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Abstract

Laminates, comprising plies stacked in various orientations relative to their
principal material frames of reference, generally exhibit coupling between their
in-plane displacements and transverse deflection under any loading conditions.
The main theme of this paper is the development of integral equations for the
bifurcation buckling analysis of laminates taking into account this coupling. The
formulation of the extensional problem is based on the stress function concept,
which results in constitutive relations and a field equation mathematically
equivalent to those of the plate bending problem. This has the advantage of using
the same form of fundamental solution, similar boundary and domain modelling
as well as the development of common algorithms for the solution of the two
coupled problems. Modelling approaches for dealing with irreducible domain
integrals arising from both extension-flexure coupling and geometric
nonlinearity are presented.

Keywords: laminates, bending-extension coupling, buckling, boundary elements.

1 Introduction

The design of structural components made of composites can be tailored to meet
the specific demands of a particular application by making optimum use of
available materials. The mechanical behaviour of flat laminates, in particular,
depends on ply orientation, number of plies in a given direction, thickness of
individual plies, type of ply and the ply stacking sequence. The latter generally
causes coupling between the transverse deflection and the in-plane displacements
of a laminate. This coupling is absent only in the special case of “balanced”
laminates in which plies are symmetrically arranged with respect to the middle
plane of the plate. The coupling effects have been taken into account in the
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determination of the exact buckling load of a particular, angle-ply type of
laminates [1]. Due however to the complexity of the general laminate behaviour,
the use of advanced numerical techniques was found necessary for their analysis;
their buckling and post-buckling behaviour has been modelled using the finite
element [2], the Rayleigh-Ritz [3], and the Galerkin method [4].

The boundary element method (BEM) is another numerical tool through
which the dimensionality of a problem can be reduced by one and mesh
generation becomes comparatively easy. Existing BEM formulations, based on
the generalised Rayleigh-Green identity for anisotropic plates, predict the linear
flexural response of balanced laminates with any plan form and a number of
corner points along their boundary [5]. The same direct BEM approach was
applied to both in-plane and flexural analysis of balanced laminates using the
Airy’s stress function and the deflection as field variables [6]. Initial BEM work
on buckling was restricted to orthotropic plates [7, 8]. Linear and nonlinear
buckling analyses of anisotropic balanced laminates under any in-plane force
distribution were subsequently developed and implemented [9, 10]. Fundamental
solutions have recently been obtained and boundary integral equations
formulated for the coupled extension-flexure of general laminates [11, 12].

The BEM approach adopted in the present paper models the critical buckling
behaviour of general anisotropic laminates as represented by the classical
lamination theory. The formulation uses the fundamental solution for the linear,
uncoupled plate extensional or flexural problem. The resulting integral equations
contain irreducible domain integrals depending on terms arising from the
geometric nonlinearity as well as extension-flexure coupling. The paper
concludes with a discussion on possible techniques for modelling and evaluation
of these irreducible domain integrals.

2 Nonlinear laminate theory

According to the classical lamination theory, the plate is assumed to consist of an
arbitrary number of discrete layers, each individual layer being homogeneous
through its thickness and in a state of plane stress. The laminate is also assumed
to deform according to Kirchhoff’s bending theory of thin plates; as a
consequence, strains &, and curvatures &,s are related to mid-plane
displacements u, and deflection w by

1
gaﬁ' = E(uaaﬁ+ uﬁ9a+ W,a W:ﬂ) (1)

Kop =W, op (2)

where the Greek indices range from 1 to 2 indicating components relative to a

Cartesian, x;-x, frame of reference and a comma followed by a lower index

indicates differentiation with respect to the corresponding co-ordinate.

Membrane forces N,z and bending moments M, are related to the strains and
curvatures by

Naﬁ' = Aaﬂyﬁgy§+ Baﬁ75K7(5 (3)

Maﬂ = Baﬂyég;/c? + Daﬂy&’(yé (4)
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where 4,45 and D45 are, respectively, the extensional and flexural rigidities,
B are extensional-flexural coupling coefficients and repeated indices mean
summation over their range. The governing field equations and the boundary
conditions can be obtained by minimising the potential energy functional

1= Vzgj)(Naﬁgaﬂ +Maﬁkaﬂ)d97£ﬁauad1“ 5)

where p, is the prescribed edge traction, (2 the plate domain bounded by the

contour 7, as shown in Fig. 1. The normal and tangent unit vectors to / are
represented by n and s, respectively, and the path variable along /" by s; 7 is
smooth apart from a finite number of corner points at s;, j/=1,..., K.

> x1. &

Figure 1: Plate schematic with relevant notation.
3 Linear pre-buckling state

Buckling is due to the action of in-plane tractions A p, where p, is some

reference load causing the linear pre-buckling state [Naoﬁ,Mgﬂ]. The unloaded

plate is assumed to be perfectly flat and it buckles at a critical value of the load
factor A. As with the general non-linear problem, the governing equations for the
pre-buckling state are obtained from the variational principle 8/7° = 0 where & is

the variation symbol. The membrane forces ijﬁ and bending moments M aoﬁ

are thus found to satisfy the equations of equilibrium

Nigop=0 (6)
Mgﬁ,aﬂ =0 @)

Along the smooth portions of 7/, the field variables should satisfy the
boundary conditions

P =P, (®)
Vo =00orw’=0 )
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M?=0o0r 6 =0; (10)
while, at any corner point co-ordinate s;,
0 _ 0 _
C; =0o0rw;, =0 (11)
where the boundary variables are related to the domain variables by
Pa = 13Ny
aM()
Ve=nM,, + =
n a af’p 6s

0 _ 0
M, =n,n,M,,

0 _ O + O — . . . . . .
and C; =M, (s;)—M,(s;) represents the discontinuity jump of the twisting
moment:

0 _ 0
Mns - SanﬂMa[f
The problem for the membrane forces can be re-formulated in terms of a
stress function F' such that

Ny, =L,F° (12)
with the operator L4 defined by

Lop= 08,V — _© (13)
Ox,,0x

and &, representing the Kronecker delta. In-plane equilibrium eqns (6) are
identically satisfied if the membrane forces are given by expressions (12).
Referring to fig. 1, it is possible to show that, at any point Q(x;,X,) along the

boundary of the plate,
0
F =(I)[(xl—7ﬂ)ﬁz—(xz—fz)ﬁ,]df (14)
0 0 0
T 5O A =50 prdr (15)
on ) 0

where O is an arbitrarily located origin for the path variable along /" According
to eqn (14), F° can be physically interpreted as the resultant moment about Q of
the traction over OQ. Similarly, eqn (15) describes the normal derivative of F* as
the component of the resultant traction over OQ in the direction —s at Q.
Omitting the nonlinear terms from eqn (1), it is easily shown that the linear
pre-buckling strains satisfy the compatibility equation
Laﬁg;)ﬁ = ‘C‘_‘o?ﬁ’aﬁ =0 (16)
where the strain tensor has been re-defined as
=0 _ 0 0
gaﬂ - 5aﬂ e — ga/?
. . . —0 .
Constitutive equations (3) and (4) are next re-arranged so that &, is

expressed in terms of F° and w’. Defining A;;

.5 as the inverse of the extensional
rigidity tensor 4,5,

Ail Ay&lﬂ = 5a/15ﬁ,us (17)

afiyo
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it is possible to show through a series of substitutions that

Aaﬂ;/5 Foayb + éaﬁya Woayé‘ (18)
MO = Byoaﬂ Fowﬁ_ﬁaﬂy& W0=75 (19)
where
Aaﬂ;/d AKId/ 5aﬁ 5 Aaﬂlc/( 5;/0 Amq«) 5 + A;/iya (2 0)
aﬁy& ( mu, aﬁ Aam,, )Bi,uyr? (21)
and

Daﬁy& = Daﬁ75 Baﬂ/d AK/I,uv BllV75
is the reduced flexural stiffness tensor. Substitution of the new constitutive eqns
(18) and (19) into the compatibility eqn (16) and equilibrium eqn (7) leads to the
differential field equations
A, F°,  +B

afys Safyd afy /<) H a,ByzF

=0 22)

B sup F sapys — Do Woaaﬁm‘ =0 (23)

4 Bifurcation buckling

The pre-buckling state of equilibrium becomes unstable at a critical value 4. p, of
the factored edge load. Then a second equilibrium state exists, associated with in-
plane displacements u(x,) and a lateral deflection w!(x,). According to the
general theory of elastic stability, the differential equation and boundary conditions
governing the buckling mode (., w") can be obtained from a variational principle
[13], which, in the present unbalanced laminate case, takes the form

[Ny =M, )42 +2, [ (N2, +Now!,, Jow,, d2 =0 (24)

k] ke]

The constitutive relations for the buckling mode are the same as those for the
pre-buckling state with the strains &, ,and curvatures &, ﬁ given by

1
é‘ap

[ua’p +u +ﬂ' (W Waﬂ +W 7ﬂw ‘a )] (25)

K;ﬁ vap (26)

Elimination of displacement from eqn (25), leads to the compatibility
condition

1
=—-w

L pnp+ A (LygW W =€ pu0s +A (LW W', =0 (27)
The condition that Eq. (24) be satisfied for arbitrary (u, , dw) yields the field
equations

N;ﬂ , ﬁ =0 (28)
Moo+ (Nop’, s +Now', ) =0 (29)

over domain (2, the boundary conditions
pL=0 (30)
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either M) =0 or 6, =0 (31)
either V' + 4 p°w',, =0 orw' =0 (32)

on /” and
either C; =0or w;, =0 (33)

at the corner co-ordinates s;, j = 1,....K.
The membrane forces N}w identically satisfy equilibrium eqns (28) if they

are also expressed in terms of a stress function F' according to eqn (12). It is
evident from eqns (14) and (15) and boundary condition (30) that

OF' _
8}1

on /. Since constitutive equations (3) and (4) relate the membrane forces N;ﬁ

Fl

and bending moments M ;ﬂ to the respective strains and curvatures, they can be

re-arranged in the same manner as those for the pre-buckling state to give

= Aupys Floot By W' (34)
Ml = Byoaﬂ Fl’}/&_ﬁaﬂvé' W1=75 (35)
Thus eqn (27) together w1th eqn (29) are transformed to
Aaﬂ«sFl’aﬂ/a +Ba,8y5 sapys +4, (Laﬂw )W saff =0 (36)
B oy Frapys —Digs Whapo +A(NLw", +N W', ) =0 (37)

that is, the coupled linear field equations governing the buckling mode of
unbalanced laminates subjected to in-plane forces.

5 Integral equations

The two coupled problems for the pre-buckling state and those for the buckling
mode can be solved by a common BEM approach based on the Rayleigh-Green
identity and the fundamental solutions for the fourth order linear symmetric
operator

84

c o (39)
70 6x, 0 ,0x, O,

where C,p,s can either be the modified extensional compliance tensor Aaﬁ, s Of

the reduced flexural rigidity tensor D . The generic fundamental solutions
U; (A= 1,2) for operator (38) satisfy

Copps U sups = Oa(x = &); A=1,2 (39)

where J; is related to the Dirac delta function daccording to
Gi(x—&)=Ax-¢§) (40)

96(x—-8)
sx-g)= 2025 (41)
om(3)
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and m represents an arbitrary direction through the source point as shown in
fig. 1. The symmetry of C,4,s with respect to the pairs of indices (af) and ()
leads to the reciprocity relation

jC U,ygUl,aﬂd.Q=jC U,z U;, s d02 (42)

apys afyd

where U is any real smooth function over the domain (2. A compact form of U;
as well as the various kernels derived from it can be found in the literature [6].

5.1 Pre-buckling

With Cop,5= 4,,; and the pair of functions F*and F, replacing Uand U}, eqn

(42) is transformed to
I (gaﬂ aﬂ;«)w 2y0 )F/?. saf d‘Q I Aaﬂy5F/;’}/b Fo’aﬂ dQ (43)

Integrations by parts and repeated apphcatlon of Green's theorem transform
eqn (43) into

kY (E) =1 (F* . F))+ J(F°,F]) ~ I( oW M0y A2 (44)

where F° = F*,
k=1, Fo= OF°
if P(&,) is a point in the domain, or
k=05, FY= o
if P(&,) lies on a smooth portion of the boundary and
) =] @S" Frea g LT FOde (43)

K
JUELFD =2 [enF -, P (46)

The boundary variables ¢’ , & andu’ represent real boundary strains and

displacement, while the kernels appearing in eqns (45) and (46) are artificial
entities obtainable from

Ery = AypshagF, j ) 47)

g;ins == Aaﬂy(ssanﬂF; Y5 (48)
o*u; L 9¢5,

8S2" =~ Aot Fy s aS” (49)

In the case of flexure, D, s teplaces Cops and the pair of functions w and
w; replace Uand U in the reciprocity relation (42), which thus becomes

j(M FO\ s W, o0 dQ2=[ M} 00, , dQ2 (50)
ke

7&1,5
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A similar process to that applied to eqn (43) also transforms eqn (50) to the
integral equation

I (E) =12 (W°,wy) + J2 (W, w)) +!j2émﬁw;,aﬂ FO, ,dQ (51)

where w; = w
on’ on’
or wy, =
om on
depending on whether P is in the domain or on smooth portion of the boundary,

respectively, and

Wy =

. ow} owd
1£<w°,wl>—J[V,?wz —Msa—MMzna——V;nw"jdr (52
n
JD(W Wl) Z[IMM MZnsWO]]j (53)
The kernels in the boundary 1ntegral and the jump term are obtained from
M;.n = _Daﬂyénanﬂ Wj Y5 (54)
M;nx = _DAaﬂyo‘SanﬂW;’yzf (55)
A a]‘4*}’15
Vin= =D, 4,51, W, s T 8; (56)

The irreducible domain integrals
j( oW’ 25 ) 505 A2 and I( sep T 55 Wi ngp 442,

arising from extensional-flexural mode coupling, depend on the second partial
derivatives of the stress function and the deflection, representing membrane
forces and curvatures, respectively. The numerical solution of integral equations
(44) and (51) largely depends on the possibility of extending the usual BE
methodology to include domain variables and the evaluation of the irreducible
domain integrals. The scheme for dealing with these integrals can be similar to
that adopted for three-dimensional anisotropic elasticity [14]. With the source
point in the domain (k = 1), eqns (44) and (51) are differentiated twice with
respect to the source variable &, to give two supplementary integral equations

Fo, =INF°.F;, )+ JY(F°.F},,) - j(éaﬂyc;wO,,&)F;,aﬂwdg (57)

suv Aouv A WV

W 71 (W W} ’/11/) + J (W Wﬂ,’yv) +I(ByﬁaﬂF0’y5 )WZ’aﬂ;zv dQ (58)

duv

It should be noted that, in contrast to the three-dimensional elasticity problem

[14], there is no need for additional convection terms since U, is of order

O(r?) and therefore integrable in (2[15].

As with previous BE analyses of laminate buckling [9, 16], modelling can
again be implemented using linear or quadratic discontinuous boundary elements
and triangular domain cells. Thus, the derived integral equations are transformed
into four systems of algebraic equations, which can be solved for the four arrays
of discrete values of boundary and domain unknowns. It is more convenient to

safuv
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eliminate the boundary rather than the domain unknowns from these systems and
solve for the domain forces and curvatures, which are eventually substituted into
the equations governing the buckling mode and critical load factor.

5.2 Buckling mode

The boundary element formulation for the buckling mode is obtained by a
similar procedure to that applied for the pre-buckling state. The initial reciprocity
relations are similar to eqns (43) and (50) but upon integration by parts and the
application of Green’s theorem, they are transformed to the integral equations

kFHE) =1 (F' F))+ JY(FF})

[ BoysW'sy5 ) 1y 42 =2, [ Loy )W, Fyd 2 (59)
Kol 0

saff
Iy (E) =IP (W wy) + TP (W' w)) +] BaysWis F' 5 A2
0
+/lc!jz(N;ﬁw° vap PG W s w,dQ (60)

Thus, in the case of buckling, domain integrals arise from both the extension-
flexure coupling and geometric nonlinearity, which generates the additional
terms in eqns (27) and (29); all these integrals depend on membrane forces and
curvatures. Due to the presence of such domain integrals, eqns (59) and (60) are
not proper boundary integral equations. As with the pre-buckling solution, it is
possible again to generate two supplementary integral equations:

Fl’;zv:I;(Fl9F;’yv)+ JA(FI’F;’,UV)

- !jz (Bopys W5 VS s 492 =2, [ (Ly )W, 5 F 402 (61)
Q
Wl’yv :[hD(Wl’W:L’,uV ) + JD (W19W:L’,uv ) +_£2(B;/6aﬂF1 y0 )W;,’aﬂ,uv d‘Q

FA (NI, +NOW W, A2 (62)
k]

from integral equations (59) and (60) through straightforward differentiation.

Modelling for the buckling mode can be performed in the same manner as for
the pre-buckling analysis. There are three additional domain integrals to be
calculated but the elements of all other coefficient matrices are the same as those
for the pre-buckling solution. It is convenient again to eliminate the boundary
unknowns from the derived system of algebraic equations and formulate a
classical eigenvalue problem for the critical load factor 4. and the associated
buckling mode (F',w").

6 Discussion

The numerical integration schemes for the implementation of the proposed
methodology can be similar to those adopted for the BEM buckling analysis of
isotropic and orthotropic plates. Particular attention needs to be given to the
evaluation of hyper-singular domain integrals generated by the repeated
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differentiation of the kernels of the domain integrals arising from extensional-
flexural coupling. Special evaluation schemes of such integrals involving
kernels with O(+) singularity have been proposed and successfully applied in
various BEM applications.

Numerical results are essential for the validation of the developed formulation
but also for confirming that bifurcation buckling is possible in general laminates
which are expected to undergo a gradual transition from an initial low-deflection
to a large-deflection regime [1]. Since the pre-buckling state has been forced
here to remain linear, bifurcation buckling is the only means of the laminate
going into the large deflection regime. This is similar to a phenomenon known as
secondary bifurcation observed in other stability problems such as that of
initially imperfect stiffened shells [17]. The validated BEM solution can then be
used to the systematic assessment of the coupling effects on the buckling of
general laminates with various ply arrangements. The pre-buckling solution can
also be used to predict more accurately the response of a general laminate to
lateral loads. The BEM buckling formulation can be subsequently extended to
the nonlinear, large deformation of unbalanced laminates, which will provide
information on their post-buckling stiffness.

An alternative to the generation of additional integral equations and 6 domain
variables per node is to adopt higher-order interpolation models for the stress
function and the deflection, which are then entered into eqns (2) and (12) to
generate the nodal in-plane forces and curvatures. Additional systems of
equations can be obtained by applying integral eqns (44) and (51) with k= A= 1,
that is, with the source point placed on the domain nodes. In-plane forces and
curvatures can thus be eliminated from the final system of equations, which
would contain only the stress function and the deflection as well as the
associated boundary variables as unknowns. This approach has been tested in the
case of isotropic plates [18] and can be modified by adopting a meshless
modelling strategy, possibly combined with dual reciprocity schemes to generate
a pure BEM formulation.
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