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Table 3: Buckling parameters for the square plate obtained with the DRM combined with

(1]
(2]
(3]

the meshless solution for the deflection derivatives.

Type h/a [21] Obtained | Difference (%)
1. SSSS 0.001 4.0000* 4.0931 2.328
ors 0.01 3.9977 3.9972 0.013
=ls S 0.05 3.9444* 3.9448 0.010
=l s % 0.100 3.7865* 3.7868 0.008
0.200 3.2637* 3.2639 0.006
2.CccC 0.01 10.1382* | 10.0464 0.905
= C 9 0.05 9.5588* 9.5666 0.082
—ic - 0.1 8.2917* 8.2993 0.092
e O om 0.2 5.3156* 5.3448 0.549
3. CSSS 0.001 5.7401 5.7516 0.200
=S ] 0.05 55977 | 5.6003 0.046
=S Si 0.100 5.2171 5.2238 0.128
=] _C O 0.200 4.1364 4.1514 0.363
4. SSSC 0.001 4.8471 4.9969 2.013
S 0.05 4.7454 4.7495 0.086
E C S % 0.1 4.4656 4.4724 0.152
S 0.2 3.6115 3.6254 0.385
5. CSCS 0.001 7.6911 7.6880 0.040
=l C 0.05 7.2989 7.3109 0.164
—|S S § 0.1 6.3698 6.3896 0.311
=) C 0.2 4.3204 4.3480 0.639
6. CSCS 0.001 6.7431 6.5317 3.135
= C 0.05 6.5238 6.5316 0.120
s S § 0.1 5.9487 5.9626 0.234
=) C 0.2 4.4004 4.4243 0.543
*[23]
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