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Abstract

The analysis of a horizontal grounding electrode has been carried out using the
set of generalized telegrapher’s equations. The integro-differential relationships
arising from the full wave model are numerically handled via the Galerkin—
Bubnov scheme of the Indirect Boundary Element Method (GB-IBEM). Some
illustrative numerical results for the current and voltage induced along the
horizontal electrode are given in the paper.
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1 Introduction

Studies of grounding systems, because they are an important component in
lightning protection systems (LPS), are of great interest in electromagnetic
compatibility (EMC) and high voltage (HV) applications. One of the applications
of particular interest nowadays is LPS for wind turbines. As they are
environmentally attractive (no pollution) and wind is free to use these wind
turbines have been widely used. On the other hand, they are extremely
vulnerable to lightning strikes due to their special shape and isolated locations
mainly in high altitude areas. Analysis of grounding systems can be undertaken
by the aid of the transmission line model (TLM) [1-3] or the full wave model,
also referred to as the antenna model (AM) [4—6]. The latter is considered to be
the rigorous one. The key-parameter in the full wave model is the equivalent
current distribution along the grounding electrode. The full wave model of the
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electrode presented in this work is based on the set of Telegrapher's equations. In
particular, the effect of a lossy ground is taken into account via the
corresponding reflection coefficient thus avoiding the rigorous approach based
on the analytically demanding and numerically time consuming Sommerfeld
integrals. The integro-differetial expressions arising from the proposed full wave
model are numerically treated by means of the Galerkin-Bubnov scheme of the
Boundary Element Method (GB-IBEM) [7]. Solving the set of generalized
telegrapher's equations first the current distribution and subsequently the
scattered voltage along the electrode are obtained.

2 Equivalent antenna model of the grounding electrode

The geometry of interest, shown in Fig 1, is the horizontal grounding electrode
of length L and radius a, buried in a lossy medium at depth d and excited by an
equivalent current source.

air (0, J1o)
AU I I I BN >
earth (2, o, ) %
]
x=L
\ 4
Figure 1: Horizontal grounding wire energized by a current generator /.

The wire dimensions are assumed to satisfy the thin wire approximation (TWA)
conditions [7, 8].

2.1 The generalized telegrapher's equations for a horizontal grounding
electrode

The governing equations for the current and voltage induced along the grounding
electrode can be derived by enforcing the continuity conditions for the tangential
components of the electric field along the wire surface.

The total field composed from the excitation field E®* and scattered field

ES s equal to the product of the current along the electrode /(x) and surface
internal impedance Z(x) per unit length of the electrode:

é, .(E‘m +E'm) =Z (x)I(x) on the wire surface 1)

The surface internal impedance Z(x) is given by [9, 10]:
z. 17,
2, = Zox foltia) @
272-(1 ]l (7wa)
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where /| ( ;/w) and [ ( 7/W) are modified Bessel functions of the zero and first
order respectively, while Z,, and y,, are given by [9, 10]:

z,,= L% 3
O'W +]a)€w

Vu=+Jjou(o, + jos,) 4)

For the case of very good conductors (conductivity of order of 10° S/m), the
surface impedance Z (x) can be neglected. The scattered electric field can be

expressed in terms of the vector potential Aand the scalar potential ¢, and

according to the thin wire approximation [7, 8] only the axial component of the
magnetic potential differs from zero and it can be written:

0
B =—jod, <L 5)
Ox
The vector and scalar potential are, respectively, given by particular integrals:

A, :ﬁz[l(x')g(x,x')dx' (6)

1 L
plx)=——[ q(x)g(x, x')ax @)
The complex permittivity of the lossy ground &, is given by:

o
Ep =€, —J— ®)
o 0 Ja)

with &, and o being the corresponding permittivity and conductivity,

respectively, of the ground, while g(x) denotes the charge distribution along the
line, /(x’) is the induced current along the line, and g(x,x’) is the corresponding
Green’s function of the form:

glx,x") =gy (x,x) - T, g (x,x) ©)
where gy(x,x ) denotes the lossy medium Green function:
e’k
x,x') = 10
8, (x,x) X (10)
and g;(x,x’) is, according to the image theory, given by:
e*VRz
(x,x") = 11
8 (x,x) r, (1)

while the propagation constant of the lower medium is defined as:

y =+ jouc — o’ ue (12)
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and R; and R, are given by:

R =y(x-x")+d*, R,=.(x-x")"+4d’ (13)

The influence of a ground-air interface is taken into account via the following
reflection coefficient (RC) [6]:

1 I .
~cos@— |——sin’ @ .
n n [x—x] S

Fy = O=arcig——; n="L (14)

/ ’ 2d
lcosé’—i— l—sinzé’ %
n n

The main advantage of RC approach versus rigorous Sommerfeld integral
approach is a simplicity of the formulation and appreciably less computational
cost. Generally, RC approach produces results roughly within 10% of these
obtained via rigorous Sommerfeld integral approach [7]. The linear charge
density and the current distribution along the electrode are related through the
continuity equation:

1 jo dx
Substituting continuity equation (15) into (7) gives:
1 for(x'
(p(x)z —— j ( ' )g(x, x’)dx' (16)
Jjarnwe,, 5 Ox

while substituting equations (6) and (16) into (5) leads to the following integral
relation for the scattered electric field:
L L '
1 o ol (x
E]fc’=—jwij.](x')g(x,x')dx'+ _ — ( )g(x,x')dx' (17)
4 Jjdrwe,, oxy  ox'
Finally, for the case of grounding electrodes the excitation function does not
exist in the form of the tangential field, i.e. [4]:

E™ =0 (18)

Combining equations (1), (17) and (18) results in the following homogeneous
integral equation of the Pocklington type for the unknown current distribution
induced along the horizontal grounding electrode:

L L '
Ny , N g 1 o ol (x )
jo-—|I(x")g(x,x")dx'- —

J1(x)g) —

4z JArnwe . Ox
The knowledge of the current distribution induced along the electrode
provides the assessment of the scattered voltage. To derive the telegrapher’s type
equations for the current and voltage induced along the electrode, the scattered
voltage concept has to be included in the formulation. The scattered voltage
along the horizontal electrode is defined by a line integral of a scattered vertical
field component from the remote soil to the wire surface:

g(x,x")dx"+ Z,(x)I(x)=0 (19)

0
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d
Vo (x) == [ B (x,2)dz (20)

The vertical field component can be expressed in terms of the scalar potential
gradient, i.e.:

ESC = — o 21
oz
and the scattered voltage along the wire can be written as follows:
d o d
V) = [ Zodz=— [ p(x,2)dz 22)
s 0z dz ?,

Integration from the infinite soil to the conductor surface and assuming the
scalar potential in the remote soil to be zero [11] and according to equation (16)
leads to the scattered voltage along the electrode:

L '
() = [ D g e 3)
Jarwe,;  Ox'

Combining equations (19) and (23) results in the set of the generalized
telegrapher’s equations for the horizontal grounding electrode:

L l
J. —ag(x' ) g, x)dx'+Y'V*" (x)=0 (24)
2

0
dV*(x)
dx

where the corresponding equivalent inductance, admittance, capacitance and
conductance per unit length of the wire are given by:

L
+ja)L'J.I(x')g(x,x')dx'+ZS (x)I(x)=0 (25)
0

1 /
4 (26)

Y':j47ra)g,f:G'+ja)C', C'=4rne, G'=4no 27

¢
2.2 The current source excitation

The grounding electrode is energized by the injection of an equivalent ideal current
source with one terminal connected to the grounding electrode and the other one
grounded at infinity, as shown in Fig 1. This current source is included into the
integro-differential equation formulation through the following boundary
conditions:

10)=1,, I(L)=0 (28)

where I, denotes the impressed unit current generator.

WIT Transactions on Modelling and Simulation, Vol 49, © 2009 WIT Press
www.witpress.com, ISSN 1743-355X (on-line)



392 Mesh Reduction Methods

3 Boundary element procedures

The unknown current /°(x) along the wire segment can expressed, as follows:

*(x)={r}" {1} (29)
Collecting the contributions from each element the integro-differential equation
(19) is transferred into the following matrix equation:

M
D [Z1,41},=0, and j=1,2,..M (30)
j=1

where M is the total number of segments and [Z]; is the mutual impedance matrix
representing the interaction of the i-th source with the j-th observation segment,
respectively:

1 1 T 1 1
[Z], = _W AJ; {D}jg[i{D }I_ g(x,x")dx"dx +
(€29)
+k? I {f}j j {f}jg(x,x')dx'dx + I ZL(x){f}j {f}IT dx

Matrices {f} and {f'} contain the shape functions while {D} and {D'} contain
their derivatives, and A/, Al; are the widths of i-th and j-th boundary elements. A
linear approximation over a boundary element is used in this work:

'
f _ Xipp — X f _
‘ i+1
' Ax " Ax
as this choice was proved to be optimal one in modeling various wire structures.

The excitation function in the form of the current source I, is taken into account

as a forced boundary condition at the first node of the solution vector, i.e.:

I, =1, and I, =1¢" (33)

x'-x

(32)

Once the current distribution is obtained the scattered voltage defined by
equation (23) can be readily evaluated using the boundary element formalism.

As the differentiation of the current distribution variation along the segment is
simply given by:

ol(x" [I.,—1I
( ) — i+1 i (34)
ox' Ax
the scattered voltage can be computed from the following formula:
, 1 &7, -1
Ve(x)=— B g(x,x")dx! (35)
JArwe ; Ax ;!

i
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4 Numerical results

Figure 2 shows the frequency response at the center of the electrode
characterized by the following parameters: L=20m, d=Im, ¢=5mm and /,=1A.
The ground conductivity is 6=0.01 S/m while the permittivity is g=10. The
results computed via the BEM and the Modified Transmission Line Model
(MTLM) are compared to the results obtained via NEC using Sommerfeld
integral approach to account for the presence of the ground-air interface. The
agreement between the results obtained via the different approaches is found to
be relatively satisfactory for the given set of parameters.

abs(l) [A]

Figure 2: Current induced at the center of the grounding wire versus
frequency (L=20m, d=1m, a=5mm, 6=0.01 S/m, £~=10).
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Figure 3: Voltage spectrum at the input of the grounding electrode (L=10m,
d=1m, a=5mm, 6=0.01 S/m, £=10).
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Figure 3 shows the voltage spectrum at the driving point for a horizontal
grounding electrode characterized by the following parameters: Z=10m, d=Im,
a=5mm and /,~=1A. The ground conductivity is ©=0.01S/m, while the
permittivity is =10.

The agreement between the results obtained via BEM is in a plausible
agreement with the results obtained via point matching technique.

S Concluding remarks

The paper deals with modeling of grounding systems based on the generalized
telegrapher’s equations and related boundary element procedures. The integral
relationships arising from the full wave model are numerically treated by using
the Galerkin—Bubnov scheme of the Indirect Boundary Element Method (GB-
IBEM). The results obtained for the current distribution and scattered voltage
induced along the horizontal grounding electrode agree satisfactorily with the
results obtained via other methods.

Future work will involve the treatment of complex grounding systems
including interconnected conductors.
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