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ABSTRACT 
In geology, implicit structural modelling constructs the geometry of geological structures (e.g. layers) 
by interpolating between sparse field data. A model is represented by a volumetric scalar field which is 
discontinuous on structural discontinuities such as faults or stratigraphic unconformities. The 
management of such discontinuities may involve boolean operations on several scalar fields or the 
creation of conformal meshes. Instead, we propose a ghost cell technique for the cartesian grid together 
with a set of relations between the ghost points, the regular nodes, and the discontinuities. 
Consequently, poor quality meshes are avoided and only the resolution of the grid has an impact on the 
solution. The modelling problem is posed as a least square’s minimization of a bending energy 
penalization on data mismatch functions and approximated by finite difference. As all relationships in 
the grid are implicitly defined, except close to the discontinuities, this algorithm is computationally 
efficient. We provide some benchmarks of the method on two-dimensional examples with folds, faults, 
and erosions. 
Keywords:  2D structural modelling, mesh reduction methods, energy penalization, ghost points. 

1  INTRODUCTION 
Implicit structural modelling consists in interpreting available field data into a model 
representing subsurface geological structures [1]–[8]. The model is represented by a scalar 
function defined on the entire volume of interest; this scalar function is called the implicit 
function. Horizons (interfaces between stratigraphic layers) are given by iso-values of the 
function, and structural discontinuities are given by discontinuous jumps in the function. 
Input data are represented by different types of modelling objects, such as points, vectors, 
polylines and surfaces [9]. The output model should represent natural geological structures 
while honouring the data. 
     The discrete smooth interpolation (DSI) [1], [4], [10] is an algorithm that discretises the 
implicit function on a background volumetric mesh where the mesh nodes are duplicated on 
either side of the discontinuities. The construction of such a mesh can represent a challenge 
depending on the geometrical complexity of the region being studied [11], [12]. The implicit 
function is then obtained by a spatial regression of data points sorted by horizons. DSI poses 
this problem as a least square’s minimization of both this data regression and a roughness 
factor, obtaining a unique solution which should be as smooth as possible. In practice, this 
roughness factor has been designed to minimize the difference between the gradient of the 
implicit function evaluated on adjacent elements [4], [8], which is dependent on the mesh. 
     A version of DSI based on the Cartesian grid is introduced in [14]. The roughness factor 
is designed to minimize second directional derivatives of the implicit function using a finite 
difference approximation, and the implicit function is interpolated on the grid cells using a 
piecewise bilinear interpolation. The discontinuities are handled by deleting the grid cells 
they affect, putting those cells out of bounds of the model, which implies that the grid 
resolution is fine enough to include stratigraphic data in-bounds. The global grid resolution  
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Figure 1:    The proposed method applied on a synthetic cross section in two dimensions 
with folds, intersected faults and an erosion (figure modified from [13] with the 
present method). (a) The input data and the used interpolation grid; (b) The 
output structural model with extracted iso-values (fine lines). 

is therefore determined based on the smallest distance of input data points to discontinuities, 
instead of being controlled by the complexity of the studied structures. 
     The roughness factor in DSI is defined as a discrete operator [10]. In practice, this factor 
may take different forms depending on the chosen domain discretisation scheme [4], [8], 
[14]. Instead, another approach is to find a continuous operator based on physical arguments, 
and then discretise it accordingly [13], [15]. An advantage of the latter is that it naturally 
provides appropriate weights to use during the least square’s optimization stage, making the 
solution less sensitive to the resolution of the discretisation scheme. 
     In this paper, the proposed implicit method penalizes data constraints by the continuous 
bending energy, as in [13] and [15]. This problem is discretised on the Cartesian grid, using 
a piecewise bilinear evaluation on data terms and a finite difference approximation of energy 
terms, which gives a final linear system to solve close to [14], but with volumetric weights 
obtained from the discretisation. The discontinuities are handled with a ghost-cell technique, 
resulting in an implicit function defined everywhere in the domain of study. The proposed 
method has no requirement on the grid resolution other than to capture the studied geological 
structures. Fig. 1 summarizes the method on a synthetic cross section in two dimensions.  
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     The first section of this article presents the proposed modelling method, and the second 
gives additional practical information on the way ghost nodes are handled and the related 
limits. 

2  GRID BASED IMPLICIT STRUCTURAL MODELLING 
The implicit function 𝑢ሺ𝒙ሻ is defined in the vector space 𝑉 as 
 

𝑉 ൌ ൝𝑢ሺ𝒙ሻ ൌ ෍ Φ௟ሺ𝒙ሻ𝑢௟

ே

௟ୀଵ

ൌ 𝚽ሺ𝒙ሻ் ⋅ 𝑼 อ 𝒙ሺ𝑥, 𝑦ሻ ∈ Ωൡ, (1)

 
where Ω ⊂ ℝଶ is the domain of study, 𝚽் ൌ ሾΦଵ, … , Φேሿ is a set of linearly independent 
functions forming the basis of functions, and 𝑼் ൌ ሾ𝑢ଵ, … , 𝑢ேሿ is a set of constants. 
     Implicit structural modelling consists in finding the unknown coefficients 𝑢௟ to construct 
the implicit function 𝑢ሺ𝒙ሻ (eqn (1)) that represents geological strata while honouring the 
input data. To achieve this, the proposed method performs a spatial regression of data points 
with a bending energy penalization (or thin plate energy) [16], [17] by minimizing 
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with 𝜆ఢ the energy penalization weight, 𝜆௞ and 𝛼௞ the weight and the expected value at a data 
point position 𝒙௞, and 𝐷 the number of data points. 

2.1  Construction of the implicit function 

2.1.1  Grid discretisation 
The domain Ω is discretised on a regular grid of 𝑁 nodes 𝒙௟ (i.e., the grid corner points). Each 
coefficient 𝑢௟  is associated to a node 𝒙௟, and the implicit function 𝑢ሺ𝒙ሻ is uniquely defined 
by these coefficients 𝑢௟ as the shape functions Φ௟ሺ𝒙ሻ are linearly independent. Such a grid is 
illustrated in Fig. 1.  

2.1.2  Bilinear quadrilateral interpolation functions 
The implicit function coefficients 𝑢௟ are interpolated within the grid elements with bilinear 
functions Φ௟ሺ𝒙ሻ. These are created with the isoparametric quadrilateral elements with four 
nodes (i.e., the corners only) [18]. For any position 𝒙 in Ω, the containing cell 𝑐 is found. The 
position 𝒙ሺ𝑥, 𝑦ሻ and the four cell nodes 𝒙௟ ∈ 𝑐 are transformed in the cell space as the position 
𝝃ሺ𝜉, 𝜂ሻ and the four corners 𝝃ଵ
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௖ሺ𝝃ሻ in this space associated to the corresponding 
functions Φ௟ሺ𝒙ሻ are defined as 
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Figure 2:    Illustration of the used ghost-cell technique by separating the evaluation on the 
left and on the right side of a discontinuity. Dotted segments represent the 
segment-discontinuity intersection tests for the use of ghost nodes. 

2.1.3  Handling the structural discontinuities 
Geological faults and unconformities are represented with a discontinuous jump in the 
implicit function 𝑢ሺ𝒙ሻ. As a sum of continuous interpolation functions (eqn (1)), introducing 
a discontinuity in 𝑢ሺ𝒙ሻ calls for modifications either on the domain discretisation scheme, or 
on the interpolation functions. The presented method uses a ghost-cell technique [19], adding 
degrees of freedom on the grid cells crossed by discontinuities as illustrated in Figs 1 and 2. 
Points are added on either side of the discontinuities on top of already existing grid corners; 
in the following, the 𝑁௜ grid corners 𝒙௟௜ are called interpolation nodes and the 𝑁௚ added points 
𝒙௟௚ are called ghost nodes. 

The implicit function is augmented to 
 

𝑢ሺ𝒙ሻ ൌ ෍ Φ௟೔
ሺ𝒙ሻ𝑢௟೔

൅

ே𝑖

௟೔ୀଵ

෍ Φ௟೒
ሺ𝒙ሻ𝑢௟೒

ே೔ାே𝑔

௟೒ୀே೔ାଵ

ൌ ෍ Φ𝑙ሺ𝒙ሻ𝑢𝑙

𝑁

𝑙ୀଵ

, (4)

 
with 𝑁௜ and 𝑁௚ the number of interpolation and ghost nodes respectively. When evaluating 
𝑢ሺ𝒙ሻ, if the position 𝒙 belongs to a cell crossed by discontinuities, the cell corners used for 
interpolation (Section 2.1.2) are found following Fig. 2: if the segment between 𝒙 and a 
corner (dotted line) intersects the discontinuity, then the node used for eqn (3) is the 
corresponding ghost node 𝒙௟௚, otherwise it is the interpolation node 𝒙௟௜. With this technique, 

the implicit function is continuously evaluated on either side of the discontinuity, regardless 
its geometry. 

2.2  Structural modelling problem 

The modelling problem (eqn (2)) is solved by least squares optimization. Equations related 
to the energy term are written on all the nodes, while equations related to the data term are 
written on the data points. 
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2.2.1  Data points equations 
Geological horizons are given by iso-values of the implicit function 𝑢ሺ𝒙ሻ. An input data point 
is thus bound to its horizon ℎ by specifying its expected iso-value 𝛼௛. A data equation of this 
type is written as 
 

𝜆𝑘(𝑢ሺ𝒙𝑘ሻ െ 𝛼ℎሻ ൌ 0, ∀𝒙𝑘 ∈ ℎ. (5)

 
     There is no a priori knowledge on the expected iso-values 𝛼௛. The method approximates 
theses values during a pre-processing stage on input data which fixes the top and bottom 
horizons to a chosen value and then spatially interpolates the other horizons values linearly 
in between [20]. The data weights 𝜆௞ are generally taken constant between all data but can 
vary depending on the reliability of the data (e.g., borehole data are generally more reliable 
than seismic data). 

2.2.2  Energy penalization 
The bending energy term is regularly discretised on 𝑁௜ cells Ω௟௜ with the same volume 𝜈 and 
centred on each interpolation node 𝒙௟௜. This discretisation thus represents the dual-grid of the 
interpolation grid. On each node, energy equations are written as 
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(6)

 
     We chose to extend this discretisation to the ghost nodes: energy equations are also written 
on ghost nodes with the same volume of integration 𝜈. 
     The interpolation functions Φ௟ሺ𝒙ሻ chosen in eqn (3) are only 𝐶଴ at the nodes 𝒙௟. The 
second derivatives of eqn (6) are therefore approximated by finite difference as 
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where Δ௫ and Δ௬ are the grid spacing in the 𝑥 and 𝑦 axes respectively. As the interpolation 
functions Φ௟ሺ𝒙ሻ have the Kronecker delta property (i.e., Φ௟ሺ𝑥௞ሻ ൌ 𝛿௞௟, ∀ሺ𝑘, 𝑙ሻ ∈ 𝑁; 𝑢ሺ𝒙௟ሻ ൌ
𝑢௟, ∀𝑙 ∈ 𝑁), eqns (7), (8), and (9) reduce to a linear combination of the coefficients 𝑢௟. We 
define the combination coefficients δ௠

௫௫ሺ𝒙𝒍ሻ, δ௠
௬௬ሺ𝒙௟ሻ and δ௠

௫௬ሺ𝒙௟ሻ associated to the nodes 
𝒙௠ሺ𝑚 ∈ 𝑁ሻ as illustrated on Fig. 3(a) for the three equations respectively. 
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Figure 3:    Finite difference schemes for second derivatives with the related coefficients on 
different types of nodes. (a) An interpolation node; (b) An interpolation node on 
a border; (c) An interpolation node close to a discontinuity; and (d) A ghost node. 

 

2.2.3   System to solve 
Combining eqn (5), written on each data point 𝒙௞, and eqns (7), (8), and (9), written on each 
node 𝒙௟, we define the least squares system to solve, of size (3N + D, N), as 
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     After solving eqn (10), the implicit function 𝑢ሺ𝒙ሻ can be evaluated everywhere in the 
domain Ω using the coefficients 𝑢௟. If visualized on the grid of interpolation (i.e., the 
visualization points are the same as the corners of the grid), the implicit function values are 
given by the coefficients 𝑢௟೔

 ሺ𝑙௜ ൌ ሼ1, … , 𝑁௜ሽሻ. As our aim is to assess the quality of the 
interpolation also in the cells close to the discontinuities, the visualization grid is created finer 
than the interpolation grid and implicit values are evaluated using eqns (3) and (4). Fig. 1 
was created using the proposed method on a (15x10) interpolation grid and a (200x200) 
visualization grid; energy weights (𝜆ఢሻ and data weights 𝜆௞ሺ𝑘 ൌ ሼ1, … , 𝐷ሽሻ were set to 1. 

3  HANDLING GHOST NODES IN STRUCTURAL GEOLOGICAL SETTINGS 

3.1  Structural discontinuities with complex geometries 

3.1.1  Fault tips 
Faults represent slip surfaces that can laterally vanish in space, where the displacement on 
each side of the fault becomes nil. The implicit function is supposed to be discontinuous on 
the fault and to become continuous at the fault tips. The chosen strategy to achieve the 
transition from an interpolation with ghost nodes to an interpolation without ghost nodes is 
illustrated at a fault tip in Fig. 4. As in Section 2.1.3, ghost nodes are added on either side of 
the fault and segment-discontinuity intersection tests are performed to define the nodes used 
in eqn (3) for the evaluation of the implicit function at a position 𝒙. 

3.1.2  Intersections of discontinuities 
Several discontinuities (e.g., faults or erosions) can branch one onto another in space. Fig. 5 
illustrates a simple case of two faults intersecting each other, defining three independent 
areas. The presented method creates as many ghost nodes as needed to interpolate on the cells 
close to the faults on each area. In this example, two ghost nodes are associated to each 
regular interpolation node, creating two additional coefficients 𝑢௟೒ for each corner. 
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Figure 4:    Illustration of the ghost-cell technique applied on a fault tip. A ghost node is 
used only if the segment between that node and a given data point intersects the 
discontinuity. 

 

Figure 5:    Illustration of the ghost-cell technique applied on several intersecting 
discontinuities. Ghost nodes are added for each area sealed by the 
discontinuities.  

3.2  Finite difference with ghost nodes 

The centred finite difference scheme presented in Fig. 3(a) can only apply to nodes far from 
the borders and the discontinuities. According to the discretisation of the energy term of  eqn 
(2), the energy equations must be written on every interpolation node 𝒙௟೔

 and ghost node 𝒙௟೒, 

which ensures homogeneous weights for all energy equations in the least squares system (10). 
Figs 3(b)–(d) illustrate the positions of the nodes 𝒙௠ and their associated coefficients 
δ௠

௫௫ሺ𝒙𝒍ሻ, δ௠
௬௬ሺ𝒙௟ሻ and δ௠

௫௬ሺ𝒙௟ሻ for three possible positions of a node 𝒙௟ with respect to the 
domain borders or the discontinuities. These configurations are often combined, on a border 
interpolation node close to a discontinuity for instance.  
     As in Section 2.1.3, the nodes 𝒙௠ are found between interpolation and ghost nodes with 
segment-discontinuity intersection tests. 
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Figure 6:    Resolution issues represented on two synthetic cross sections with faults and two 
parallel horizons. (a) Two disconnected faults treated as connected; (b) Rays of 
discontinuous jumps in the implicit function observed at the tip of a fault. 

3.3  Grid resolution issues 

The resolution of the grid can have a direct impact on the solution. In Fig. 6, the grid is chosen 
very coarse (i.e., (4x4) in Fig. 6(a) and (3x3) in Fig. 6(b)) to observe the influence on the 
resulting implicit function (observed on fine visualization grids of size (200x200) in both). 
     Fig. 6(a) shows how the method behaves when two faults are close to each other in the 
same cell but do not intersect: the connectivity between the two regions on the right side is 
not captured, the upper right area is left isolated without data, and hence has no solution. This 
is due to the way the nodes 𝒙௠ are defined, using segment-discontinuity intersection tests 
(Sections 3.1.2 and 3.2). It shows that a resolution adapted to the scale of the geological 
structures being studied is expected with the proposed method. 
     Furthermore, the technique used at fault tips (Section 3.1.1) can generate discontinuous 
jumps in the implicit function within the containing cell (Fig. 6(b)). This is observed only 
because the visualization grid was taken way finer than the interpolation grid. This technique, 
based on segment-discontinuity intersection tests, is very close to the visibility criterion [21], 
which is known to generate the same artefacts [22]. Some other meshless techniques such as 
the diffraction and the transparency criteria [22], [23] could be tested. 

4  CONCLUSION AND PERSPECTIVES 
We proposed a grid based structural modelling method in two dimensions that handles 
discontinuities with a ghost-cell technique. The modelling problem is posed as a spatial 
regression of data points penalized by the bending energy approximated with finite difference 
schemes. The linear system to solve is thus sparse, and only the grid cells affected by 
discontinuities are stored in memory to handle the ghost nodes.  
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     The ghost-cell technique represents well complex structural geometries, with jumps in the 
implicit function only at discontinuities. However, the method is dependent on the resolution 
of the grid relatively to the spacing between the discontinuities and to the curvature of the 
underlying surfaces: a coarse grid may overlook finer structures, and it may generate finer 
artefacts in the implicit function close to fault tips. These issues could be respectively reduced 
with other tests than segment-discontinuity intersections to indicate the use of ghost nodes or 
using meshless optic criteria for instance [22], [23].  
     The method is presented in two dimensions, but the used formalism could be extended to 
three dimensions as well: with the adapted version of the bending energy, the corresponding 
finite difference schemes, and a definition of tests for discontinuities and ghost nodes based 
on three-dimensional objects. 
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