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Abstract

The Method of Fundamental Solutions is now a well established technique that has
proved to be reliable for a specific range of wave problems such as the scattering
of acoustic and elastic waves by obstacles and inclusions of regular shapes. The
goal of this paper is to show that the technique can be extended in order to solve
transmission problems whereby an incident acoustic pressure wave impinges on a
poroelastic material of finite dimension. For homogeneous and isotropic materials,
the wave equation for the fluid phase and solid phase displacements are found to be
decoupled thanks to the Helmholtz decomposition. This allows a systematic way
for obtaining an analytic expression for the fundamental solution describing the
wave displacement field in the material. The efficiency of the technique relies on
choosing an appropriate set of fundamental solutions as well as properly imposing
the transmission conditions at the air-porous interface.

In this paper, we address this issue showing results involving bidimensional
scatterers of various shapes. In particular, it is shown that reliable error indicators
can be used to assess the quality of the results. Comparisons with results computed
using a mixed pressure-displacement finite element formulation illustrate the great
advantage of this new technique both in terms of computational resources and
mesh preparation.
Keywords: method of fundamental solutions, Biot’s equations, poroelastic, porous
material, scattering.
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1 Introduction

Poroelastic materials are often used for their good sound absorbing capabilities in
the middle and high frequency range. Typical applications can be found in the con-
text of the transport noise reduction or to enhance the quality of the room acous-
tics. The description of wave propagation in porous media is not limited to audible
acoustics as the Biot’s model [1] was originally developed for geologic applica-
tions. Because of their inherent diphasic features and the strong contrasts that may
exist between the solid and the fluid phases, the waves propagation modeling re-
mains a difficult task often leading to heavy computational costs. In the context
of Finite Element Method (FEM), some developments have been proposed using
Lagrange or hierarchical finite elements [2, 3, 4]. Because of the disparity of scale,
the so-called poroelastic elements have a slower convergence than purely elastic or
fluid element [3]. To make the matter worst, Biot’s equations are frequency depen-
dent and large FEM system matrices have to be recalculated for each frequency.
For homogeneous and isotropic materials, the Boundary Element Method (BEM)
offers an alternative [5]. The method has the great advantage to reduce the entire
problem to only unknowns on the boundaries. However, the system matrix is full
and there is still the need to discretize the boundary domain as well as performing
regular and singular integrations over each boundary elements.

In the past decade, several researchers have focused their work on meshless
methods in order to avoid the time-consuming problem originated in mesh gener-
ation for complicated geometries. In this regard, the Method of Fundamental So-
lution (MFS) has been shown to be efficient for solving a large variety of physical
problems as long as a fundamental solution of the underlying differential equa-
tion(s) is known. In particular the MFS is suitable for scattering problems by
choosing appropriate fundamental solutions satisfying the radiation condition at
infinity. The method shares the same advantages as BEM over domain discretiza-
tion methods because there is no need to create a mesh over the entire domain.
Furthermore, as no integration is needed, some numerical difficulties encountered
with BEM are avoided. For comprehensive reviews on applications of the MFS
one can refer to Fairweather et al. [6, 7].

In this work, we are interested in applying as well as assessing the MFS for
the simulation of the 2D acoustic wave scattering by a poroelastic material. Af-
ter presenting the MFS formulation in Section 2, the method’s performances are
measured against an academic problem for which exact analytical solutions are
available. In particular, it is shown that reliable error indicators can be used to as-
sess the quality of the results. The last section shows practical applications with
comparisons with a FE model.

2 Formulation of the method

Consider a time-harmonic acoustic plane wave ϕinc
0 = exp ik0ζ · x (with the con-

vention e−iωt) in an unbounded exterior propagative domain Ωe incident upon
one (or more) poroelastic inclusion(s) denoted by Ωi with boundary Γ as shown in
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Figure 1: Scattering geometry.

Fig. 1. We call n, the unit outward normal vector to Ωi. In the surrounding acoustic
domain Ωe, the fluid is inviscid and the acoustic displacement potential ϕ0 obeys
the wave equation

Δϕ0 + k2
0ϕ0 = 0. (1)

Here, k0 = ω/c0 is the classical wavenumber defined as the ratio of the angu-
lar frequency ω and the sound speed c0. To express the transmission conditions
at the interface Γ, it is convenient to introduce the particle displacement pertur-
bation w = ∇ϕ0. With this definition, the acoustic pressure is obtained from the
linearized momentum equation as p = ρ0ω

2ϕ0. In (1) it is natural to split the po-
tential into an incident and a scattered part as ϕ0 = ϕinc

0 +ϕsc
0 (and similarly for the

pressure and displacement). Here we require the scattered field to satisfy the usual
Sommerfeld radiation condition at infinity. In the poroelastic inclusions the acous-
tic waves propagation are described by Biot’s model [1]. This latter is grounded
on the superposition of a fluid phase and a solid phase which are coupled together
and respectively described by the fluid phase displacement U and the solid phase
displacement u. For time-harmonic representation, we have the following coupled
system [1]

∇ · σs + ω2(ρ11u + ρ12U) = 0, (2)

∇ · σf + ω2(ρ12u + ρ22U) = 0. (3)

Solid and fluid phase stress tensors are given by

σs = (A∇ · u +Q∇ · U) I + 2N εs, (4a)

σf = (Q∇ · u +R∇ · U) I, (4b)

where εs = 1/2(∇u+(∇u)t) is the usual strain tensor and I is the identity matrix.
The total stress tensor σt is, by definition, the sum of σf and σs. Biot’s coefficients
A,N,Q,R are related to the material properties by the Allard-Johnson model.
Their expressions can be found in the literature or in the reference textbook [8]
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as well as the other quantities introduced in this section. These quantities are all
complex and frequency-dependent, A and N correspond to the Lamé coefficients,
R is the effective bulk modulus of the fluid phase and Q indicates the coupling
of the two phases volumic dilatation. The imaginary part of A and N includes
the structural damping and, in Q and R this part includes the thermal dissipation.
The imaginary parts of the effective density coefficients ρ11, ρ22 and ρ12 take into
account viscous damping. Now, the complete solution to the problem is found after
applying the classical air-porous transmission conditions [9, 10] on the interface
Γ, i.e.

pp − psc = pinc , (5a)

φU · n + (1 − φ)u · n − wsc · n = winc · n , (5b)

σtn + psc n = −pinc n . (5c)

Here φ is the porosity and the pore pressure pp is obtained from the fluid phase
tensor as − Iφpp = σf .

For homogeneous and isotropic materials, the wave equation for the fluid phase
and solid phase displacements are found to be decoupled thanks to the Helmholtz
decomposition. Both solid and fluid displacement fields are then written as

u = ∇ϕ+ ∇∧ (ϕ3 · e3) and U = ∇χ+ ∇∧ (Θ · e3). (6)

After equations decoupling, we have [8]: ϕ = ϕ1 + ϕ2 and χ = μ1ϕ1 + μ2ϕ2

where

μi =
Pk2

i − ω2ρ11

ω2ρ12 −Qk2
i

, i = 1, 2, (7)

are the waves amplitude ratios between the two phases in the porous material
(here, P = A + 2N ). Similarly, the potential Θ is simply obtained as Θ = μ3ϕ3

with μ3 = ρ12/ρ22. Under this form, each potential ϕi (i = 1, 2, 3) fulfills the
Helmholtz equation

Δϕi + k2
i ϕi = 0, (8)

and the associated complex wavenumbers are given explicitly in [8]. Physically,
there are two compressional waves associated with ϕ1, ϕ2 and one rotational
(shear) wave associated with ϕ3. They all propagate in the two phases and their rel-
ative contribution are given by the coefficients μi. If such a decomposition holds
in elastodynamics, the coexistence of two phases in the poroelastic media adds
another fluid-born compressional wave which is not present is elastic solids.

The MFS theory starts by choosing an appropriate set of fundamental solu-
tions for both propagative domains Ωe and Ωi. In the acoustic domain, a natural
choice is to pick these solutions using the well-known free field Green function,
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i.e. G0(x,y) = i/4H0(k0 |x − y|). So we seek the scattered field as a distribution
of monopole

psc(x) = ρ0ω
2

Q0∑
q0=1

A0
q0
G0(x,y0

q0
), (9)

where source points y0
q0

are chosen to be located on Γ̂0 in Ωi. The displacement
vector is obtained by simply taking the gradient. To simulate the wave field in the
inclusion, a possible choice is to use fundamental solutions for poroelastic media
which explicit form can be found, for instance, in [11]. An easier option is to
construct these solutions by simply expanding each potential in the form

ϕi(x) =
Qi∑

qi=1

Ai
qi
Gi(x,yi

qi
), for i = 1, 2, 3, (10)

whereGi(x,y) = i/4H0(ki |x − y|) is the fundamental solution for the Helmholtz
equation. Here,Qi is the number of source points yi

qi
associated with the ith poten-

tial and the Ai
qi

’s are unknown amplitudes. These points are located on a fictitious

boundary Γ̂i in the exterior domain Ωe as shown in Fig. 1. The influence of the
location of the source points on the quality of the solution will be discussed in
the next section. Now, using these expansion in (6), we find the expression for the
different physical quantities involved:

φpp(x) =
2∑

i=1

k2
i (Q+ μiR)

Qi∑
qi=1

Ai
qi
Gi(x,yi

qi
) (11a)

u(x) =
2∑

i=1

Qi∑
qi=1

Ai
qi
∇Gi(x,yi

qi
) +

Q3∑
q3=1

A3
q3
∇⊥G3(x,y3

q3
) (11b)

U(x) =
2∑

i=1

Qi∑
qi=1

Ai
qi
μi∇Gi(x,yi

qi
) +

Q3∑
q3=1

A3
q3
μ3∇⊥G3(x,y3

q3
) (11c)

where ∇⊥ ≡ (∂x2 ,−∂x1)
t stands for the orthogonal gradient operator. From these

expressions and using (4), we finally get the normal total stress tensor σt. The
explicit forms for the tensor coefficients are too cumbersome to be inserted in this
paper. Note that other type of solutions could have been considered (Green func-
tions and/or their derivatives or plane waves for instance) and the present choice
was mainly motivated for its simplicity. Furthermore, it has the great advantage of
allowing us to specify independently the number of source points Qi for each kind
of wave, this is not the case when using the Green function. In this respect, our
method does not fall strictly into the category of the MPS since it does not rely on
the Biot’s equations displacements fundamental tensor.
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Now, given a set of Ncol collocation points xl (l = 1, . . . , Ncol). on Γ, substi-
tuting (11) in the transmission conditions (5) at each collocation point yields three
linear system of the form

MαA = Finc
α , α = a,b, c. (12)

Here, subscript α refers to the type of condition involved (there is one system for
each condition (5a), (5b), (5c)). The right hand side vector Finc

α stems from the
incident wave (pressure and displacement). The unknown vector A contains the
amplitudes of all sources. Since the acoustic displacement is expected to behave
like |w| ∼ k0φ0, it is judicious to rescale the cinematic conditions (5b) by multi-
plying the associated lines by ρ0c0ω. This yields the matrix system

MA = Finc. (13)

In this work, early results showed that it is preferable for reasons of stability to
consider more collocation points than the number of unknowns Ndof =

∑3
i=0Qi.

To be more specific, it was found that taking Ncol = 2Ndof guarantees that results
have converged, i.e. the numerical solution becomes insensitive to the number of
collocation points. In the following, all calculations are performed using this ratio.
Note that when dealing with ‘nice’ shaped inclusions (the circular scatterer for
instance), the MFS has been observed to perform a bit better with interpolation
schemes (i.e. Ncol = Ndof ) than least-square schemes (Ncol > Ndof ). However, it
was found preferable for the sake of robustness and generality to favor the second
approach.

After multiplying by the hermitian transpose M† we finally get

M†MA = M†Finc. (14)

The two advantages for doing this operation are (i) having to deal with a hermitian
square system and (ii) that a simple error estimator is available. Indeed, coming
back to the original problem (12), we can define the a posteriori error estimator
for each conditions at the interface (α = a,b, c). So we put

Eα = 100

∥∥MαA − Finc
α

∥∥
2

‖Finc
α ‖2

, (15)

where A is solution of (14).
As for the choice for the source points positions, we follow Alves [12] and take

these points along the discrete normal direction, so we put yi
qi

= ŷi
qi

+ si ñi
qi

where points ŷi
qi

(qi = 1, . . . , Qi and i = 0, . . . , 4) are distributed on Γ and ñi
qi

is
the approximate normal vector defined by

ñi
qi

=
(ŷi

qi+1 − ŷi
qi−1)

⊥

maxqi
|ŷi

qi+1 − ŷi
qi−1|

. (16)

Here, symbol ⊥ signifies that we take the orthogonal vector pointing outward. The
normalization is chosen here for pure convenience to make sure that the normal
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vectors amplitudes never exceed the unity and that coefficients si correspond to
the farthest distance from the interface Γ.

3 Validations for the circular-shaped inclusion

We shall validate and assess the efficiency of the method on the specific case of
the scattering of a horizontal acoustic plane wave by a circular-shaped poroelastic
inclusion. In polar co-ordinates, the inner and outer wave fields can be represented
by separable solutions. Each potential is given by infinite series which are well
behaved allowing us to produce very accurate results without deterioration at high
frequency. The derivation of the exact form for these solutions is quite lengthy
and this will not be inserted in the present paper. For a proper assessment of the
method’s performance, it is convenient to define the relative error on the boundary
for each physical quantity (call it X):

Ê(X) = 100

∥∥∥X − X̂
∥∥∥

2∥∥∥X̂∥∥∥
2

, (17)

where X represents either the acoustic pressure, the fluid phase or solid phase
normal displacement or the normal stress at the interface and X is the associated
vector containing the value of X at the collocation points. Here, X̂ stands for a
reference solution vector, either obtained analytically in the present case or numer-
ically computed with another method when analytical solutions are not available.
Now, the aim of this section is to identify the effects of the main parameters of the
problem, namely the sources locations and the number of sources. For this latter,
we are still left with the problem of finding a quasi-optimal relationship between
the Qi’s. Through extremely intensive calculations, not shown here, we found that
choosing the same number for each wave type was probably the best option offer-
ing the best trade-off between accuracy, conditioning and simplicity. This greatly
simplifies the analysis as we can now put Q = Qi for i = 0, . . . , 4 and perform
the analysis with a single parameter Q. Similarly, we take the points ŷi

qi
all equal

and put si = s with s0 = −s. Note this choice seems to be against results given
in [13] where it is advocated that the best option, when using plane waves, is pre-
cisely not to take the same number of wave directions for each type of waves (that
is shear and pressure wave types in the elasticity case) and this is particularly rel-
evant when the ratio between wavenumbers is large. The reasons for this probably
lie in that, plane waves and singular sources behave differently in terms of their
approximation properties and it would be interesting to explore this further via
numerical experiments in the spirit of [14] for instance.

For the sake of illustration we chose a polymer foam (XFM) commonly used in
the transport industry. The materials properties are reported in Tab. 1. To give an
idea of the complex wavenumbers for the wave potentials in the material, we find
that k1 ≈ 17.6 + 1.21i, k2 ≈ 21.4 + 14.1i and k3 ≈ 38.9 + 2.1i (these values
corresponds to the frequency 500 Hz). The corresponding acoustic wavenumber is
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Table 1: Materials properties for the XFM foam. All quantities reported are defined
in [9].

φ σ αinf Λ Λ′ ρ1 N ν

0.98 13.5 1.7 80 160 30 200(1 - 0.05i) 0.35

k0 ≈ 9.2. On Fig. 2 (a) are shown the influence of the source locations as well as
the number of sources (i.e. Q) on the normal solid displacement error un = u · n,
i.e. Ê(un) and the a posteriori error Eb. The evolution of the conditioning (in the
2-norm) of the associated system is also shown (Fig. 2 (b)). Before we comment
on these results, we should point out that we chose to measure the normal dis-
placement error rather than the pressure error for the simple reason that it was
observed, that a small error on the displacement normally guarantees a smaller
error on the pressure (though the opposite is not true). The convergence curves
together with the conditioning curves typically illustrate the MFS paradigm which
many authors have already observed and discussed: ill conditioned systems lead to
accurate results. In the present situation, it is concluded that the further away from
the boundary the source points are (i.e. the higher s), the better the results as long
as the conditioning of the system does not exceed a certain value above which re-
sults are likely to be corrupted by round off errors. This value, say cond2 ≈ 1016,
is in line with standard double precision arithmetic. Note that, in our algorithm,
matrices are inverted using the pinv function from MATLAB so that for very ill-
conditioned matrices (cond2 > 1016) the SVD solver is automatically used with
some thresholding in order to dampen the effects of the round-off errors. In this
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Figure 2: Effects of the sources location on the error and the conditioning
( s = 0.1a, s = 0.2a, s = 0.3a). (a): error on the
solid phase normal displacement for the XFM foam at 1500Hz; line with
markers · refers to Ê(un) error and the simple line to the a posteriori
error Eb. (b): conditioning (2-norm) of M†M.
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matter, we think that better results could perhaps be made by properly filtering the
small singular values. Another approach would be to apply the Tikhonov regular-
ization in order to speed up the computation.

In fact, the most striking feature of these convergence curves is the almost per-
fect adequation between the true error Ê(un) and the its algebraic counterpart, the
a posteriori error Eb and through lots of numerical experiments, we always ob-
serve very good correlations. The mathematical reasons for this goes beyond the
scope of this paper but we believe that in most cases the algebraic a posteriori er-
rors Eα should serve as good error indicators especially when reference solutions
are not available.

4 Numerical examples and concluding remarks

This section describes two examples illustrating the efficiency of the MFS. The
first shows the MFS performances for inclusions presenting geometrical singu-
larities such as corners and in the second example, we tackle multiple scattering
problems with non-convex shaped objects. Because there are no analytical solu-
tions to these problems, all reference solutions are computed using Finite Element
models. These computations are carried using Lagrange quadratic finite element
in both fluid and poroelastic domains. The (u, pp) formulation of Biot’s equa-
tions [2, 9] is used and the non reflecting boundary conditions are implemented
using the Bermudez’s perfectly matched layer formulation [15] (PML). As for the
accuracy of these FE reference solutions, numerical tests carried out on the cir-
cular shaped scattering problem shows that these results are reliable up to around
1 percent of error on the solid phase normal displacement which is acceptable if
engineering accuracy is sought. The first example concerns that of a square-shaped
poroelastic inclusion of side length a = 0.2 m. The incident plane wave is hori-
zontal travelling in the ζ = (1, 0) direction and the frequency is 1500 Hz. In this
scenario, the boundary curve is not analytic and source points around the square
are placed along the normal to the boundary avoiding the corners, see Fig. 3 (a).

a

Figure 3: (a) Square-shaped inclusion. (b) The ‘M’ shaped scatterer. Here symbols
+, ×, ◦ indicate the location of the source points of Ωe and � those of
Ωi. The collocations point on Γ are identified by the · markers.
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Figure 4: (a): Real part of the pressure field on Γ at 1500 Hz for the square-shaped
inclusion; solid line: FEM solution and dots refers to the MFS solution.
(b): Real part of solid phase normal displacement.

In this respect, we found that putting more sources in the vicinity of the corners
did not show any improvement. Comparisons between the MFS and the FE results
are conveniently shown in Fig. 4. Here, the abscissae θ refers the usual polar co-
ordinate of the collocation points on the boundary (the square is centered at the
origin). As expected, the discrepancies are maximum near the corners and this is
particularly noticeable for the displacement curve. The associated global errors
are in good agreements as we found Eb = 4.42% with Ê(un) = 1.88% at 500
Hz and Eb = 4.95% with Ê(un) = 4.31% at 1500 Hz. Here we took Q = 60
(Ndof = 240).

The last numerical experiment concerns a multiple scattering problem with non-
convex objects having the shape of the three letters ‘M’, ‘F’ and ‘S’. The bound-
aries have been drawn using a graphical software and interpolated with Bezier
curves. Fig. 3 (b) shows the location of the source points as well as the colloca-
tion points on the ‘M’ letter. The example considered here is that of an incident
plane wave travelling in the ζ = (cosπ/4,− sinπ/4) direction and the frequency
is 6000 Hz. In our calculation, we took Q = 80 for each scatterer; this yields
Ndof = 3 ∗ 4 ∗Q = 960 variables. The a posteriori errors for the pressure and the
displacement are Ea = 1.78% and Eb = 2.77%. The total pressure in the acoustic
domain and in the porous inclusions is shown in Fig. 5. The absorbing properties
of the porous material can be visually identified. Note that the CPU time needed
for computing the matrix coefficients and inverting the system does not exceed 20
s on a single PC (Intel Core 2 Duo T7100 @ 1.80 GHz) and the use of the FEM
would be far more demanding in order to achieve the same level of accuracy.

Through these examples, we showed the great advantage of the MFS both in
terms of computational resources and mesh preparation. When dealing with scat-
terers presenting geometrical singularities such as corners, comparisons with FE
computations showed that few percent errors results can still be achieved which is
acceptable if engineering accuracy is sought. It is believed that this could have a
positive impact for solving a wide range of noise control problems ranging from
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Figure 5: Real part of the total pressure in the acoustic domain and in the porous
inclusions.

multiple scattering to shape foam optimization. Work is ongoing by the authors to
extend the method to 3D configurations.
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