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ABSTRACT

According to the discretization manner and manipulation dimensionality, numerical methods can be
classified into two big groups, the full dimensionality method and mesh reduction methods. The former
includes the finite element method, finite block method, element differential method and so on, and the
latter can be further divided into three types: surface-based, line-based and point-based methods. The
surface-based method consists of the boundary element method, finite volume method, boundary face
method and so on; the line-based method includes the finite difference method, finite element line
method, finite line method and so on; and the point-based method mainly consists of the mesh free
method, fundamental solution method, free element method and so on. The paper gives a detailed
description on the progress achieved in recent years in the mesh reduction methods, among which a
brief introduction will go into the surface- and point-based methods and a detailed one will be given to
the line-based methods, especially the finite line method (FLM). FLM is a new type collocation method,
which has a distinct feature that the solution scheme to solve a partial differential equation is established
by using two or three lines crossing a collocation point for 2D or 3D problems. The Lagrange
polynomial formulation is used to approximate the variation of the coordinates and physical variables
over each line. And the directional derivative technique is used to derive various orders spatial partial
derivatives of any physical variables. The derived partial derivatives can be directly substituted into the
governing partial differential equations and related boundary conditions to set up the discretized system
of equations. An example will be given for the mechanical problem to demonstrate the accuracy and
efficiency of the descripted mesh reduction methods.

Keywords: mesh reduction method, finite line method, collocation method, finite difference method,
mesh free method.

1 INTRODUCTION
Most engineering problems can be represented by a set of second-order partial differential
equations (PDEs) with proper boundary conditions (BC), which are constituted of the so
called boundary value problems (BVP) of PDEs [1]. For example, the solid mechanics
problem has the following BVP [2]:

OB 2| Dy (02D i p 00, xeo, 0
ox, 6xj
u,(x) =1, xel,
BC: D Guk (x) - r 2)
ijkl(x)nj(x)T_t,-(x), xel,
1

in which u, is the displacement component, p ,, the stress—strain constitutive tensor, 4 the
body force, and ¢ the specified traction.

To solve the PDEs with a set of properly posed BC as listed above, a number of numerical
methods are available, which can be globally divided into two big categories according to the
geometry discretization and operation dimensions: the full dimensionality methods including
the finite element method [3], finite block method [4], element differential method [2], and
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so on, and mesh reduction methods including surface-based methods (i.e., the boundary
element method [5], finite volume method [6], etc.), the line-based methods (i.e., the finite
difference method [7], finite line method [8], etc.), and the point-based methods (i.e., the
mesh free method [9], free element method [10], fundamental solution method [11], etc.).
Most of these methods include two types of algorithms: weak-form and strong-form
algorithms [9]. The weak-form algorithm needs integration over elements or divided sub-
domains, and the strong-form algorithm usually is a type of collocation method without
needing integration computation. In this paper, progresses in the mesh reduction methods are
resumptively described.

A number of derivation techniques can be used to establish the solution schemes for above
mentioned numerical methods. In view of the universal property, the weighted residual
technique is used in the paper to establish the solution schemes for mesh reduction methods.

2 WEIGHTED RESIDUAL FORMULA FOR SOLVING PDES
Multiplying the PDE (1) on both sides with a weight function w and integrating it through
the computational domain, it follows that:

Jor= ( D, (x )6”"")st2+ [ Wb (x)d=0. )

Taking integration by parts and applying the Gauss’ divergence theorem to the first domain
integral of eqn (3), the above equation becomes:

.[Q av;(X) l]/f/( ) au (x) dQ= J-r W(x)ti (x)dr + J.n w(x)bl.(x)dQ, (4)

in which ¢ is the traction component on the boundary Tof the domain €2, which has the

relationship with the displacement gradient as shown in eqn (2).
In eqn (4), the basic physical variable #, is mainly included in the volume integral of the

left-hand side, so it is called the volume-based weighted residual formulation.
Taking integration by parts again to the first domain integral of eqn (4) and applying the
Gauss’ divergence theorem, the following equation can be resulted in:

f yk,nude [, [ Uk,;wjukdﬂ [ wt,dr+ [ whdQ, (5)

In eqn (5), the basic physical variable u, is included in both the surface and volume

integrals of the left-hand side, so it is called the surface-volume-based weighted residual
formulation.

From eqns (4) and (5), various weak-form solution algorithms can be generated by taking
different kinds of the weight function w, such as the finite volume method and boundary
element method.

3 SURFACE-BASED METHODS
The surface-based methods include the finite volume method (FVM) and boundary element
method (BEM), which are operated mainly on the surfaces of a control volume or on the
boundary of the considered problem.
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3.1 Progress in FVM

The FVM seems to be a volume-based method. However, it is here classified into the
category of the surface-based methods, because its main operation is over the surfaces rather
than the volume. To see this, let us take the weight function w to be 1 in eqn (4) and thus it
results in:

[ 1dr+] baQ=0. (6)

In FVM, the computational domain is discretized into a serious of control volumes [12].
Applying eqn (6) to each control volume, say volume Q_, and dividing the boundary of Q_

into two parts, the inner and out boundary parts, eqn (6) can be written as:

Ou _
Ir, Dyyny 2T+ [ #ar+| ba=o, @)
: , :

where', UT =0Q, .

Eqn (7) is a typical formulation in FVM analysis, from which we can see that the main
computation is over the control surfaces of a control volume. The key work in FVM is how
to compute the physical variable gradient du, /dx, [13] included in the first control surface

integral of eqn (7).

3.1.1 Conventional FVM
In the conventional FVM, the interface I',, is taken as the mid-surface connected by the

collocation point ¢ and around neighbour points, thus du, /Ox, at the mid-surface can be
easily computed by the values of u, between ¢ and the neighbour points [12], [13]. The

point representing the physical variables may be the centre of a control volume (this being
called the cell-centred FVM) or a vertex of an unstructured mesh (this being called the vertex-
centred FVM) [14]. Figs 1 and 2 show two patterns of the vertex-centred FVM for a
structured mesh and an unstructured mesh, respectively.

X X X X X
neighbor points

X X X X X
r=—=="
1 Q 1
X X 1 ecC 1 X X
| I
Ty
X X X X X
operation surface
X X X X X

Figure 1:  Operation surface formed by mid-points between collocation point ¢ and
neighbour points for a structural mesh.
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Figure 2:  Control volume and its operation surface connected by mid-points between
collocation point and neighbour vertices of an unstructured mesh [14].

Obviously, the linear variation of over the operation surface shown in Fig. 2 can be easily
constructed, but it is difficult to construct a high-order scheme to compute the value of on the
operation surface shown in Figs 1 and 2.

3.1.2 Free element based FVM (FEFVM)

In recent years, the authors proposed the free element method (FrEM) [10]. In the method,
an isoparametric free element is defined at each collocation point as shown in Fig. 3. The
weak-form formulation of FrEM has the form as shown in eqn (7), but a high-order control
volume, the free element, can be easily formed as in FEM. The control surface in FEFVM is
the boundary of the free element.

x x x x x
free element of ¢

X P X
1 | 4 : }
I ! 1

X e------ Q'c— ————— b3 x
1 ! I
| . Iz
! ! !

X Mo Y X X

operation surface

X X X X X

Figure 3:  Operation surface formed by the boundary of the free element built for
collocation point c.

Since high-order free elements can be easily formed in FrEM, the high accuracy of
Ou, /0x, in FEFVM can also be easily achieved. A set of analytical expressions for

computing du, / dx, over the formed free element was derived in Gao et al. [2]. Although it
is easy to set up the solution scheme using the free element as shown in Fig. 3, the accuracy
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of du, /0x, is not high. This is because its value is taken on the boundary of Q_, which is not
as accurate as inside Q. To improve the accuracy of du, /0Ox, , the element-shell
strengthened FVM is proposed in the following.

3.1.3 Element-shell strengthened FVM (ESFVM)
To improve the accuracy of Ou, /dx, included in the first boundary integral of eqn (7),

additional free elements are formed for each side/surface of the collocation element Q ,

which form an element ring/shell for a 2D/3D control sides/surfaces as shown in Fig. 4 for a
2D case.

element for upper side of surface
x X------ C Sl x x
1 1 1
1 € 1 element
1 1 1 .
. ' i i for right
f r ’."“""T ¥ side of
1 L} -
! Q ¥ | surface
1 \t I C & 1
Nmmmmm e k- x
! 1 i ir 1
1 k
P | | i
) I q\ 1
Ko o Y T e Tk e Yt ke Bl = N = = = = K
I I I
element ! ! operation surface
1 > 4 1 1
for left 9 L J i\ «
side of ) o
surface element for lower side of surface

Figure 4: Additional elements around the operation surfaces.
In ESFVM, since the operation surfaces of Q3 are included in the formed additional
elements, the accuracy of du, /dx, is higher than using a same element as shown in Fig. (4).
3.2 Progress in BEM

In eqn (5), we take the weight function w as the displacement fundamental solution «,, [5],
thatis w=u,,, it follows that:

Gujm. 0 81/!:” " .
r_Dij/dn./'ukdr - J.gg(Di/kl EJude = .L U, dr+ .Lz “mibidQ . (8)
1 7 1

Because the fundamental solution «/, satisfies the following equation:

0 ou' .
—| D= |+0,,9(p,q) =0, ©
6)?/[ " axl) "

in which §(p,q) is the Dirac function with p and g being the source and field points.
Substituting eqn (9) into eqn (8) yields the following integral equation:
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um + -[F ZLmkukd]‘—‘ = J.]" umiti dr + ,[Q umtbtdQ ) (10)
where:
. ou,,.
tye = Dyyn, ox, . (1)

For linear problems, the constitutive tensor p  is constant, therefore an analytical
expression for the fundamental solution «, can be solved from eqn (9) [5]. However, for

non-linear problems, p . is a function of unknown variables, the displacements or stresses.

ijkl
In this case, eqn (9) is unsolvable for u .. In order to solve such a problem, usually the
fundamental solution for corresponding linear problems is employed and, as a result, the
additional domain integrals may be generated in the integral eqn (10) [15] and in such cases
the body force term 4 in eqn (10) should be understanded as a nominal body force.

To evaluate the domain integral involved in eqn (10), the conventional technique is to
discretize the domain into internal cells [5], but this eliminates the advantage of BEM that
only boundary of the problem needs to be discretized into elements. To overcome this
drawback, people usually employ a transformation technique to transfer the domain integral
into an equivalent one. The extensively used transformation technique is the dual reciprocity
method (DRM) [16]. Another one is the radial integration method (RIM) [17] which can give
more accurate results than DRM.

In RIM, the domain integral in eqn (10) can be expressed as:

[ bdn=[ =2 ar(g), (12)
° Tri(p.q) on
in which the radial integral is:
r(pd) n
F, = Io u, br'dr, (13)

where n =1 for 2D and n = 2 for 3D problems, respectively. When 4 is a known function,
eqns (12) and (13) can give an exact result. However, when & includes unknown quantities,
such as the non-linear problems, 4 needs to be approximated first by a radial basis function
[17] as in DRM, but this may reduce the computational accuracy.

4 LINE-BASED METHODS

The line-based methods include the conventional finite difference method (FDM) [7] and the
recently proposed finite line method (FLM) [§8]. In these methods, the computational domain
is discretized into a series of points and lines to compute the spatial partial derivatives used
in the PDEs are formed by around points. FDM constructs the first- and second-order partial
derivatives by a line of points along the derivative direction. The main drawback in FDM is
that if the lines of defining the derivative directions are not orthogonal each other in 2D or
3D problems, the accuracy of cross-partial derivatives of different directions usually is very
poor. This is why FDM cannot well simulate the irregular geometry problems. In contrast,
FLM has much better performance in overcoming this drawback.
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FLM uses two or three lines (it is called as the line-set) at a collocation point to set up the
solution scheme for 2D and 3D problems, as shown in Fig. 5 for a 2D case. Fig. 6 shows the
high-order line-sets for an internal collocation point of 2D and 3D problems.

X X
X X
X X
X X X X X

line 1

Figure 6: Node distribution over a line-set defined at a 2D and 3D internal point. (a) 2D
problem; and (b) 3D problem.

Along a line of a line-set, the coordinates and physical variable can be expressed as:

x, =Y L (Dxf = L (DxF, (14)
a=l1

w, =y L (Duf = L*(Duf (15)
a=l1

in which m is the number of nodes defined along a line of the line-set, / is the arclength
measured from node 1, and L* is the Lagrange polynomial:

m l_lﬂ
La(l): H W, (a:1~m). (16)
p=1,B#a -

By differentiating eqns (14) and (15) with respective to /, we can obtain the expressions
of computing the first- and second-order partial derivatives at the collocation point x* as

follows [8]:
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Ou, (x°) _ dl.m’u,f”, (17
Ox,
2 c
S (X)) _ ey, (18)
Ox, 0x Y
where:
v oL (1
d” =Z[J];1—I() : (19)
I=l al I=1(x°)
4y = dFap, 0)

in which the repeated indexes represent summation, and d = 2 for 2D and d = 3 for 3D
problems, / represents the line number.

Using eqns (17) and (18), we can easily discretize a PDE and related boundary conditions.
For example, the PDE for the solid mechanics, shown in eqns (1) and (2) can be written as:

Dijk,(xc)d,;‘"u:’"+df'D,ﬁ'1(x")df"uf’+b,(x"):0, x‘eQ, 21
Uy (6) =7, (), ¥er,
k c ' c\ ga o _ Troc c (22)
Dijk/(x )nj(x )d/ U :t,-(x ), X el“t .

Using above discretized equations, a system of equations can be formed and solved for
the displacement u, at all collocation points.

5 POINT-BASED METHODS
The point-based methods cove a number of numerical methods, such as the mesh free method
(MFM) [9], fundamental solution method (FSM) [18], radial basis function method [19] and
the newly developed free element method (FrEM) [10]. In these methods, the computational
domain is discretized into a series of points, and solution schemes are established by
collocating the governing PDEs or its integral forms at each collocation point. In MFM, the
partial derivatives at a collocation point ¢ are derived based on a croup of points within a
specified support region around ¢ as shown in Fig. 7(a), while in FrEM, partial derivatives
are derived based on an isometric free element formed for point ¢ as shown in Fig. 7(b). In

x X x x x x x x x X
-~ =~
~
g S
X X X X\ X x ¥----- Femmmm o X x
\
’ 1 1 i
] \ : 1 1
I 1
x 1 x o x ! x x %o - % %
\ 1 ' 0
I I
\ /, ' A '
x X x 4 % x x Yomoo Xmmeoo X x
N -
Sea-F7 free element of ¢
X X X X X X X X X X
support region of ¢
(a) (b)

Figure 7: A 2D pattern for MFM (a); and FrEM (b) at a collocation point
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MFM and FrEM, both strong-form and weak-form solution schemes are available. In the
following, the two schemes of FrEM will be described in detail.

5.1 Strong-form free element method (SFrEM)

In FrEM, a free element as in FEM is independently formed for each collocation point. To
easily facilitate forming high-order elements, the Lagrange polynomial element is usually
adopted, and its shape functions for high-order dimensions can be straightforwardly formed
by the 1D one, as follows [10]:

Na(ésn)=LI(§)LJ(77)a for 2D
N, (&m.8)=L (&)L (n)L*(5),  for3D,

where the 1D shape functions L', L/, and L* are determined by eqn (16), and the superscript

(23)

a is determined by the permutation of subscripts 7, J and K sequentially.
The physical variable and its partial derivatives with respect to global coordinates can be
derived as [2], [10]:

uk = Nau/[: 2 (24)
Ou, ) o%u
_ d(a a k_ _ dca a 25
ox, oM Ox,0x g e 2
where:
co aNa - aNa
dl- = = [']]ikl ’
ax,- aé:k
) ) . (26)
dca _ 0 Na _ [J]*l 0 Na + a[J]lk aNa %
4 6xi6xj ik 0&,0¢, 05, 0¢, axj ,

in which [J] is the Jacobian matrix and its inverse and derivatives can be found in Gao et al.
[2], [10] for details.

Similar to eqns (21) and (22), the discretized equations for setting up the system of
equations can be directly obtained by substituting eqn (25) into eqns (1) and (2).

It is noted that the Lagrange elements shown in eqn (23) have the advantage of easily
forming high-order elements. However, for problems with sharply changed geometries
where the stress concentration may exist need finer points around these locations. For this
type of problems, the weak-form FrEM can give more accurate results even if using coarse
elements [20].

5.2 Weak-form free element method (WFrEM)

For a collocation point ¢ with its free element being denoted as Q_, let us apply eqn (4) to
Q. and the weight function is taken as the shape function of the collocation point ¢ in eqn
(24), that isw=N_, from which the method is also called as the Galerkin FrEM [20], [21].
Thus, from eqn (4), it follows that:
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) Nep M go- [ N (x)dT+ [ Nbdo, (27
Q, 5X; v 8xj 20, Q,
in which the derivatives of the shape functions are computed using eqn (26).
Dividing the boundary 0Q . of the free element Q_ into two parts, the inner boundary

I',. which is located within the problem and out boundary T',  which is located on the out
surface of the problem, and remembering that N_ is zero on the surfaces not including point
¢ and this makes the integral over I',, zero, eqn (27) can be written as:

ON, = ON, . . _
'[9<6_)c1 Wadg ul _jrm N7 dT + jﬂ( N bdQ, (28)

where '), =0Q. NoQ .

From eqn (28) it can be seen that the form of the basic equation in WFrEM is similar to
that in the conventional FEM. However, there is an essential difference between them that
the element in WFTEM is freely formed at each collocation point, and elements formed for
different points are free each other without the restriction of nodal consistency between
adjacent elements as in FEM. It is also noted that the elements formed for adjacent collocation
points are overlapped in WFrEM, since they are formed locally and independently at each
point.

6 NUMERICAL EXAMPLES
In this section, a challenging example with stress concentration is given to compare the
described methods. The example is a L-shape plate, as shown in Fig. 8(a). The right side of
the plate is fixed and the upper face is applied with a pressure of 1 MPa. The Young’s
modulus of the plate is 1000 MPa and the Poisson’s ratio is 0.3. A uniform mesh of grids is
employed as Fig. 8(b) shows.

p T
¢¢¢¢¢¢¢ 6000000
A y
........
N0
........
pathl —  feeeee.n !
I
........
sk
....... 4
> |ECIRIRER .,
................
40000000000000000
................
6000000000000 00
H~c ccooo0o000000000
b ¢ o o o o 6 6 6 o o 6 6 o o o .
................
0 1 1 1o L 1
2 4 6 8 10
X
7
(a) (b)

Figure 8: L-shape plate. (a) Geometry; and (b) Grids.

Figs 9 and 10 show the contours of displacement and von Mises stresses computed by
FLM. There are three singular points: the two corners on the right side and the concave corner
of the plate. Therefore, the stresses are very large at these corners, as shown in Fig. 10. Figs
11 and 12 compare the displacements and von Mises stresses on the bottom edge computed
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Figure 9: The contours of displacement of the plate.
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Figure 10: The contours of von Mises stress of the plate.
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Figure 11: Displacement in y-direction on the bottom edge. (a) Full size; and (b) Local.
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Figure 12: Von Mises stress on the bottom edge.

by different methods. Meanwhile, Figs 13 and 14 compare the displacements and von Mises
stresses on path 1. The results of BEM, COMSOL and FLM are almost the same. At the
endpoints of the bottom edge and path 1, the displacements of SFrEM are smaller while the
displacements of GFrEM are larger than that of BEM and COMSOL. At the singular points,
the SFrEM and FLM give larger stresses, which are strong-form schemes.
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Figure 13: Displacement in y-direction on path 1. (a) Full size; and (b) Local.

7 SUMMARY
In this paper, the progress made in mesh reduction methods of weak-form and strong-form
are resumptively described. The focus is on the finite volume method, boundary element
method, finite line method and free element method. A numerical example is given for
comparison of these methods. The computed results show that all methods can give good
results for displacement and the finite line method can simulate the stress concentration more
effectively than other method.
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Figure 14: Von Mises stress on path 1.
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