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Abstract 

In this paper the buckling of viscoelastic plates is studied. The constitutive 
equations of the viscoelastic material are expressed in differential form using 
fractional derivatives. The proposed analysis is illustrated with the fractional 
Kelvin-Voigt and fractional Standard solid models. Plates of arbitrary shape with 
any type of boundary conditions under interior and edge conservative membrane 
loads are considered. The principle of the analog equation is applied to convert 
the original equation into a plate equation (biharmonic) under a fictitious load. 
Subsequent application of the BEM enables the spatial discretization resulting 
thus an initial value problem for the values of the fictitious load, which is a 
system of linear Fractional Differential Equations (FDEs) with respect to time. 
Using a property of the Mittag-Leffler function a dynamic criterion is established 
and the eigenvalue problem for the evolution equations is converted into an 
eigenvalue problem of linear algebra, which permits the evaluation of the 
buckling loads of the viscoelastic plate. Several plate problems are studied and 
interesting conclusions on the effect of viscoelasticity on bucking of thin plates 
are drawn. 
Keywords: thin plates, viscoelastic, fractional derivative models, buckling, 
boundary element method, analog equation method. 

1 Introduction 

The buckling of viscoelastic structures modelled with integral or integer order 
differential constitutive equations has been investigated by several authors [1–3]. 
There are papers dealing with the stability of viscoelastic beams [4–7] and 
viscoelastic plates under conservative loads [8–10] using such models. In the last 
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years many researchers have shown that the response of real viscoelastic 
structures is described accurately using fractional derivatives with much less 
parameters than the classical models. However their use leads to partial 
fractional differential equations, whose mathematical treatment is very difficult. 
Therefore the literature is limited on viscoelastic structures modelled with 
fractional derivatives [11–13]. Recently, Katsikadelis developed a numerical 
method to solve ordinary fractional differential equations [14] that was extended 
to partial ones. This paved the way to analyse viscoelastic structures described 
with fractional derivative models. Using this technique Katsikadelis and 
Babouskos [15] studied recently the postbuckling response of viscoelastic plates 
modelled with fractional derivatives. 
     In this paper the linear buckling of viscoelastic plates modelled with 
generalized fractional differential constitutive equations is investigated. The 
plate has an arbitrary shape and is subjected to any type of boundary conditions 
under interior and edge conservative membrane loads. The governing equation 
and the boundary conditions are first written in terms of stress resultants. Then 
application of the differential operator of the viscoelastic constitutive equations 
[1, 7] yields an evolution partial differential equation in terms of the transverse 
displacement. The proposed analysis is illustrated with two fractional 
viscoelastic models, namely the fractional Kelvin-Voigt model and the fractional 
Standard solid model. The principle of the analog equation [16] is applied to 
convert the original equation into a plate equation (biharmonic) under a time 
dependent fictitious load, unknown in the first instance. Then application of the 
BEM yields the semi-discrete evolution equations, which is a system of linear 
ordinary FDEs. Assuming the Mittag-Leffler function [17] as the solution of 
homogeneous system, we obtain an eigenvalue problem of linear algebra, which 
permits the evaluation of the buckling loads. Several plate problems are 
examined and interesting conclusions on the effect of viscoelasticity on bucking 
of thin plates are drawn. 

2 Governing equations 

We consider a thin elastic plate of uniform thickness h  occupying the two 
dimensional multiply connected domain W  of the xy  plane with boundary 

=G È G0
K

ii  (Fig. 1). The non intersecting curves G = ( 0,1,2,..., )i i K  may be 

piece-wise smooth. There are cN  corner points along the boundary. The 
boundary may be simply supported, clamped, free or elastically supported with 
transverse stiffness ( )Tk x  and rotational stiffness ( )Rk x , Î G: ( , )x yx . The 

plate is subjected to inplane loads ,x yp p  inside W  as well as edge inplane forces 
* *,n tN N . 

     Applying the principle of virtual work, we obtain 
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 * *+ + + =, , 0n n n t t TV N w N w k w  or   = 0w    on G  (2a) 

 - =, 0n nRM k w  or   =, 0nw     on G  (2b) 

  - =( ) ( ) 0k k
ntT kk w M  or =( ) 0kw    at corner point k (2c) 

where w  is the transverse deflection of the plate and , ,x y xyM M M  are the 

bending and twisting moments of the plate; nV  and nM  are the equivalent shear 
force and the normal bending moment along the boundary and 
  + -= -nt ntntkM M M  is the discontinuity jump of the twisting moment at the 

corner point k . , ,x y xyN N N  are the stress resultants due to the membrane 

loading obtained from the solution of plane stress problem and are assumed to be 
time independent, that is they are obtained from the elastic solution. In this 
investigation, the plane stress problem is solved using the conventional 
BEM [18]. 
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Figure 1: Plate geometry and supports (c=clamped, ss=simply supported, 
f=free).  

     For the elastic material the stress resultants are written as  
 ( )n= - +, ,x xx yyM D w w , ( )n= - +, ,y xx yyM D w w  (3a, b) 

 ( )n= - -1 ,xy xyM D w  (3c) 

 =nV Vw ,    =nM Mw ,    =ntM Tw  (4a, b, c) 

where n= -3 2/(1 )D Eh  is the flexural rigidity of the plate. The operators 

,V M  and T  are given as [19] 

 n k
é ùæ ö¶ ¶ ¶ ¶ ÷çê ú÷= -  + - -ç ÷ê úç ÷÷ç¶ ¶ ¶ ¶ ¶è øê úë û

2
2 (1 )V D

n s s n s
 (5a) 

 n k
é ùæ ö¶ ¶ ÷çê ú÷= -  - - +ç ÷ê úç ÷÷ç ¶¶è øê úë û

2
2

2(1 )M D
ns

, n k
æ ö¶ ¶ ÷ç ÷= - -ç ÷ç ÷÷ç¶ ¶ ¶è ø

2

(1 )T D
s n s

(5b, c) 

S  S  

 
 www.witpress.com, ISSN 1743-355X (on-line) 
WIT Transactions on Modelling and Simulation, Vol 52, © 2011 WIT Press

Boundary Elements and Other Mesh Reduction Methods XXXIII  37



     The constitutive equations of the viscoelastic material are written in 
differential form [1, 20] and can be generalized by replacing the integer order 
derivatives with fractional derivatives [11, 12]. Thus for the plate bending 
problem the viscoelastic constitutive equations can be written as 
 ( )n= - +, ,x xx yyM D w wP Q  (6a) 

 ( )n= - +, ,y xx yyM D w wP Q  (6b) 

 ( )n= - -1 ,xy xyM D wP Q  (6c) 

where ,P Q  are fractional differential operators with respect to time defined as  

 a

=

= å
0

k

l

k c

k

p DP , a

=

= å
0

k

m

k c

k

q DQ  (7a, b) 

in which ka
cD  is the Caputo fractional derivative of order ak , with a =0 0 , and 

,k kp q  are the viscoelastic parameters, which should satisfy certain conditions 
resulting from second law of thermodynamics [11]. Note that for = = 0l m  it 
is = = 1P Q  and eqns (6) give the constitutive equations (3) of the elastic 
material. Similarly the equivalent shear force, the normal bending moment and 
the twisting moment along the boundary can be written as 
 =nV VwP Q ,  =nM MwP Q ,  =ntM TwP Q  (8a, b, c) 
     Applying operator P  on eqns (1) and (2) we obtain the equations and the 
boundary conditions of the plate bending problem in terms of the transverse 
deflection w  [1, 7]. Thus we obtain 

 
+ + +

+ + - - =
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  - =( ) ( ) 0k k
ntT kk w MP P  or =( ) 0kw      at corner point k (10c) 

which by virtue of eqn (6) and (8) become  
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 * *+ + + =, , 0n n t t TVw N w N w k wQ P P P  or   = 0w    on G  (12a) 

 + =, 0nRMw k wQ P  or   =, 0nw     on G  (12b) 

  - =( ) ( ) 0k k
T kk w TwP Q  or =( ) 0kw   at corner point k (12c) 

     The above equations are fractional differential equations with respect to time. 
The number of the initial conditions that are needed for the solution of eqn (11)-
(12) depends on the order of the viscoelastic constitutive equation. Thus in the 
general case the initial conditions can be written as  

 =
( , 0)

( )
k

kk

d w
g

dt

x
x , ( = 0,1,2..,k n ) (13) 

where ( )kg x  is a known function and Î n  with a- < <1 kn n . 
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     For the fractional Kelvin-Voigt model (Fig 2a) it is = =0, 1l m  and 

= =0 01, 1p q  with h=1q  being the viscous parameter. Thus eqn (11) 

becomes 

 
ah +  -

- - + + =

4 4 ,

            2 , , , , 0
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xy xy y yy x x y y

D w DD w N w

N w N w p w p w
 (14) 
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Figure 2: (a) The fractional Kelvin-Voigt model and (b) the fractional 
Standard solid model in uniaxial representation.  

     For the fractional Standard solid model (Fig. 2b) it is = = 1l m  and =0 1p , 

1 / (1 )p b bh= + , 0 / (1 )q b b= + , 1 / (1 )q b bh= +  [21] where h,b  are 

parameters of the viscoelastic material. Thus eqn (11) becomes 
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x x c x y y c y

q D w q DD w N w p D w

N w p D w N w p D w

p w p D w p w p D w

 (15) 

     Equations (14) and (15) are fractional differential equations of order 
a< £0 1  with respect to time, therefore only one initial condition, namely the 

initial displacement, is required. Since we study the stability of the plate, we 
suppose that the plate is initially undeformed. Thus the initial condition is  
 

 =( , 0) 0w x  (16) 

     In this investigation the time dependent terms in the boundary conditions of 
the viscoelastic plate are neglected. It can be shown that when the plate is 
initially undeformed and for = = 0T Rk k  the time dependent terms do not 
appear in the boundary conditions. The influence of these terms will be the 
subject of a forthcoming paper. Thus, the boundary conditions for both 
viscoelastic models are given by eqn (12) with = = 1P Q .  

3 The solution procedure 

The initial boundary value problem (11)-(12) is solved using the AEM. The 
analog equation for the problem at hand is 
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  = = Î W4 ( , ), { , }w b t x yx x  (17) 

where ( , )b tx  represents a fictitious load, unknown in the first instance. Eqn (17) 

under the boundary conditions (12) is solved using the BEM as presented in [15]. 
This yields 

 
=

= å
1

, ( , ) ( ) , ( )
M

pqr k k pqr

k

w t b t Wx x , =, , 0, ,p q r x y  Î Wx  (18) 

where ,pqrkW  are known functions and ( )kb t  the values of the fictitious load at 

the M  collocation points inside W . Note that the above notation implies 
=000,w w , =0 0, ,y yw w , etc. Applying eqn (18) for the M  internal nodal points 

we obtain 
 =, ,pqr pqrw W b  (19) 

     Further, collocating the governing equations at the M  internal nodal points 
and using eqn (19) to express the involved derivatives in terms of b  we obtain:  
(i) For the elastic plate  
 m- =( ) 0K F b   in W   (20) 

where m  is the buckling parameter and ,K F  are ´M M  known matrices 

defined as 
 = DK I  (21a) 
 = + + - -, 2 , , , ,xy yy xW W Wx xx xy y x y yF N W N N W p p  (21b) 

with I  being the identity matrix and , , , ,x xy y x yN N N p p  are ´M M  diagonal 
matrices including the values of the membrane forces and membrane loads at the 
M  internal nodal points. It should be noted that in this case the fictitious load b  
does not depend on time. Eqn (20) constitutes an eigenvalue problem of linear 
algebra, which can be solved for the critical values of the load parameterm . 

(ii) For the fractional Kelvin-Voigt plate 
 ah m+ - = 0cDK b K F  (22) 

(iii) For the fractional Standard solid plate 
 am m- + - =1 1 0( ) 0cq p D qK F b K F  (23) 

     For =(0) 0b , eqns (22) and (23) constitute eigenvalue problems for the 

buckling parameter m . The stability of the fractional differential equations (22) 

and (23) can be studied by introducing a dynamic criterion analogous to that for 
elastic structures. Thus, observing that for Mittag-Leffler function a

a l,1( )E t  

holds [17] 

 a a a
a al l lé ù =ê úë û,1 ,1( ) ( )cD E t E t  (24) 

we can assume a solution of eqns (22) and (23) of the form 
 
 a

a l= ,1( ) ( )t E tb b  (25) 

where b  is a constant vector, and l Î   is a parameter. Note that for 1a =  it 
is 1,1

tE el= . Therefore, the parameter l  plays here the role of the 
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eigenfrequency of free vibrations. Substituting eqn (25) into eqn (22) and taking 
into account eqn (24) we obtain 
 ( )hl m+ - = 0K K F b  (26) 

     Similarly eqn (23) becomes 
 ( )[ ]l m m- + - =1 1 0 0q p qK F K F b  (27) 

     Equations (26) and (27) constitute generalized eigenvalue problems of linear 
algebra. For a given value of the load parameter m  the solution of the eigenvalue 

problems (26) and (27) give the eigenvalue l  which in general is a complex 
number. The stability of the plate is determined by writing the eigenvalue l  in 

polar form fl r= ie  and taking into account the asymptotic response of the 

Mittag-Leffler function as  ¥t  [17]:  

(a) a f
a r ,1( ) 0iE t e  when / 2f ap>  

(b) a f
a r,1( )iE t e  remains bounded when / 2f ap=  

(c) a f
a r  ¥,1( )iE t e  when / 2f ap<   

 

     Hence, by increasing the load parameter m  the plate becomes unstable if 

/ 2f ap<  (Fig. 3). The threshold of instability is / 2f ap= . If the 

eigenvalue l  is a real number the plate becomes unstable when l > 0 . 
 

Im

Re

apf <
2

apf >
2

ap /2

ap/2

stable unstable

 

Figure 3: Stability region. 

4 Examples 

4.1 Example 1 

The simply supported square plate of uniform thickness = 0.1mh  of Fig. 4 is 
subjected to a uniform membrane load along the edges with = 0x  and = 4x . 
Due to inplane boundary conditions the produced membrane forces are 

= -xN P  and = = 0xy yN N . First the elastic plate is studied. The elastic 

parameters are = ´ 6 221 10 kN/mE  and n = 0.25 . The results were obtained 

with = 200N  boundary elements.  
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Figure 4: Boundary conditions of plate in example 1.  

     Table 1 presents the first four buckling loads of the elastic plate for various 
values of the internal nodal points and the results are compared with the exact 
ones [22]. Next the response of the Kelvin-Voigt plate is studied. The results 
were obtained with = 236M  internal nodal points resulting from 312 linear 
triangular domain elements. Fig. 5 presents the first four eigenvalues l  as the 
load P  increases for h = 1 . In this case the eigenvalues are real numbers and  
 

Table 1:  Buckling loads of the elastic plate for various values of the internal 
nodal points.  

M  
Buckling loads 

1 2 3 4 
145 4682.40 7483.87 13789.24 19620.16 
236 4651.44 7371.86 13402.42 19144.91 
329 4636.32 7312.76 13202.77 18901.36 
401 4629.79 7288.81 13118.50 18800.78 

Exact [22] 4605.82 7196.59 12793.93 18423.26 
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Figure 5: Load-eigenvalue curves for Kelvin-Voigt plate ( h = 1 ). 
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plate becomes unstable when l > 0 . Fig. 6 presents the load -1st eigenvalue 
curves for various values of the viscous parameter h . The critical loads of the 

Kelvin-Voigt plate are the same with that of the elastic plate. Similar results 
were obtained in [1, 7] who studied the stability of the viscoelastic beams. 
Finally, the stability results do not depend on the order of the fractional 
derivative a . However, the postbuckling response of the viscoelastic plate is 
affected by the fractional derivative a  as it is shown in [15]. 
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Figure 6: Load-1st eigenvalue curves for various values of h  for Kelvin-

Voigt plate. 

4.2 Example 2 

The stability of the fractional Standard solid plate of fig. 4 is studied. Fig. 7 
presents the 1st eigenvalue as the load P  increases for = 2b  and for various 
values of h . The eigenvalues are real numbers and instability occurs when 

l > 0 . The buckling load does not depend on the parameter h  or on the order of 

the fractional derivative a . Fig. 8 presents the load-eigenvalue curves for h = 1  

and various values of the parameter b . It is observed that the buckling load 
increases as the parameter b  increases.  
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Figure 7: Load-1st eigenvalue curves for various h  ( = 2b ). 
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Figure 8: Load-1st eigenvalue curves for various values of b  ( h = 1 ). 

     For = 0b  the buckling load is = 0crP . In this case the Standard solid model 
is transformed to the Maxwell viscoelastic model which is suitable for fluid 
materials [1]. As the parameter  ¥b  the buckling load of the viscoelastic 
plate approaches the buckling load of the elastic plate (see Example 1). In this 
case the behaviour of the Standard solid model approaches the behaviour of the 
elastic material. The postbuckling response of the Standard solid model is more 
complicated and can be studied by integration of the evolution equations [1, 7]. 

5 Conclusions 

The linear buckling problem of viscoelastic plates is studied. The plate has an 
arbitrary shape and is subjected to any type of boundary conditions under interior 
and edge conservative membrane loads. The governing equations are partial 
fractional differential equations. The AEM is applied to convert the initial 
boundary value problem of the viscoelastic plate to an initial value problem. 
Based on a property of the Mittag-Leffler function a dynamic criterion is 
developed, which converts the initial value problem into an algebraic eigenvalue 
problem. The latter permits the evaluation of the buckling loads.  
     It is observed that the stability of the plate does not depend on the order of the 
fractional derivative a  or the viscous parameter h  of the viscoelastic model, 

contrary to the postbuckling response which is affected by the viscoelastic model 
[7, 15]. For the Standard solid model the parameter b  changes significantly the 
buckling load of the plate. An advantage of the presented procedure is that it 
avoids the direct time integration of the evolution equations to establish the 
buckling loads 
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