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ABSTRACT

This study presents a Cauchy-type problem of 3D elasticity for an elastic layer that can be bonded to
an infinite base (half-space) made of dissimilar elastic material. The initial conditions are given on
one side of the layer and both stress and displacement vectors are assumed to be known
simultaneously. No conditions are specified on the other side. In the case of this side being fully
bonded to the base, the stress and displacement vectors are continuous across the interface. This fact
introduces certain relationships that have to be imposed on the initial conditions in order to obey
continuity. We use these in order to detect a possible appearance of delamination of the interface. By
using the double Fourier transform and the general solution of 3D elasticity in terms of harmonic
functions, the initial value problem is reduced to a system of Fredholm integral equations
of the first kind. Solutions of such systems are usually unstable; therefore, a numerical approach is
suggested to overcome this difficulty by using the SVD regularisation. A possibility of delamination
detection is discussed.

Keywords: layered elastic structures, interfacial cracks, inverse problems, integral equations,
regularisation.

1 INTRODUCTION
This study continues the previous research for a 2D elastic strip [1] and generalises it for
the 3D case of an elastic layer that can also be bonded to an elastic base (half-space) made
of a different material. The main focus of this study is the development of mathematical
methods capable of crack (delamination) detection on the interface between the layer
and the base by using the strain/displacement measurements on the stress-free surface of
the layer. Such a problem belongs to a wide class of incorrectly posed inverse problems
of elasticity. It is known that the problem with overdetermined boundary conditions on a
part of the boundary is incorrectly posed and can be unsolvable or possess unstable
solutions. There are many publications regarding 2D inverse problems of plane elasticity
but not so many for the 3D case. Standard formulation of the Cauchy initial value problem
of plane elasticity usually assumes that the displacements vector u is known together with
the stress vector p on a part of the boundary (usually it is stress-free, i.e. p=0) and no
boundary conditions are specified on the rest of the boundary. Shvab [2] referred to such
mathematical formulations as the (u,p) problem. Some other formulations, (see survey in
Bonnet and Constantinescu [3]), can be reduced to the (u,p) problem. It is evident that
in the case of plane elasticity the (u,p) problem can be routinely solved by a finite
difference method applied to the Cauchy type system of two first-order differential
equations of equilibrium, three linear Hook’s law equations and the three first order
strain-displacement equations. In the case of 3D, the number of equations in the system
increases but this would not present essential difference for the numerical analysis.
However, such finite difference approaches require essential modifications due to
numerical instability inherent for incorrectly posed formulations. Other possible numerical
methods solving (u,p) problem in 2D are based on finite element or on boundary element
techniques, which still necessitates the application of a regularisation technique to provide
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stability of the solution. It is understood that the use of standard regularisation techniques
(as Tikhonov’s or SVD regularisations) is capable to stabilize the solution (e.g. [4]-[7]), but
for large systems their application is limited. Therefore, the development of alternative
techniques for 3D case is necessary. Shwab [8] has shown that the Cauchy problem of 3D
elasticity can be reduced to the Moisil and Theodoresco system [9], that provides
generalisation of the integral Cauchy theorem from 2D into 3D and proved the uniqueness
theorem for the solution of the problem. He also noticed that the problem is conditionally
ill-posed as it can possess unstable solutions and investigated the accuracy of the solution
by employing a boundary element technique. Galybin and IrSa [10] have developed an
FEM type technique for solving the Cauchy type problem for 3D harmonic functions
complemented by the LSQR algorithm [11] for large systems. This allowed one to perform
reconstruction of the contact stresses under a rigid circular punch applied to the boundary
of elastic isotropic half-space by using the data of strain monitoring on the free surface of
the half-space. This paper is aimed at the development of methods for solving the (u,p)
problem for layered structures, in particular for the bi-material structure consisting of a
coating bonded to a substrate. The main focus is to derive the integral relationships that can
be useful for detection of delamination on the interface between the coating and the
substrate. The work employs the method of spacious harmonic functions and the Fourier
transform, which is widely used for solving direct boundary value problems for layered
structures or bodies with planar cracks (e.g. [12], [13]).

2 PROBLEM FORMULATION AND INTEGRAL EQUATIONS
2.1 General solution in terms of harmonic functions

We consider an elastic layer O<x3<H with the moduli G (shear modulus) and
k (Muskhelishvili’s constant) that can be fully or partly bonded to the half-space x3<0 that
has the moduli Gy and K as shown in Fig. 1.

X3

X

Figure 1: Geometry of the problem.

The boundary conditions are as follows:

BCI1. The stress and displacement vectors are both known on the boundary x3;=H;

BC2. The stress and displacement vectors are both continuous across the interface x3=0.

It is understood that this formulation is overdetermined if BC2 holds on the entire
boundary x3=0. However, if a delamination occurs on a part of the interface, BC2 can be
used for the sake of its detection by solving the Cauchy initial value problem, IVP, for the
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layer with BCI1. Therefore, we mainly focus on the Cauchy IVP and then discuss its
application for the crack detection. In either case the aim is to construct a system of
governing integral equations for the problem. Based on the formulas form Sih and
Liebowitz [14] it has been shown [15], [16] that the following combination of the stress and
displacement components can be expressed in terms of three spacious harmonic functions

O=(x1,x2,x3), Y=y(x1,x2,x3) and y, =y (x1,x2,x3) as follows:

Oqup —0qur =2(1-v)y, (1)
01623 —02013 =2G(1-Vv)d3y, ()
01613 + 090
%GZB =-033y —x30333(0+y) = (011 +022)(W +x303(0+V)),  (3)
alul + 82u2 =—(1- 2v)63¢ -2(1- v)63t// - x3633 (p+yw)=

=05 (1-2)p+20-v)y)+x, (511 +522)(¢+1//), (4)
uz ==2(1-v)p—(1-2v)y +x303(p+ V), )

633
—==-030+x30 +vy). 6
G 39 +x3033(+V) (6)

Here, the symbols 0 stand for the derivative with respect to the k-th variable and since
the functions @, v and y are harmonic we have used the following obvious relationship that
is valid for any spacious harmonic function ®@=®(x,x2,x3),

033® =01 1P 022 (7

These equations are valid for the layer as well as for the half-space, but in the latter case
the moduli G and « should by replaced by Gy and ko respectively. As evident from the
system it can be decomposed into two independent groups of equations. Eqns (1) and (2)
form the first group for the determination of the function y and four eqns (eqns (3)—(6))
form the second group for the determination of ¢ and .

2.2 Fourier transform of 3D harmonic functions

We further use the double Fourier transform applied with respect to x; and x, in the form

o0 O
DF(Y(x1.x2)=T(s1.52) = [ [¥(x1,x0)e ™™ 1M1 e ™22 dvydy,
—00 —00
1 o0 oo . .
DF_I(?(Sl,sz))EY(xl,x2)=—2j [YGs1.50)e 1M e 2%2ds1dsy. (8)
(2n —00—00

By applying eqn (8) to eqn (7), one finds

833&3(s1,s2,x3)—kz(sl,sz)é)(sl,sz,)@)=0, A(s1,82) = S12+S§. ©)]
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The solution for (i)(sl ,5§2,x3) and its normal derivative can be presented in the form
B(s1.52.33) = D1 (51.52)e MEIDB 4 g (51,59)eM (1525 H) g

03D (s1,52,%3) _

_dy(s1,50)e MOS8 Lo (5, 59) M52 H) (g
A(s1,52)

for the layer 0 <x3 < H and
B(s1,5,x3) = B (s1,52)™ 12)% (12)

03D(s1,52.x3) = Do (51,52 (s, 52)e 5152043 (13)

for the half-space x3 <0.

It is evident from eqns (12) and (13) that one cannot simultaneously impose two
independent boundary conditions of the Dirichlet and Neumann type on the boundary of
half-space as the problem becomes overspecified. This fact will be used further on for
outlining a procedure for crack detection.

2.3 Solution for the layer in Fourier space

Let us consider the Cauchy IVP for the layer assuming that the boundary values of both
the function and its normal derivatives are given on the boundary x;=H. It follows from
eqns (10) and (11) that for 0<x3 <H

03D (s1,52,x3)

:2&)2(s1,52)ek(s1’S2)(x3_H) , (14)
A(s1,52)

é(sl,sz,x3)+
03d(s1,52,%3)

=20y (51,50 ) MS152)%3 (15)
M(s1,52)

D(s1,52,x3)—

On the boundary x3=H
03D(s1,52, H)

dD(s1,50,H)+ oL5) = 2D (s1,52) (16)
. R H . _
(D(Sl,Sz,H)—M:z(Dl(S],SZ)e k(sl,sz)H. (17)
A(s1,52)
On the interface x3=0
. d . _
@(Sl,sz,o)+w:2q)2(”,s2)e k(sl,sz)H’ (18)
A(s1,52)
A 07D(s ,57,0 A
b(s1,52,0) - B2ELIZD oy 7). (19)
A(s1,52)
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It is evident from eqns (16) to (19) that the initial value problem for the harmonic
function is readily found by known values of the function and its normal derivative at either
end (x3=0 or x3=H). Thus, if the initial conditions are specified for x3=H, then

. . O D(51,5, H) | —A(sy,5, ) xy—H)
2@(sl,s2,x3): cD(sl,sz,H)—i e 172773 +
/I(Sl,sz)
A (20)
A 0 Q(S 8 ’H) A(S Iy )(.X' _H)
| Dlsposg, Hy+ L2023 T 0 < HL

A(s1,55)

It is evident, however, that the application of the inverse Fourier transform cannot be
performed directly due to positive power of the first exponent in the right hand of eqn (20).
This fact also indicates that the solution of the initial value problem for harmonic functions
is unstable.

Let us find the relationships between the Fourier transforms on the boundaries. It
follows from eqns (16) and (18) that

. @ - Q) H)) -
B(sy, 5,0+ 3261520 [0 gy BPEL2HD |\ Msps)H (o)
Ms1,52) Ms1,52)
From eqns (17) and (19), one finds
. ) H Q) _
B(sy,s0, H) - 93bGs1,52.H) _ (s, 5,0~ BLE152.0 | Asps)H (59
A(s1,52) A(s1,52)
These relationships are used further on for derivation of a system of integral equations.

2.4 Reduction to integral equations

Let us apply the inverse Fourier transform to eqns (21) and (22) and use the convolution
theorem, which leads to the following system of integral equations of the Fredholm type of
the first kind:

¢(x15x270)+7 I

dédn =
27 =0 =0 p(& = x;,1 = X,,0)

LOIOOIO H®(E,n,H) . 03@(&,1, H)
2r —o—»| p (é X=Xy, H) P& =xp,m =%y, H)

dédn, —o<x),xy <o, (23)

1?? H®(E,7,0) _ 032(5.1,0)

— 3 dédn =
2 —wo—o| p (f—xl,ﬂ—xz,H) p(f_xl,ﬂ—xzaH)

1 ® %  030(5,1,H)
= D(xy, x5, H) - — | dédn, —o<x,xy <.  (24)
27 —0—00 p(& = xy,1 = X5,0)
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Here,

p(x1,x0,x3) = 2+x§+x32 s (25)

whose reciprocal (1/p) is a harmonic function and the following integrals [13] have been
used taking into account that p is even with respect to all variables:

27711 P 1
n” B’ cos(owx) cos(By)dodp e (26)

II —Map)z cos(awx) cos(By)dodp —3— z>0. 27)
p(x,y,2)

Note that the integral in eqn (27) can be obtained by differentiation of eqn (26) with
respect to x3.

The system eqns (23) and (24) is sought system of governing integral equations for the
elastic layer.

3 THE CASE OF NORMAL LOADING
3.1 Solution for the layer

Let us consider a special case of normal loading of the upper boundary (x;=H>0) of the
layer, which is most interesting from practical point of view. Assume G13(x1,x2,x3)=0 and
623(x1,X2,X3)=0 in the system eqns (1)—(6) and introduce the following notations for known
(measured) combinations of the displacements on x;=H:

2(1—V)U(x1,x2) = u3(x1,x2,H),
2(1—- V)R(xl,xz) = aluz (xl,xz,H) - 82u1 (xl, xz,H),
2(1- V)S(xl , x2) = 81141 (x1 Xy, H)+ 82u2 (xl s X5 H). (28)
The first group of eqns (1) and (2) takes the form
x(x1,x2, H) = R(x1,x2),  93x(x1,x2,H)=0. (29)

The second group is obtained by summing eqns (4) and (6) and by taking into account
that the last two terms in eqn (5) can be neglected due to homogeneity of eqn (3) in the case
of normal load. Therefore, we arrive at the problem of finding the sum of two unknown
harmonic functions as follows:

uz ==2(1=v)(@+Vy), (30)

Oquy +0qun + 23G3 =2(1-v)3(p+v). 31)
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As soon as the sum @+ is determined one can derive the solutions for ¢ and y and their
normal derivatives by using eqns (3)—(5). By introducing the auxiliary harmonic function
o=-¢-y and employing eqn (28), one obtains the following initial value problem:

o(xy,xp,H)=U(x],x2), 030(x],x2,H)=5(x1,x2)+P(x1,x2), (32)

where the function P(x1,%2)=033(x1,x2,H)(2D)"! is known exactly in contrast to the other
terms on the right-hand sides of eqns (29) and (32) that contain measurement errors.

It is physically more realistic to measure displacements (strains) on the stress-free
surfaces. In this case the dimensions of the zones of load application should be relatively
small compared with the areas of displacement monitoring. This is valid in case of
concentrated loads, which ensures that displacements are known over almost the whole
boundary except for a finite number of points and thus all BC1 are satisfied. For simplicity
it is assumed that all the loads acting on the surface x3=H are concentrated forces applied at
different locations. For a normal concentrated load of intensity Py applied at the origin the
function P(x1,x2)=Pod(x1,x2), where 8(xi,x2) is the Delta function. Its Fourier transform is
constant Po. In order to keep the layer in equilibrium the resultant normal stress acting on
the opposite side of the layer should have the same value P, regardless of the its
distribution over the plane x3=0. If the load on the opposite side is axisymmetric then all
the conditions of global equilibrium are satisfied. This load can be selected, for example, as
Poexp(-x12-x2%)/n, which emphasizes the fact that the stress and displacement vectors in the
layer can possess polar symmetry. Let @y be a harmonic function that presents the solution
of the boundary value problem in normal stresses for the elastic layer. Then we can seek for
a solution of the initial value problem with modified conditions eqn (32) as follows:

o(x1,x2,H)=U(x1,x2)-Uq(x],x2), 030(x1,x2,H)=S(x1,x2)—S0(x1,x2), (33)

where Uy and S are the combinations of the displacement in eqn (28) that correspond to the
solution of the BVP in terms of stresses. In the case of single concentrated load these
functions possess polar symmetry, i.e. they depend only on the polar radius. In the case of
several concentrated forces applied on x3=H one should use superposition of the particular
solutions for every force and thus the polar symmetry does not take place anymore. We do
not use symmetry further.

3.1.1 System for
In this case, we have to use eqn (29). Then the system eqns (23) and (24) becomes
(-0 <xp,xp <o0):

L2 % o) HT T R(EM)
120 dedn=-" =
1152 )+2n I Lp(é x1,n—x2,0) - 2"_{0—{093@—»61,11—»62,1{) "

3e—x.n—xp,H) PE—x1.N-x2.H)

—OO(X)p

It follows from eqns (21) and (22) with the use of eqn (29) that this system is consistent
only when the following relationship between y(x1,x2,0) and 03%(x1,x2,0) holds:
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© 0 0y x(£.1.0)

1
2 (x,x ,0)+ [ I dedn =
1’72 7 —0—0w p(&E— x| n- xzao)
1 0 00 2H , ’0 6 }((98377:0)
J x(&,1,0) B 3 d&dn. (35)

27 —00 —00 p3(§_x1a77_x2’2H) p(§—x1,77—x2,2H)

3.1.2 System for ®
Substitution of eqn (33) into eqns (23)—(24) results in (- < x],x) <®):

1 930(&,n,0) _
o(x1,72,0)+ j jp@ oty N = Fixt 2. H),
B (36)
d
I J Ho@Gn0) 930(En0) dEdn = Fy (x1, 7).
T oo\ PP G n—xg, H)  PE-AL =2, H)
Here the right-hand side of the system is as follows:
Fi ey, H) = 2i [ U(& W-UoEm), SEW-S0EN | 3
T ol PP =32, H) ")

Fa(x1,52) =U(x1,52) ~Ug (31,52) = jjif”jl‘j‘)i‘])))dadn. (38)

As soon as the solution of eqn (36) is found one can find the total solution for the case
of concentrated loads by summing ®» with wo. As a result, we determine the combination

oqu] +0oun +cr33(2G)_1 and the normal displacement u3. The normal stresses on the

interface x3=0 is found by differentiating eqn (5) with respect to x3; and summing with
eqn (6), which results in

%G’”’O) = (1-2v)030(x],x2.0) + 933 (x1,x2.0). (39)

3.2 Numerical approach

Several standard methods can be employed for solving the system of integral eqn (36)
taking into account that the second integral equation has regular kernels while the first one
has a weak singularity and therefore the second term in its left hand side should be treated
as a convergent improper integral.

Therefore, eqn (34) can be referred to as a system of Fredholm integral equations of
the first kind, which usually possess unstable solutions. Alternatively, one can use the
Trefftz-type approach that demonstrated satisfactory performance for solving unstable
Fredholm equations when complemented by the SVD regularisation (see Galybin [15]
for detail).
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Let us seek the function o and its derivative with respect to x3 (that is also harmonic) as
two linear combinations of the radial basis functions 1/p with the nodes (&, i, Ci) lying
outside the layer

N
ak
o(x],x2,x3) = , (40)
kzzllp(xl _ak’xz _nkax3 _ak)
N b
030(x],x2,%3) = Y (41)

F21PO1 =8k X2~k X3 k)

Then the following system of (3M by 2N) linear algebraic equations can be formed for
determination of unknown coefficient a; and by:

N
a
p” mk =U(x{n,xg1)—U0(xin,x2m), m=1..M,
k=1P(¥" =&k > Xy —Mpe, H = Ef)
N b
k

p” p” :S(xlm,x?)—So(x{",xgn), m=1...M, (42)
k=1P(¥" =&k, x5~ H =& )

N (H-gp)a —pz(xf” ~E.xy Mg H =€k

k=1 P2 (" ~ &~ H ~ )

0, m=1...M,

where x{",xgl are collocation points m=1...M.

This system is overdetermined if 3M > 2N and therefore its approximate solution can be
found by the least square method. It should be mentioned that a regularisation procedure is
necessary in the case when the condition number of the matrix is large. As shown in
Galybin [15] the SVD regularisation is efficient for medium size matrices while for large
matrices one can use Tikhonov’s regularisation.

3.3 A procedure for interface delamination detection

The solution for the layer can be used to suggest a procedure for checking if the layer and
the half-space are fully bonded or delamination has occurred on the interface x3=0. In the
case of full bonding between the layer and the half-space the continuity of the stress and
displacement vectors on the interface x3=0 should be satisfied. Otherwise they are violated.
As follows from the solution for the lower half-space:

93D(s1,52,0) = A(s1,52)D(s1,52.0) , (43)

Therefore,
A(s1,52)u3(s1,52,0) = 0112 (51,52,0) + 0112 (51,52,0) + ﬁé‘% (s1,52,0) .  (44)

After application of the inverse Fourier transform to eqn (44), it can be presented in one
of the following equivalent forms (we assume that the solutions are smooth enough):
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% @ 0ua(E 0+ O EN0)+ o 033(EN0)

u3(x1,x2,0) = P dédn, (45)

—00 —00

p(E—x1,m—x2,0)
or

m (511+522)”3(5”7’°)d
2 —0—0 p(&=xy,1 = X5,0)

&dn =

= 0yt (3] %5, 0) + Oyt (31, x5, 0) + 2%60'33(x1,x2,0). (46)

The solution of the Cauchy IVP for the layer determines two harmonic functions,

one for the combinationdjuj+0oun +c533(2G)_1 and another for the normal

displacement u3 in the layer as well as their boundary values. The normal stress is also
known from eqn (39). Therefore, one can substitute these solutions into either eqn (45) or
eqn (46) to check if the initial conditions given by eqn (28) satisfy them. Given that the
strain/displacement measurements on the boundary x;=H are subjected to errors, eqns (45)
and (46) should be satisfied approximately. Discussion of the choice of a proper level of
approximation is beyond the scope of this paper. We should assume that if both eqns (45)
and (46) are not fulfilled, then we expect the presence of a delamination on the interface. It
can also be located by calculating the normal stresses that have to be close to zero on the
surface of delamination.

4 CONCLUSIONS

This study concerns the 3D elastic problem for the coating bonded to a substrate from a
dissimilar elastic material. We presented the system of integral equations for the Cauchy
initial value problem for an elastic layer that followed from the analytical solution in the
Fourier space. It is shown that the solution of the system is unstable because the system
consists of the Fredholm equations of the first kind. A numerical procedure is suggested
that can hamper instability. We have also presented the relationships that have to be
imposed on the initial conditions that satisfy continuity of the stress and displacement
vectors on the interface between the layer and the half-space.
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