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Abstract

Numerical solutions of the Helmholtz equation suffer from numerical pollution
especially for the case of high wavenumbers. The major component of the
numerical pollution is, as has been reported in the literature, the dispersion error
which is defined as the phase difference between the numerical and the exact
wave. The dispersion error for the meshless methods can be a priori determined
at an interior source node assuming that the potential field obeys a harmonic
evolution of the numerical wavenumber.

In this work the meshless local boundary integral equation (LBIE) in 2D is
investigated with respect to the dispersion effect. Radial basis functions, with
second order polynomials and frequency dependent polynomial basis vectors, are
used for the interpolation of the potential field. The results have been found to be
of comparable accuracy with other meshless approaches.

Keywords: meshless methods, dispersion, local boundary integral equation,
radial basis functions, Helmholtz equation.

1 Introduction

Accurate solution of the Helmholtz equation is of importance for many
applications in acoustics such as ultrasonics, microfluidics, aeroacoustics, etc.
The simulations involving the high frequency oscillations and large scale
industrial setups get cumbersome to solve due to immense computational storage
and time requirements.

It is well known that numerical solutions of the Helmholtz equation encounter
the pollution affect especially for high wavenumbers. The major component of
the numerical pollution is the dispersion error which is defined as the relative
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phase difference between the exact and the numerical wave. For the FEM
solutions numerical dispersion and pollution have been extensively studied [1].
Considering the meshless methods for acoustic computations, the dispersion
error has been investigated for the element-free Galerkin method (EFGM) [2, 3]
and radial point interpolation method (RPIM) [4]. The dispersion error of the
meshless methods is significantly reduced in comparison to the classical FEM as
shown by reported research [2—4]. An extensive optimization work has been
recently carried out for the minimization of the dispersion with respect to the
internal parameters of the above-mentioned meshless methods [5].

The meshless local boundary integral equation (LBIE) method has been first
introduced for the solution of potential problems by Zhu ef al. [6] and developed
over the years for many engineering problems such as elastostatics,
thermoelasticity, etc. [7]. For acoustic applications, Chen et al. [8] have
implemented the LBIE pointing out significant findings when solving for the
high wavenumbers.

In this paper, the LBIE, using the radial basis functions (RBFs) for the
interpolation of the potential field, has been investigated in terms of dispersion
error. In Section 2, the RBF formulation of the LBIE is outlined. Dispersion
error is stated in Section 3 and some numerical results are shown in Section 4
followed by conclusions in Section 5.

2 Local boundary integral equation with radial basis
functions

In this section the local boundary integral equation, using the radial basis
functions for the interpolation of the domain variables, for the solution of the
Helmbholtz equation is introduced. The method will be called as LBIE(RB)
throughout the paper for the sake of simplicity, and its differences from the
original LBIE will be discussed in this section.

2.1 Derivation of the governing equations

Let us consider the following Helmholtz equation:
(V2+k)u(r)=0 (1)

where u(7) is a potential field, r is the position vector and k is the wavenumber.
Given a point 7 inside a domain Q, by applying the Green integral formula, the
integral representation of (1) can be written as:

A+ [ S T - [ ()T =0 @)

where » and & are the source and field points, respectively, u'(r,&) is the
fundamental solution of the Helmholtz equation and # is the unit outward normal
over the boundary, I, of the domain, Q. For 2D problems the fundamental
solution is given by
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f@é)=—iH?MR) 3)

HP (kR)=J,(kR)—iY,(kR) C))

where H ,52) is the Hankel function of the second kind n" order, J, and Y, are

Bessel functions of the first and second kind, respectively and R is the distance
from the source point to the field point under consideration, i.e. R = |r — &. The
constant A(r) has a value between 0 and 1 being equal to 1/2 for smooth
boundaries and 1 if the source point 7 is inside the domain.

In the LBIE method, equation (2) is written over the local sub-domains

Qs and the test function is modified with the use of the “companion solution” in

order to eliminate the single layer integral. The companion solution is required to
be the solution of the following Dirichlet problem,

V' () +k*u'(r)=0 on _,
u)=u'(r) onoQ, . (%)

However, as noted in the literature [7], fundamental solution of (5) is not
available. Instead, the companion solution of the Laplace operator will be used:

Vu'(r)=0 on Q_,
u()=u"(r) onoQ,. (6)

which can be used to measure the dispersion error.
By using u =u - u as the test function and by applying the Green integral

formula over the local sub-domain {2, the integral representation of (1) can be

rewritten as:
A(Pu(r)+ jkzu'(r,g)u(g)dg ot

ou" ou @)
[ = (nu@dr = [ u” ()= ()T =0
o0, 9N o0, on

where ¢ is the field variable over Q) . As can be noted, with the aid of (6), the

last term in (7) vanishes when the local sub-domain Qs is located entirely
within the global domain of the problem, Q). This yields an equation purely in
terms of the potential field. When the local sub-domain €, is close to the

global boundary of the problem so that its boundary intersects with the global
boundary, the single layer integral must be evaluated. This could be done by
integration over the global boundary [6] or by applying some collocation
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techniques [9]. Nevertheless, as detailed in Section 3, dispersion error is
measured for the potential field at the source nodes which are located entirely
within the global domain and not affected by the acoustic forcing terms or any
type of boundary conditions.

Equation (7) requires the integration of the function u (r,(") over the local

sub-domains. Although local sub-domains can be of any shape, circular sub-
domains are used in this work, therefore the companion solution is simply
obtained as,

W () == Y Ry ®)

where R, is the radius of the sub-domain. Note that, using Laplace fundamental

solution when applying the Green integral formula to (1) would also result in
evaluation of domain integrals for the potential field.

2.2 Interpolation of the field variable using radial basis functions

In order to perform the integration over the local sub-domains and the
boundaries of the local sub-domains, values of the potential field must be known.
For the integration over the boundary, a simple Gaussian integration procedure
can be applied over the polar angle as shown by Ooi and Popov [10], without the
necessity of the discretization of the local boundary. As for the domain integrals,
Gaussian integration must be performed both over the radial direction and the
angular direction. The unknown potential at one of these integration points is
approximated by using radial basis functions (RBFs). In order to ensure the
stability of the approximation, polynomial terms are inserted into the basis [4, 5].
The potential at any location ¢ is approximated by » neighbouring nodes (see
Figure 1):

u(9)=3 1(0.x)-a, 43 plox, )b, ©)

where fis the RBF used, p is the polynomial basis with m terms, and a;, b; are
unknown coefficients. The second order augmented thin plate
spline f(R) = R*In(R) is used throughout this paper. The selection of the n
neighbouring nodes is done by defining a square shaped influence domain with
varied radii as explained in Section 3.

The choice of the polynomial basis vector affects the solution significantly.
As reported in the literature [4, 5], polynomials with m=6 can used.

pay)=[1 x y w x* (10)
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R ) ® X3

Figure 1: Interpolation of the values at the integration points.

The use of frequency dependent polynomial basis vectors has been shown to
produce accurate approximations for the Helmholtz problems:

plx,y)=[1  costkxcosf+kysinfg)  sinfkxcosf+kysinf)  (qp)
cos(—kxsinf+kycosf) sin(—kxsinf+kycosf)]
with m=5. Here, k denotes the wavenumber and the angle of propagation for

which the solution is assumed to be exact. In this work, two different
propagation angles are examined for the dispersion error of the method, namely
p=0andB=r/4.

Equation (9) can be written in matrix form as:

U,=Fa+Pb (12)
Moreover, in order to have a unique approximation of a function,
P/a=0 (13)
has to be fulfilled. Since F, is convertible equation (12) can be transformed as:
a=F;"U,~F,'Pb (14)
Using (13), equation (12) yields
b=R,U, (15)
with
R, =[P/F,'P,]'P/F," (16)
Using the expression (15) for p in (14) yields:
a=R,U, 17)
where
R, =F,'[1-P,R,] (18)
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Finally, substitution of (15) and (18) into the equation (9) the potential at the
point ¢ can be obtained:

U(9)= F(9,x )R U, + P(9,x, R, U, (19)

where F(9x) = [A9x), AIx),..., AFx)] and P(‘gaxj) = [p(9.x),
P(8.32),, (4 x0)]-

3 Dispersion effect

Solution of the Helmholtz equation suffers the so called pollution effect, which
leads to inaccurate results especially for the case of high wave numbers. It has
been mathematically shown that the pollution mainly consists of the dispersion
effect which is defined as the mismatch between the actual wavenumber, £, and
the numerical one, k". For the FEM solutions of the Helmholtz equation an error
estimate is given by [1],

e, =Ckh+C,k’n’, kh <1 (20)

with % is the distance between nodal points in an assumed uniform setting of the
nodes and the constants C; and C, independent of k& and 4. The first term in (20)
is related as the approximation error and the second as the dispersion error.

Given a regular distribution of field points and with a constant size of
influence domains, the numerical wavenumber k' of the numerical wave
propagating in the direction of #can be a priori determined as mathematically

outlined in detail by Suleau ef al. [3] which will be repeated here for the
LBIE(RB) method.

It is assumed that the nodal values of the potential field follow a harmonic
evolution of the form

uh(xq] V) = Aexp(jk" (x, cosf+y, sinf3)) (21

and after the RBF interpolation, the potential at an interior node

(xq] o Vair ) can be written as:

' (X, s V) =" (x, .9, )exp(ik" (yheos f+y,hsin ) (22)

In the LBIE(RB), given a constant size of influence domain, a discrete
equation is written for the interior nodes of the form:
+s, S,

DX (x, Y, =0. (23)

I=-5, J==5,

with s,,5, being the normalized (with /) distances of the furthest neighbouring
nodal points which remain within the influence domain of (g;¢,) in x and y
directions, respectively. Here, X, is the coefficient of the potential value

uh(qu+ 1 Vger) arising in the discretized form of the equation (7) written for the

node at (g,,q>)-
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By assuming the harmonic evolution of the acoustic pressure of the nodal
values given by (22), equation (23) becomes:

+5) 48,

D> X, u"(x, .y, )exp(jk" (Thcos B+ Jhsin f))=0.  (24)

I=-s) J==5,
For a non-zero distribution of the acoustic pressure, ", it obvious from the

equation (24) that the numerical wavenumber can be determined, for given
values of k and the angle of propagation 3 , by solving:

5+,

Z ZXU exp(jk"(Ihcos B + Jhsin B)) = 0. (25)

I1=-5 J=-5,

Dispersion error: Throughout this paper we present the results for dispersion
as follows:

h
kh—k"h
E=—-—"- (26)
kh
O o o o o] [s] O (o] o e}
o} 0 o o} (o} o] o} e} 0 o}
(i) 51,05+ 55)
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Figure 2: Influence domains of two associated points located at (q;,q,) and

(qits1,92782).
4 Numerical results

The dispersion error for the solution of the Helmholtz equation with LBIE(RB)
is investigated in this section. It depends mainly on the choice of the polynomial
and the number of nodes used in the RBF interpolation. In this study square
influence  domains are  considered with  varying radius  of
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influence s, ., = h,2h,3h,4h . Three different polynomial basis vectors are used as

mentioned through equations (10)-(11). The basis shown in (10) will be referred
to as m=6, while the basis given in (11) will be referred to as =0 and
p=rl4.

Figures 3 and 4 show the dispersion for the LBIE(RB) with m=6 for the
propagation angle 8 =0. It can be noticed in Figure 3 that dispersion increases

with increasing wavenumber. This is fact which makes it difficult for the
solution of high wavenumber problems for almost all of the numerical methods.
Also notice that increasing the r;,;leads to improved results.

LEIE(RE) m=6

02 04 06 03 1 1.2 14 148 13

Lol
Figure 3:  Difference between the non-dimensionalized exact and numerical
wavenumber.
5 LEBIE(REB) m=f
r'rl =
4l ;I-' ———- r!_nﬂ—ﬁz i
e v =2k
33 p # + rz'nﬂ )
£ 107 & ——r =3k
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A ———- =
1} - O |
- -ﬂ'*,.‘
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Figure 4: Dispersion error over the non-dimensionalized exact wavenumber
for the propagation angle o =0.
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Figure 5 shows the dispersion error over the propagation angle o for two
different values of kA, 1 and 2 respectively. For the LBIE(RB) with =0 and

LBIE(RB) with 8= 7/4, the methods are regarded as dispersion-free when the
angle of propagation coincides with the angle of the polynomial basis vector.

kh=1
25 —
EJ_“& —+— LBIF(RB) 115 ,,_l
X —+— LBIE(RE) p=/4 "y
151 — +— ‘LBIE(RE) p=0 1
|E|.1D41 * ¢-HHH**‘¢ J
] o . .

kh=2

—— LEIE(RJIE%} =6
—+— LBIF(RE) p=n'4
— ~+— ' LBIF(RE) p=0

Figure 5: Dispersion error over the propagation angle 3: (a) kh=1and
(b)kh=2.

In Figure 6, an overall measure of dispersion is shown for the varying range
of r ., =2h,3h,4h, B=[0,7/2] and kh=[0,3]. Note that increasing the 7,
leads to more accurate results being consistent with the previous results. It can be
observed that the results get distorted when ki >1.5 which also increases the
pollution effect significantly rendering the methods impractical. For the range
kh <1.5, further investigations should be carried out in order to compare the
performances of the different approaches.
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Figure 6: Dispersion error over ¢gand khi: (a) LBIE(RB) m=6, (b)
LBIE(RB) 8= rx/4and (c) LBIE(RB) 8=0.

5 Conclusions

The dispersion error when solving the Helmholtz equation with local boundary
integral equation (LBIE) has been investigated. Radial basis functions, with
second order polynomials and frequency dependent polynomial basis vectors
were used for the interpolation of potential field. It has been shown previously in
the literature that, meshless methods have less dispersion error compared to
classical FEM [2-5]. The results presented are found to be in the same order of
accuracy with other meshless approaches such as radial point interpolation
method [3] and element-free Galerkin method [2], though a direct comparison of
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the methods has not been carried out. The results presented here, as giving a
better understanding of how to reduce the pollution error for the Helmholtz
equation, are of importance for meshless methods applied to acoustic problems
in the high frequency range.
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