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ABSTRACT 
An effective mathematical model is proposed for describing the experiment on indentation of samples 
with layered or functionally graded coatings. It is based on the solution of the contact problem of the 
theory of elasticity of indentation of a punch into elastic half-space with a coating. The results of 
mathematical modelling and experiments on indentation of the ZnO coating manufactured by the 
method of pulsed laser deposition on a silicon substrate are compared. The microgeometrical 
characteristics, as well as the chemical composition of the coating, were studied. 
Keywords:  nanoindentation, layered composite, coating, scanning electron microscopy, atomic force 
microscopy, mathematical modelling. 

1  INTRODUCTION 
The idea of continuous recording of the “stress–strain” curve originated in the middle of the 
20th century [1], and was developed in the 1970s of the 20th century [2], [3]. However, a 
number of technical difficulties did not allow the use of such methods to extract the physical 
characteristics of the material from primary data. In the 1980s, with the development of the 
instrumental base at the leading universities for measuring the mechanical characteristics of 
materials, nanoindentation became more and more widespread as a group of methods using 
precise local force action on the material and simultaneous recording of deformation 
responses with the resolution of order of nanometer [4], [5]. 
     A new impetus to the development of nanoindentation was given by the classic work by 
Oliver and Pharr [6], who proposed a method for analysing the results of indentation using 
one of the most popular indenter tip shapes, a pyramidal one with a triangular cross section 
and a rounded tip (Berkovich indenter). The result of the experiment is the dependence of the 
indenter penetration depth on the applied load (the force–displacement curve). Since it is 
difficult to avoid plastic deformation during the experiment, it has been proposed (in contrast 
to the linear approximation previously used by Doerner and Nix [7]) to analyse the unloading 
part of the force-displacement curve in order to determine the elastic properties of the sample. 
They described a technique for determining the Young’s modulus of a sample based on the 
analysis of indentation stiffness, i.e. the rate of the load change with respect to the indenter 
penetration depth at the maximum indentation depth. In this case, it is necessary to know the 
area of the contact zone. For homogeneous materials, it is determined by calibration by using 
the samples with previously studied properties. 
     The Oliver–Pharr method works for a wide range of materials, and the reconstructed value 
of Young’s modulus is close to the real value of Young’s modulus of the material, determined 
by traditional test methods [8]. This method is also used to study the mechanical properties 
of biological tissues [9]–[12]. In addition, in some cases, the use of this method provides 
predictable results when indenting material layers, when the penetration depth does not 
exceed 10% of its thickness [13]–[15]. However, with a significant difference in Young’s 
moduli of the layers, the reconstructed value of Young’s modulus can be noticeably 
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underestimated or overestimated. It was shown that the presence of an inhomogeneous or 
layered coating in a material significantly affects the size of the contact zone [16]–[18]. In 
addition, this approach cannot be applied to determine Young’s moduli of thin coatings or 
layers of material, since the required penetration depth becomes comparable to the surface 
roughness height. All this requires the development of indentation models that take into 
account the inhomogeneity in depth of the sample under study, and on their basis, methods 
for interpreting the experimental results obtained. 
     Direct numerical methods, such as the finite element method (FEM) are predominantly 
used in the literature for the analysis of nanoindentation. Kot et al. [19] proposed a technique 
for studying the mechanical characteristics of coating-substrate systems based on a 
combination of the results of spherical indentation and FEM. Karimpour et al. [20] proposed 
a method for determining Young’s modulus, hardness, and yield strength for single- and 
multilayer structures using the FEM and nanoindentation experiment. Dean et al. [21] 
measured the indentation hardness and the residual stresses in two-layer samples using the 
FEM. Veprek-Heijman and Veprek [22] used FEM to study nonlinear deformation of soft 
substrates when an indenter penetrates into hard or super-hard coatings. 
     In this work, in order to describe the process of nanoindentation, an effective mathematical 
model is proposed that takes into account the layered or continuously inhomogeneous 
structure of the sample. ZnO coatings are considered, which are used in practice, e.g. in 
photocatalytic filters [23], [24], solar cells [25]–[27], gas sensors [28]–[30], medical devices 
[31], and other applications of modern electronics (including nanorods [32]–[36]).  

2  EXPERIMENTAL SETUP 

2.1  Materials and preparation of samples 

A ZnO-coated sample on Si (001) substrate was obtained by pulsed laser deposition. The 
deposition parameters were as follows: power density of laser radiation 2 J/cm2, target-
substrate distance 5 cm, synthesis temperature 500°С, oxygen pressure during deposition 
2*10–2 mbar, laser pulse energy 200 mJ, pulse repetition rate 10 Hz. The target was made of 
pure ZnO (ceramic), 6000 laser pulses were performed to deposit the coating. 
     The substrate was pre-cleaned in four steps: 

1. Boiling in acetone; 
2. Boiling in a mixture of acetic acid and hydrogen peroxide (1:1 by volume); 
3. Etching in 2% HCl solution; 
4. Washing in deionised water. 

2.2  Microgeometrical properties of the coating 

The coating thickness was measured by a Crossbeam 340 scanning electron microscope, 
SEM, (Carl Zeiss Microscopy Gmbh, Germany) using an Everhart–Thornley detector at the 
accelerating voltage of 1.5 kV. To do this, a cross section was made in the coating using a 
focused ion beam (Fig. 1). The measured coating thickness was 647.6 nm. 
     Further on, the surface roughness of the sample was measured using an atomic force 
microscope (AFM) Nanoeducator (NT-MDT, Russia). The study of the microgeometrical 
characteristics of the surface of both substrate and coating was carried out using the same 
AFM equipped with a tungsten probe. Before conducting the measurements, the probe has 
been calibrated on a test grid. 
 

158  Boundary Elements and other Mesh Reduction Methods XLV

 
 www.witpress.com, ISSN 1743-3533 (on-line) 
WIT Transactions on Engineering Sciences, Vol 134, © 2022 WIT Press



 

Figure 1:  Measurement of ZnO coating thickness on SEM. 

     The average roughness Ra and the maximum roughness height Rt have been calculated 
using the Gwyddion software (Czech Metrology Institute, Czech Republic). Twelve profiles 
were obtained for each image in 3D (horizontal, vertical, diagonal) and the averaged Ra 
values have been calculated. Each profile represent an average over five neighbouring 
profiles parallel to it. The measurement areas were 15 × 15 µm for substrate and 45 × 45 µm 
for coating. The results of measurements are summarised in Table 1. 

Table 1:  Microgeometrical characteristics of the coating and substrate. 

Sample 
Average Ra over 15 

profiles (nm)
Standard deviation 

(nm)
Rt 

(nm) 
Substrate Si 12.09 1.57 181.6 
Coating ZnO 11.30 1.43 154.6 

 
     The results of measurements show that the coating surface has a slight roughness and a 
poorly developed topography. Some defects of deposition in the form of small caverns are 
visible on the SEM image (Fig. 1), however, none of them fell into the AFM scanning field 
(Fig. 2(a)).  
 

 

Figure 2:  Surface topology. (a) ZnO coatings; and (b) Substrate. 
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2.3  The chemical composition of the coating 

Using X-ray energy-dispersive spectroscopy (EDX, Oxford Instruments, UK), the elemental 
composition of the coating was studied. The analysis has been conducted in six areas of the 
sample. Table 2 shows the averaged values for all the studied areas of the coating surface. It 
follows from this study that the samples consist only of oxygen and zinc atoms and do not 
have any impurities. 

Table 2:  Average elemental composition of the coating. 

Area 1 2 3 4 5 6 
O % 41.31 41.17 41.29 45.10 45.07 44.93 
Zn % 58.69 58.83 58.71 54.90 54.93 55.07 
Sum % 100.00 100.00 100.00 100.00 100.00 100.00 

3  NANOINDENTATION 
In order to estimate the mechanical properties of the coating, a series of nanoindentation 
experiments were carried out on the Nanotest 600 Platform 3 test machine (Micro Materials, 
UK) using a Berkovich diamond indenter. The experiments were carried out at a constant 
temperature of 27.0 ± 0.1°C in a closed chamber. Before the experiments, instrument 
calibrations were performed using reference samples of fused quartz and sapphire.  
     Since the sample is a “Si (001) substrate – ZnO coating” system, the properties of the 
substrate were studied firstly (after the sample preparation). A series of 8 indentations were 
made at a distance of at least 5 indent diameters from each other with an increasing force in 
the range 1 mN ≤ Pmax ≤ 100 mN, while the maximum indentation depth varied in the range 
33 nm ≤ hmax ≤ 662 nm. The analysis of the force-displacement curves was performed in 
accordance with the Oliver–Pharr method. The value of Poisson’s ratio of the substrate was 
assumed to be  = 0.27 [37]. Thus, reduced Young’s modulus Er, Young’s modulus E, and 
indentation hardness H were found as follows 158.97 ± 5.86 GPa, 171.64 ± 7.31 GPa, and 
10.62 ± 1.08 GPa, respectively. 
     To evaluate the properties of the ZnO coating, a series of 12 indentations were made at a 
distance of at least five indent diameters from each other with an increasing force in the range 
1 mN≤ Pmax≤ 200 mN for the maximum indentation depth of 30 nm≤ hmax≤ 955 nm. Typical 
curves for maximum indentation forces of 4, 20, 70, and 200 mN are shown in Fig. 3. 
Poisson’s ratio of ZnO was assumed to be  = 0.25 [38]. 

3.1  Mathematical modelling of experiments  

For the mathematical description of the indentation process an effective mathematical model 
was proposed. In its framework a non-deformable conical punch is pressed into the surface 
Γ of an elastic half-space Ω consisting of an inhomogeneous layer (coating) of thickness H 
and a homogeneous half-space (substrate). A cylindrical coordinate system ρ, φ, z is 
associated with the half-space; the z-axis is normal to the plane Γ and passes through the 
center of the punch. Under the action of the force P, the punch is pressed into the surface  
z = 0 of the half-space. Friction forces between the punch and the half-space are neglected. 
     Under the action of a centrally applied force P, the punch penetrates at the depth δ in the 
direction of the z axis, χ is the contact depth (see Fig. 4), 2α is the apex angle of the cone, 
then cotα = χ/a. 
 

160  Boundary Elements and other Mesh Reduction Methods XLV

 
 www.witpress.com, ISSN 1743-3533 (on-line) 
WIT Transactions on Engineering Sciences, Vol 134, © 2022 WIT Press



 

Figure 3:    Force–displacement curves obtained by indentation of a three-layer package 
with a force Pmax. (a) 4 mN; (b) 20 mN; (c) 70 mN; and (d) 200 mN. 

 

 

Figure 4:    Statement of the problem of indentation of a conical punch into an 
inhomogeneous half-space. 
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     Young’s modulus and Poisson’s ratio of the coating and substrate may vary with depth. 
In the general case, one can assume 
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     We will assume that on the boundary between the coating (superscript (1)) and the 
substrate (superscript (2)) the following condition is satisfied: 
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     Outside the contact area, the plane Γ is not loaded. The boundary conditions under the 
assumptions made are represented as follows: 
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     We assume that if r→∞ and z→∞ the stresses in the half-space disappear. It is required 
to determine the relationship between the indentation force and the punch displacement and 
the law of distribution of normal contact stresses under the punch: 

 𝜎௭|𝑧 ൌ 0 ൌ െ𝜏௔ሺ𝜌ሻ,  𝜌 ൑ 𝑎. (4) 

     We also assume that the condition of smoothness of contact stresses is satisfied at the edge 
of the contact area: 

 𝜏௔ሺ𝜌ሻ ൌ 0. (5) 

     By applying the Hankel integral transform, the problem is reduced to solving the 
following dual integral equation [39]: 
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where L(u) = kernel transform of the integral equation, J0(u) = Bessel function of the first 
kind, r = ρ/a, 𝐸௘௙

ሺ௖ሻ ൌ 𝐸ሺ௖ሻሺ1 െ ሺ𝜐ሺ௖ሻሻଶሻିଵ, τ(r)=τa(ar), λ=H/a is the dimensionless coating 
thickness. 
     We approximate the kernel transform by the following formula: 
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The solution to this problem is described in detail in Aizikovich et al. [40]. 
     Using the approach described the approximate analytical expressions for the significant 
mechanical characteristics (stiffness, force, and indentation depth) were obtained: 
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where S is indentation stiffness, 𝐸௘௙
ሺ௦ሻ ൌ 𝐸ሺ௦ሻሺ1 െ ሺ𝜐ሺ௦ሻሻଶሻିଵ is the effective elastic modulus 

of the substrate (GPa); Ai, Ci, Di are dimensionless constants that depend on the elastic 
properties of the coating and substrate [41]. Eqns (10)–(12) are asymptotically exact as λ→0 
and λ→∞. The functions P0(λ) and δ0(λ) describe the influence of the coating on the 
characteristics of the contact. If the coating thickness tends to zero (λ→0), then P0(λ) → 0, 
δ0(λ) →0, and therefore eqn (10) coincides with the formulas for a homogeneous half-space 
without a coating [41]. The apex angle of the cone is chosen similarly to Golovin [4], based 
on the following considerations. Let AC

Berk be the area of the contact area during application 
of the Berkovich indenter, obtained from the instrument calibrations: Berk 223.33 3213.76 ,cA     

and AC
Con is the area of the contact area during the application of a conical punch. For 

geometrical reasons con 2 2tancA a    . Equating Berk con
c cA A one obtains 
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. (11) 

     Fig. 5 shows the diagram of the averaged values with standard deviations of the effective 
Young’s modulus of the coating, obtained experimentally using nanoindentation. 
 

 

Figure 5:  Experimental results of the nanoindentation tests. 

     The theoretical results for the low indentation forces were obtained by employing the 
mathematical model. The character of the behaviour of the theoretical and experimental 
Young’s moduli are found to be similar, however the results of the modelling demonstrated 
a shift along the x-axis in the positive direction thus giving overestimated values. This 
observation is presumably due to hardening processes in the coating associated with the 
bending of the loading branch of the force–displacement curves visible at around 75 nm 
indentation depth. This interesting fact is subject to further analysis especially taking into 
account the previous results when this model accurately described the experimental results 
for ZrN coatings on the different substrates [42], [43], two-layered NiO-Ni coating [44] and 
indentation at elevated temperatures [45]. Another possibility to clarify the mechanical 
behavior of the coating is employing FEM modelling in the way similar to that applied by 
Wang et al [46] as well as Cao and Chen [47].  
     The fact that the experimental values observed at the low loads demonstrate 
underestimated values can be also explained by the influence of nanogeometry of the coating 
at small indentation depths [48] and the effects of the substrate [49]. According to the 
available data [48], the indentation depth should be 20 times greater than the average 
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roughness value. If this condition is not met, the measured modulus may be determined 
incorrectly due to incomplete contact of the indenter with the sample surface and, as a result, 
change in the actual contact area and decrease in depth compared to the calculated one. 
According to our own experience and known results [50], in order to eliminate and minimize 
these effects, it is necessary that the indentation depth of the indenters be less than 10% of 
the coating thickness [51]. Thus, the measured properties of the coating can be represented 
as a combination of two superimposed fields (the influence of the substrate and surface 
geometry) and the true properties of the coating material can only be experimentally studied 
under the condition that these fields do not intersect and the contact depth of the indenter lies 
between these conditional fields. Thus, for a coating with a given value of average roughness, 
there is a minimum thickness at which it is possible to measure the real elastic properties of 
the coating material. A detailed study and analysis of a large amount of experimental data is 
necessary for the future works. 

4  CONCLUSIONS 
This paper presents an efficient mathematical model for describing experiments on the 
indentation of a sample, namely a ZnO coating obtained by pulsed laser deposition on a 
silicon substrate. Elemental analysis of the coating has shown good deposition quality and 
confirmed the good stoichiometric composition of the layer. Using SEM and AFM, the 
microgeometrical characteristics of the coating surface were studied, which made it possible 
to select the parameters for nanoindentation. Based on the Oliver–Pharr method, the Young’s 
modulus of the substrate and the effective Young’s modulus of the coating-substrate system 
were determined. To study the Young’s modulus of the coating, a series of experiments on 
nanoindentation has been carried out, followed by mathematical modelling of this process 
with high (up to tenths of a percent) accuracy. The theoretical and experimental results are in 
good agreement, however, a slight increase in the theoretical values of Young’s modulus has 
been found in the form of a shift in the theoretical diagram.  
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