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Abstract

We employ a Kansa-radial basis function (RBF) method for Poisson boundary
value problems in annular domains. This discretization leads, for any choice
of RBF, to linear system matrices possessing block circulant structures. The
linear systems can be solved efficiently using Matrix Decomposition Algorithms
(MDAs). The feasibility of the proposed technique is illustrated by a numerical
example.
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1 Introduction

We consider the discretization of Poisson boundary value problems in annular
domains using a Kansa radial basis function (RBF) method [5], see also [3].
For any choice of RBF, for an appropriate choice of collocation points, such
discretizations lead to linear systems in which the coefficient matrices possess
block circulant structures. These systems can be solved efficiently using Matrix
Decomposition Algorithms (MDAs) [1] with Fast Fourier Transforms (FFTs).
Such MDAs have been used in the past in various applications of the Method
of Fundamental Solutions to boundary value problems in geometries possessing
radial symmetry, see e.g., [6, 7], as well as RBF approximations and their
derivatives in circular domains in [8], see also [4].
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2 The problem
We consider the Poisson equation
Au=f in Q, (la)
subject to the Dirichlet boundary conditions
u =g on 09, (1b)

u=gy on 0O, (lc)

in the annulus
Q={zeR?: 0 <|z| < 02}.

The boundary 99 = 9Q; U 9Qs, 09, N 902 = () where
891:{3:6[&2;\3:\:@1} and 892:{$€R21|£B|:Q2},
3 Kansa’s method

We define the M angles

2 -1
Oy = W(”]& ) =1 M
and the NN radii
n—1
rn:QI‘F(QQ_Ql)m, n=1,...,N.
: . M,N .
The collocation points {(Zymn, Ymn) },, 21 =1 are given from
2mam . 2T,
Tmn =y cOS(Vpn + 7;\0; )y Ymn = rnsin(ds, + 7;\(; ), )

where the parameters {ozn}gzl € [-1/2,1/2] correspond to rotations of the
collocation points and may be used to produce more uniform distributions.
In the current application of Kansa’s method, we take

M N
uMN(:I:7y) = Z Z amn¢mn(x7y)7 (m7y) S Q7 (3)
m=1n=1

where the M N coefficients {(amn)}ff’:]\li 1 are unknown. The RBFs ¢, (2, y)
can be expressed in the form

Gmn(7,y) = ®(Timn), Where T% =(z - xmn)Q +(y— ymn)z-
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These coefficients are determined by collocating the differential equation (1a)
and the boundary conditions (1b)-(1c) in the following way:

AUMN(xmnvymn) :f(xmnvymn)v m= 17"-7M7 n:27'”7N_ 17
UMN (Tm1, Ym1) = 91(@m1, Ym1), m=1,..., M, 4)
uMN(mevymN)ZQQ(me7ymN)a m:17~"7M7
yielding a total of M N equations.

The vectorization of the arrays of unknown coefficients and collocation points
from

An—1)M+m = Gmn, X(n—1)M+m — Tmn,
y(nfl)M+m:ymna mzla"'yMynzly"'aNa

equations (4) yield an M N x M N system of the form

A171 ALQ e AI,N a] b1
As1 Asp ... AN as by
Aa = . . ) . . = . =b. (5
Ang Anp ... AnnN an by
The M x M submatrices A,,, ,,, ni,n2 = 1,..., N are defined as follows:

(Anl-,nQ)mhmZ = A¢m27"2 (xmunuymhm),
ml,mgzl,...,M, s :2,...,N—1, ’I’L2:1,...,N,

(Al,n)ml,m2 :(bmg,n(xm],lvyml,l)a ml7m2:17"‘7M7 nzlv"‘7N7
(AN,n)m17m2 :¢m2,n(xm1,N7ym1,N)7 m17m2:17"'7M7 n:17"'7N7
while the M x 1 vectors a,,, b,,n =1,..., N are defined as

(@n),, = @mn, m=1,...,M, N=1,...,N,

(bn),, = f@mn,Ymn), m=1,.... M, n=2,...,N -1,

(b1),, = 91(@m1,Ym1), (bn),, = 92(TmnN,Ymn), m=1,..., M.

It can be easily shown that each of the M x M submatrices A, pn,, n1,n2 =
1, ..., N in the coefficient matrix in (5) is circulant [2]. Hence matrix A in system
(5) is block circulant.
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4 Matrix decomposition algorithm

First, we define the unitary M x M Fourier matrix
1 1 1 = 1
1 @ w? e oM
1 -2 —4 —2(M-1)
Uy=—1| 1 w .- w ) 7
YOVAM| L | | ?
1 M-l g2(M-1) o(M—1)(M-1)
where w = e?™/M 2 — 1,
If Iy is the N x N identity matrix, pre—multiplication of system (5) by Iy QU
yields
UN@Unm)A(IN@Uy) (In®@Upm)a= (IN®@Up)b
or B }
Aa=b, ®)
where 3
A=(IN®Unm)A(IN®Uy)
UpmAiaUy UnAi Uy - UpmAi nUyy,
UpmAx U, UnmA22Ux -+ UmAa NUjy
UmAn Uy UnAn2UR, UmAn NU;jy,
Dii Dio - Dy N
Dy1 D2o - Dan
= ) ) ; )
Dn1 Dnp Dy~
and
UMCLl dl
Umas as
a= (IN X UM) a= . = . s
UMaN dN
Unrrby b
. Unrbo bs
Unby by
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From the properties of circulant matrices [2], each of the M x M matrices
Dy, nyy n1,n2 =1,--+, N, is diagonal. If, in particular

Dnl,ng = dla‘g (Dnl-,nQI’DnhnZz? . '7Dnl7n21\/[)

and
Anl,n2 = circ (Anl,n217An17n22 e ’Anl,”2M> ’
we have, forni,ny =1,--- , N,
M
k—1 -1
Dnl,n2m = E Anl,n%w( )m )7 m=1,--- 7M‘ (11)
k=1

Since the matrix A consists of N2 blocks of order M , each of which is diagonal,
the solution of system (8) can be decomposed into solving the M independent
systems of order NV

mem:ymy mzlv"'7M7 (12)
where
(Em)nl,ng = D"1-,7L2m7 ny,ne =1,--- N,
and
@)y = (@) Um)y = (Ba) m=10 V. (13)
Having obtained the vectors x,,,, m = 1,---, M, we can recover the vectors
a,, n=1,---, N and, subsequently, the vector a from
a; U]T/[dl
as _ U]T/[dg
a=1| =(In®Uy)a= . . (14)
anN U&d}v

Clearly, FFTs are used in the calculation of f in (10) with a cost of
O(NM log M). Also, FFTs are used in the calculation of the diagonal elements in
(11) with a cost of O(N?M log M). Finally, FFTs are used in the recovery of the
coefficients a in (14) at a cost of O(N M log M ). The most expensive part of the
proposed algorithm is the solution of systems (12) with a cost of O(M N3). The
FFTs are carried out using the MATLAB® [9] commands £ft and 1 fft.

WIT Transactions on Modelling and Simulation, Vol 57, © 2014 WIT Press
www.witpress.com, ISSN 1743-355X (on-line)



82 Boundary Elements and Other Mesh Reduction Methods XXXVII

M=32, N=16 M=64, N=32 M=128, N=64

Error

-8 -8
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Figure 1: Example 1: Error versus c.

5 Numerical results

We took collocation points described by o, = (—1)"/4,n = 1,..., N (cf. (2)),
and calculated the maximum relative error E over MN test points defined by

2 -1
'y (cos U, sinty, ), where ¢, = 77r(m ), m=1,..., M,
M
n—1
rn:Ql+(Q2_Ql)ﬁ, n:l,..,,/\/’,

We chose N/ = 25, M = 50 so that the test points are different than the boundary
collocation points. The maximum relative error E is defined as

[lu = un|loo,00

E =
[[ul] 00,00

As RBFs in (3) we used the multiquadric basis functions

(bmn(x,y) =V T?ﬂn + 027 T?nn = (LL' - xmn)Q + (y - ymn)Zv

where c is the shape parameter.
We considered the Dirichlet boundary value problem (1) for the Poisson
equation corresponding to the exact solution u = e**¥. In Figure 1 we present the
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error in u for various numbers of degrees of freedom versus the shape parameter c.
As expected, the accuracy of the approximation for each set of (M, N) improves
with ¢ up to a point and then deteriorates.

6 Conclusions

We have applied a Kansa-RBF method for the solution of Poisson boundary
value problems in annular domains. With an appropriate choice of collocation
points the discretization yields linear systems in which the coefficient matrices
are block circulant. Thus these systems may be solved efficiently using MDAs.
The major advantages of the proposed technique are its potential for solving
large-scale problems efficiently and its applicability for solving a large class
of partial differential equations. Several techniques for finding an appropriate
shape parameter may be found in the literature of RBFs. The issue of finding
a suitable shape parameter for multiquadric basis functions in the context of
circulant matrices will be considered in a future investigation. The extension of
this technique to problems governed by the inhomogeneous biharmonic equation
and the Cauchy—Navier equations of elasticity is currently under investigation.
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