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Abstract

We propose a local C2-continuous 2-node integrated-RBF element (IRBFE)
method for the numerical modeling of strain localisation due to material
discontinuity in a segmented elastic bar. The proposed local 2-node IRBFE method
can be based on structured or unstructured point collocation procedures where both
accuracy and efficiency are achieved. We introduce an effective way to exactly
handle the material discontinuity by means of integration constants. Numerical
results obtained for a bimaterial bar are compared with those from the analytic and
finite element methods, demonstrating the advantage of the present approach. It
will be shown that the solution is C2-continuous except at the bimaterial interface
where the actual physical discontinuity is captured.
Keywords: integrated-radial-basis-function elements, meshless method, local
approximation, segmented bar.

1 Introduction

Recently, considerable research effort in computational mechanics has been
devoted to the development of meshless methods such as the element-free Galerkin
[1], hp-clouds [2], the reproducing kernel particle [3], the smoothed particle
hydrodynamics [4], the diffuse element [5], the partition of unity finite element
[6], the natural element [7], meshless Galerkin using radial basis functions [8],
the meshless local Petrov-Galerkin (MLPG) [9], the modified smoothed particle
hydrodynamics (MSPH) [10], and the collocation method using radial basis
functions (RBF) [11]. Among these methods, the MLPG and the RBF collocation
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are truly meshless methods. The main objective of the meshless methods is to
overcome, or at least alleviate the difficulty of meshing and remeshing the entire
structure by adding or discarding nodes at desired location instead. Meshless
methods may also alleviate some other problems associated with the finite element
method (FEM), such as locking and element distortion. In some meshless methods
such as MLPG and global RBF collocation, approximate solutions are continuous
for both displacement and strain fields. It is hence widely accepted that, for the
analysis of homogeneous problems, meshless methods are more accurate than the
finite element method (FEM).

However, practical problems are heterogeneous problems. Examples include
structures composing of different components associated with different materials,
and composite structures. In the analysis of such problems, the derivative of
displacements in direction normal to the interface between two materials must be
discontinuous in order for surface tractions there to be continuous. For the analysis
of the linear elastostatic problems by the EFG method, Cordes and Moran [12]
used the method of Lagrange multipliers, Krongauz and Belytschko [13] employed
a special jump function at the line or the surface of discontinuity, and Masuda
and Noguchi [14] modified the moving least square (MLS) basis functions so that
their derivative jumps at desired locations. Whereas a two-dimensional (2-D) static
problem was analyzed by Krongauz and Belytschko [13], a 1-D static problem was
scrutinised by Cordes and Moran [12].

Radial basis functions (RBFs) have recently emerged as an attractive tool for
the solution of ordinary and partial differential equations (ODEs and PDEs),
e.g. [15, 16]. RBF-based approximants can be constructed through a conventional
differentiation process, e.g. [11], or an integration process, e.g. [17]. The latter
helps avoid the reduction of convergence rate caused by differentiation and
provide effective ways of imposing the derivative boundary values. RBF-based
approximants can be global or local. Global RBF-based methods are very accurate,
e.g. [18, 19]. However, they result in a system matrix that is dense and usually
highly ill-conditioned for large problems. The use of RBF-approximants in local
forms can help circumvent these difficulties, e.g. [20, 21]. Recently, a local high
order approximant based on 2-node elements and integrated RBFs (IRBFs) has
been proposed by An-Vo et al. [22, 23]. In the proposed 2-node IRBF elements
(IRBFEs), the integration constants are exploited to include the first derivatives at
the element extremes in the approximations. It was shown that such elements lead
to a C2-continuous solution rather than the usual C0-continuous solution.

In this paper, we exploit the advantage features of 2-node IRBFE collocation
formulation to account for material discontinuities in the analysis of a segmented
bar. A novel and accurate treatment for modeling material discontinuity is
proposed. The remainder of the paper is organised as follows. Section 2 presents
a model of a segmented bar. A brief description of 2-node IRBFEs is given in
Section 3 and the proposed method is presented in Section 4. Numerical results
are given in Section 5. Section 6 concludes the paper.
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2 Model of a segmented bar

Consider a clamped-free bimaterial bar with length L as shown in Figure 1. The
material property is discontinuous at x = d where elastic modulus E(x) = E1,
x ∈ [0, d); and E(x) = E2, x ∈ (d, L]. If the bar is subjected to a uniformly
distributed axial load P/L, the governing equations can be derived as

d
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+
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It can be seen that the derivative of the displacement is discontinuous at x = d
where conventional meshless methods fail to capture this discontinuity. In this
paper, we propose to use 2-node IRBFEs to approximate the second derivative in
(1) and (2). In addition, a novel technique based on 2-node IRBFEs for treating the
material discontinuity is proposed.

d

x

L

Figure 1: Schematic outline of the problem studied.

3 Two-node IRBFEs

The 1-D problem domain is discretised by a set of uniformly or non-uniformly
distributed nodes where pairs of two adjacent nodes form a set of non-overlapping
2-node elements. There are two types of elements, namely interior and semi-
interior IRBFEs. An interior element is formed using two adjacent interior nodes
while a semi-interior element is generated by an interior node and a boundary
node.

3.1 Interior elements

Consider an interior element, x ∈ [x1, x2], and its two nodes are locally named as
1 and 2. Let φ(x) be a function and φ1, dφ1/dx, φ2 and dφ2/dx be the values of φ
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(a) Interior element (b) Semi-interior element
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Figure 2: Schematic outline for 2-node IRBFEs.

and dφ/dx at the two nodes, respectively (Figure 2a). The 2-node IRBFE scheme
approximates the second-order derivative of φ(x) using two multiquadric (MQ)
functions whose centres are located at x1 and x2

d2φ
dx2

(x) = w1

√
(x − x1)2 + a21 + w2

√
(x − x2)2 + a22

= w1I
(2)
1 (x) + w2I

(2)
2 (x), (4)

where I
(2)
i (x) conveniently denotes the MQ, wi and ai are the associated weight

and MQ-width at node i (i = {1, 2}). We simply take ai = βh, where h is
a grid size and β is a factor. First-order derivative of φ and the function φ are
approximated by integrating (4) with respect to x
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constants of integration. By collocating (6) and (5) at x1 and x2, the relation
between the physical space and the RBF coefficient space is obtained
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where φ̂ is the nodal-value vector, I the conversion matrix, and ŵ the coefficient
vector. It is noted that not only the nodal values of φ but also of dφ/dx are
incorporated into the conversion system and this imposition is done in an exact
manner owing to the presence of integration constants. Solving (7) yields

ŵ = I−1φ̂. (8)
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Substitution of (8) into (6), (5) and (4) leads to
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where {ϕi(x)}4i=1 is the set of basis functions in the physical space. These
expressions allow one to compute the values of φ, dφ/dx, and d2φ/dx2 at any
point x in [x1, x2] in terms of four nodal unknowns, i.e. the values of the field
variable and its first-order derivatives at the two extremes (also grid points) of the
element.

For convenience, we denote

µi =
d2ϕi(x1)

dx2
, (15)

νi =
d2ϕi(x2)

dx2
, i = {1, 2, 3, 4}. (16)

3.2 Semi-interior elements

As mentioned earlier, a semi-interior element is defined by two nodes: an interior
node and a boundary node. The subscripts 1 and 2 are now replaced with b
(b represents a boundary node) and g (g an interior grid node), respectively
(Figure 2b). Assume that the value of φ is given at xb. The conversion system
can be formed as
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(17) leads to

φ(x) = ϕ1(x)φb + ϕ2(x)φg + ϕ3(x)
dφg

dx
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For convenience, we denote

θi =
dϕi(xb)

dx
, i = {1, 2, 3}. (21)

It can be seen that the conversion matrix in (17) is under-determined and its
inverse can be obtained using the SVD technique (pseudo-inversion). Owing to
the facts that point collocation is used and the RBF conversion matrix is not over-
determined, the boundary condition φb is imposed in an exact manner. For other
types of semi-interior elements, the reader is referred to An-Vo et al. [22] for
details.

4 Proposed 2-node IRBFE collocation method for structures
with material discontinuity

4.1 IRBFE collocation method for continuous property regions

Consider node P in Figure 3a where material property is continuous. We can form
2 IRBFEs at P , namely elements MP and PN assumed as interior elements. Both
MP and PN can be used to approximate the second-order derivative in equations
(1) or (2) at P . We choose MP here and use (14), noting (16), yielding

d2uP

dx2
= ν1uM + ν2uP + ν3

duM

dx
+ ν4

duP

dx
. (22)

It can be seen that there are two unknowns at P , i.e. uP and duP /dx. One thus
needs to generate two independent equations. The first equation is obtained by
conducting point collocation of the governing equation at P , i.e. by substituting
(22) into (1) or (2). The other equation can be formed by enforcing the local
continuity of d2u/dx2 across the elements at P(

d2uP

dx2

)
L

=
(

d2uP

dx2

)
R

, (23)

where (.)L indicates that the computation of (.) is based on the element to the left
of P , i.e. element MP, and similarly subscript R denotes the right element PN.
The left of equation (23) is replaced by (22) and the right by a similar expression
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(a)

M NPmaterial 1 (E1) material 1 (E1)

(b)

M NPmaterial 1 (E1) material 2 (E2)

Figure 3: Material property at a nodal point P can be continuous (a) and
discontinuous (b).

obtained via (14), noting (15), yielding

ν1uM + ν2uP + ν3
duM

dx
+ ν4

duP

dx
= µ1uP + µ2uN + µ3

duP

dx
+ µ4

duN

dx
. (24)

4.2 Proposed treatment for material property discontinuity

If the material property is discontinuous at P as shown in Figure 3b, elastic moduli
E1 and E2 are associated with regions to the left and right of P respectively. At
P , the displacement field is continuous and the strain field is discontinuous. As
a result, we have a unique value of displacement uP and two different values
of strain, namely (duP /dx)L and (duP /dx)R, to the left and right side of P
respectively. The continuous condition of stress field at P yields

E1

(
duP

dx

)
L

= E2

(
duP

dx

)
R

. (25)

We propose to approximate the left and the right of (25) by elements MP and
PN , respectively, as semi-interior elements here. Consider that M ≡ g, P ≡ b in
the former; P ≡ b, N ≡ g in the latter and make use of (19), noting (21), equation
(25) becomes

E1

(
θ1uP + θ2uM + θ3

duM

dx

)
= E2

(
θ1uP + θ2uN + θ3

duN

dx

)
. (26)

It is noted that (22) and (24) will be slightly different if M or N is at the Dirichlet
boundary or at the bimaterial interface where (20) for semi-interior elements is
used instead of (14).

Collection of the discretised equations (22), continuity equations (24) at the
appropriate nodal points P , and (26) at the bimaterial interface leads to a square
system of algebraic equations that is very sparse and banded. This system of
equations is solved to yield for the displacement field at all nodal points and the
strain field at all nodal points except the nodal point at the bimaterial interface. It
can be seen that the solution is C2-continuous except at the bimaterial interface
which is what it should be.
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5 Numerical results

The proposed method denoted by IRBFE-WT is applied to solve a simple clamped-
free bimaterial bar governed by equations (1) and (2). Material parameters are
E1 = 200 GPa, E2 = 70 GPa. The geometry is defined by L = 50 mm, d =
L/2 = 25 mm. The numerical value of P has been chosen as P = −100 MPa. The
results are compared with an IRBFE collocation method without the discontinuity
treatment (denoted by IRBFE-WoT), FEM, and the analytic solution given in (3).

Figure 4 displays the axial displacement and strain along the bar by using 21
uniformly distributed nodes and β = 15. IRBFE-WoT method cannot capture the
exact displacement and strain fields while results by using IRBFE-WT method
are in good agreement with the exact solution. FEM gives a zigzag strain field as
shown in Figure 4b.

Table 1 presents errors obtained by the present method, the IRBFE-WoT and
FEM using 11 uniformly distributed nodes. IRBFE-WT and IRBFE-WoT are
conducted in a wide range of MQ-width parameter β. It can be seen that by
increasing the value of β the accuracy is improved significantly by the IRBFE-WT

Table 1: Relative L2 errors of the axial displacement u and the axial strain du/dx
by using 11 uniformly distributed nodes and increasing values of β. Note
that a(b) means a × 10b, IRBF1=IRBFE-WoT, and IRBF2=IRBFE-WT.

Ne(u) Ne(du/dx)

β IRBF1 IRBF2 FEM IRBF1 IRBF2 FEM

1 6.27(-1) 5.09(-2) 4.10(-3) 7.61(-1) 1.02(-1) 7.82(-2)

5 7.04(-1) 3.20(-3) 8.31(-1) 6.50(-3)

10 7.08(-1) 8.28(-4) 8.35(-1) 1.70(-3)

15 7.09(-1) 3.69(-4) 8.35(-1) 7.39(-4)

20 7.09(-1) 2.09(-4) 8.36(-1) 4.16(-4)

30 7.09(-1) 9.25(-5) 8.36(-1) 1.85(-4)

40 7.09(-1) 5.21(-5) 8.36(-1) 1.04(-4)

50 7.09(-1) 3.33(-5) 8.36(-1) 6.66(-5)

60 7.09(-1) 2.31(-5) 8.36(-1) 4.63(-5)

70 7.09(-1) 1.70(-5) 8.36(-1) 3.40(-5)

100 7.09(-1) 8.33(-6) 8.36(-1) 1.67(-5)
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Figure 4: Axial displacement and strain by using 21 uniformly distributed nodes
and β = 15.
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method. At β = 100, IRBFE-WT gives about 3 orders of magnitude improvement
for both displacement and strain fields in comparison with FEM.

6 Concluding remarks

In this paper, we have successfully developed a high-order collocation method
based on 2-node IRBFEs for structures with material interface. The proposed
method can capture the discontinuity of the strain field accurately.
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