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Abstract

The conventional boundary element method (BEM) requires a domain integral in
heat conduction analysis with heat generation or an initial temperature
distribution. In this paper it is shown that the three-dimensional heat conduction
problem can be solved effectively using the triple-reciprocity boundary element
method without internal cells. In this method, the distributions of heat generation
and initial temperature are interpolated using integral equations and time-
dependent fundamental solutions are used. A new computer program was
developed and applied to solving several problems.
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1 Introduction

The unsteady heat conduction problem without arbitrary heat generation and a
nonuniform initial temperature distribution can be easily solved, without using
internal cells, by the conventional boundary element method (BEM). For special
cases, unsteady heat conduction problems with constant heat generation and
uniform initial temperature distribution can solved by the standard BEM without
the need for internal cells. When an analysis of heat conduction under arbitrary
heat generation or a non-uniform initial temperature distribution within the
domain is carried out by the BEM, a domain integral is generally necessary [1,
2]. However, by including the domain integral, the merit of BEM, that the
preparation of data is simple, is lost. Thus, several other methods have been
considered. Nowak and Neves proposed a multiple-reciprocity method [3].
Tanaka et al. have proposed a dual-reciprocity BEM for transient heat
conduction problems, and V. Sladek and J. Sladek proposed a local boundary
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integral equation for unsteady heat conduction problems. However, these
methods do not employ a time-dependent fundamental solution, which gives an
accurate result.

Ochiai proposed the triple-reciprocity BEM or improved multi-reciprocity
BEM for steady heat conduction, steady thermal stress and elastoplastic
problems [4-6]. The triple-reciprocity BEM for two-dimensional heat
conduction and thermal stress analysis for an unsteady state has also been
proposed [7, 8]. In this paper the triple-reciprocity BEM is used for three-
dimensional unsteady heat conduction problems. In this method, heat generation
and the initial temperature distributions are interpolated using the boundary
integral equations. The triple-reciprocity method, which does not require internal
cells, uses a time-dependent solution.

2  Theory
2.1 Unsteady heat conduction

In unsteady heat conduction problems with heat generation W (q,f), a
temperature 7 is obtained by solving

N
Ml ()
A ot
where x, A and ¢ are the thermal diffusivity, heat conductivity and time,
respectively. Denoting an arbitrary time and the initial temperature by t and

VT +—L

7% (q,0), respectively, the boundary integral equation for the temperature in the
case of unsteady heat conduction problems is expressed by [1, 2]

cT(P,1) =k L’LIT(QJ) oT, (P,Q,t, 7)

- 6T(Q’ 2 T'(P,0,t,7)]dTdr

w? (q,

+Kj j T (P,q,t,r)——2—2 )def + j T (P,q,t,0)T" (¢,0)d, (2)

where ¢=0.5 on the smooth boundary and c=1 in the domain. /" and Q represent
the boundary and the domain, respectively, p and ¢ are respectively an
observation point and a loading point, and 7 is the distance between p and g.
The notations p and g are written as P and Q on the boundary, respectively. In
the case of three-dimensional problems, the time-dependent fundamental

solution 7} (p,q.,t,7) in Eq. (2) for the unsteady temperature analysis problem
and its normal derivative are given by [1, 2]

. 1
I (p,q,t,z‘)—mexp[—a] (3)
T (p,g,1,7) _ —-2r or
on = 74kt - 1) on ——exp(-a) 4)

where
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r2
a=———
4x(t—1)
As shown in Eq. (2), when there is an arbitrary initial temperature or heat
generation distribution, a domain integral becomes necessary.

©)

2.2 Interpolation

An interpolation method for a distribution of heat generation W,*(¢,7) is shown
using the boundary integral equations to avoid the use of internal cells. The

polyharmonic function Tl[‘/ I p,q) for the steady state is given by
, p213
TV(P,Q)=—— .
(£0) 4r(2f -2)!
In reference [15], the polyharmonic function of body distribution is used.
However, the corresponding functions for the unsteady three-dimensional case
are very difficult to obtain. In this paper, the polyharmonic functions of the

surface distribution are used. Figure 1 shows the shape of polyharmonic

(6)

functions; the biharmonic function 7' is not smooth at »=0. In the three-
dimensional case, smooth interpolation cannot be achieved using only the

biharmonic function 7' . To achieve smooth interpolation, the polyharmonic
function with surface distribution 7" is introduced. A polyharmonic function
with surface distribution 7'/1*, as shown in Fig. 2, is defined as [14]

UM = [ ([T £ 5in0d0)dg M

0

T can be easily obtained using the relationships 7° = R* + 4> —2AR cos @
and dr = ARsinGd60 , as shown in Fig. 2. This function is written using r instead
of R, similarly to Egs. (3) and (6), although the function in Eq. (7) is a function
of R. The newly defined function T/ can be explicitly written as

i A+ 7 - = AT

T r>A4 ®)

221 -Dlr

2f-1 (g N2f-]

s _ MA ==y ©)

22f -Dlr
The following equations can be used for the three-dimensional interpolation

[9]:
VW (q,7) =W, (4,7) (10)
M

VI (g,7) = =2 W (4,,1)5(0 = q,,) (1

m=1

M is the number of internal points for interpolation. Assuming the spatial
distribution of W, (g,7)to be governed by Eq. (11) with point sources, it is

known that W, (¢,7) will be divergent at these source points as the particular
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M
solution Y. TM(p,q, )W, (q,,,7) . Nevertheless, we can evaluate ¥, (¢,7) on

m=1
the boundary. The term W, of Eq. (10) corresponds to the sum of the curvatures
o’w? |ox*, 0°W,* /0y* and 0°W,® /8z* . The term W™ is the unknown strength

of a Dirac function. From Egs. (10) and (11), the following equation can be
obtained.

VW g1 =2 W(q,.7)6(a~4,) (12)

m=1

¢

2] P
/
Figure 1: Polyharmonic functions. = Figure 2: Notation for polyharmonic

function with surface
distribution.

This equation corresponds to equation for the deformation of an idealized thin
plate with M point loads. The deformation W,*(g,7) is given, but the force of
the point load W, (g,7) is unknown. W,”(g,7) is obtained inversely from the
deformation W,°(¢q,7) of the fictitious thin plate. , corresponds to the

moment of the thin plate. The moment #,° on the boundary is assumed to be 0,

which is the same as that in a natural spline. This indicates that the thin plate is
simply supported. Moreover, the distribution of the initial temperature can be
interpolated as follows.

V1" (¢,0) = -T;" (¢.0) (13)

M
V1Y (q.0)=-Y T'™(4,.0)5(¢—q,) (14)

m=1

On the other hand, the polyharmonic function T: (p,q,t,7) in the unsteady
heat conduction problem and T; (p,q,t,7) are defined by
VT, (p.q.t,7) =T, (p.q,t,7) (15)
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* 27 7T % .
T (p.gt.0) = [ V1] T} (p.g,t,7) 4% sin0.d61dg (16)
Using Green’s theorem twice, and Egs. (10)-(16), Eq. (2) becomes

TP =] ] (70,0 T ELLD

_TQOD) pe(p 0.4, r)jdTdr
on

—Z( D[ [T (P L ’(QT)

_ an+1(P’Q7t’T)

K t *
= W?(Q,7)ldTdr +—Zj0 W (q,0)T5(P,q.t,7)dT

anOS (an) anJrl (Ps Q,t,o)
on on

+ (=D [ [T}.,(P,0,1,0) 77%(0.0)1dT
=i

M
+> 17"(q,,.0)T" (P.q,,.1,0) . (17)

m=1
Using Green’s second identity and Eqgs. (10) and (11), we obtain for W]S and
W [7-9]

WS (Pr) = Z( /[T, 07 en (Q 2
_Wwf@,r)}dr—%T”WP,q)W;”‘(W) (1%)

W (Pr) = [ ATV (P, Q)M
_%WZS(QJ)MF+iT[”A(P,qm)W3PA(‘1m’T) (19)

2.3 Unsteady polyharmonic function

The three-dimensional unsteady polyharmonic function 7' ; (P,q,t,7) in Eq. (17)

is determined as
* 1 *
Tra(pgts7) = [ [1°T; (pog.t. )drdr (20)

The polyharmonic function 7' f* (P,q,t,7) in the unsteady state and its normal

derivative are explicitly given by

T, (g.p.t.7) = P {y(lSa)+a”2[1—exp< O} =777 (05,0 2D

aT T 1

WIT Transactions on Modelling and Simulation, Vol 49, © 2009 WIT Press
www.witpress.com, ISSN 1743-355X (on-line)



134 Mesh Reduction Methods

* r ) )
s =g U546y (2a) =3y (2.5,0) +a'”

+3y@ .5,61)l —3a"*[1-exp(-a)]}

= {=7(0.5,a)+2y(1.5 a)——2a7”2[1 exp(—a)]} (23)
or B ar
2 2 (09— Lys.a) Pl 24

where y(,) is an incomplete gamma function of the first kind and

r,,=0r/0x; . Using Eqgs. (7) and (17), the polyharmonic function with a surface
distribution is obtained as follows:

3/2
Ts*A = %{_2”23/27(15 JUy)+ 2”13/27(1-5 ) +2y(3 ,uy)
=2y (3,u,)+ 61,y (2 ,uy) = 6u,p(2 u) — 6w,y (2.5 ,u, )+ 6u,"*y (2.5 ,u,)
+%u22 —%uf +6u, 2y (15 ,uy )— 61,y (1.5 ,u,) = 67(2,u,)
+67(2,u,) —3u, +3u, —3exp(—u,) + 3exp(—u,)}, (25)
where
r—A 7+ A)?
LA ) (26)
4K(t—71) 4k(t—71)

Numerical solutions are obtained using the interpolation functions for time
and space. If a constant time interpolation and time step (¢, —¢,_, ) are used, the

time integral can be treated analytically. The time integrals for T f* (P,q,t,7) and

orT, ; /On from ¢, to ¢, are given as follows:

F o« 1
I /F i (pg.t.0)de = WF(O-S,M 27
i 0T} (poq,t,7) ,
J.rf on dr = e F(l S5.a;) (28)
; 2
'[:F Lpatnide = o—zly(1.5.a,) “r 0.5,a,) +—7-T'(-0.5,a,)]
J 8K a, af
r 1
= W[?”(O.S,af) a——F(—O.S,a/)] (29)
f
g aT* > 7t5T
L: : (panq )dT T 8k on [7(1 5 a/) +I(0.5,a,)] (30)

ay
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3
I T (p,q.t,7)dr = Y- —5 -6y (15a )——F(OSa ) +8y (2, af)
./ f

=3y(2.5,a,) Lz +L1/2 +3y(1.5,af)L2+ 3r(=0.5,a,)
P : :

roar ar
56 (-1.5,a,)] G
"f
P BT (p,q.t, r) r2
f,‘,- » g Xy s a,) . -30(0.5,a,)
1 8 3
+3y 2.5,a,)— +—5 —7(1.5,a,)—5-30(-05,a,)] (32)
ap 4y ay
where
7"2
(33)

a,=———
T Akt —t )
I'(,) is an incomplete gamma function of the second kind. The time integral

of Eq. (25) can be obtained as follows:

i A (A 11
j’fn (pq.t.0)d7 = St {2y(1.5,a1f)z+gr(o.5,a]f)
4 1 1 1 1
_g}/(?”alf)W _47(2"‘1/)_ 2 T 37’(2'5"’1/‘) 7 T 12
4y Gy Gy
13
~3y(1.5,a, ) —-=T (-05,4,)
a,, 5
12 1 2
+=y(a,)—= +—5 +3(-25,4,)}, (34)
3 iy Gy
where
_ 4 (35)

a,
dr(ty —t,)
For the sake of conciseness, the terms involving u, in Eq. (34) are omitted.

If there are no arbitrary heat generation or initial temperature distributions,
internal points are not necessary. Also, for the special case of the formulation of
an unsteady state from a steady state, internal points are not necessary. If the heat
generation and initial temperature distributions are governed by Laplace equation
instead of Egs. (10)-(14), Eq. (17) becomes

TP =] ] (70,00 L (O

ow;’ (Q r) 8T2 (P,0,t,7)
on

_TQOD) p(p 0.4, r)jdTdr
on

W (0.0)ldTdz

—j j [T, (P,O.t,7)
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0s T 0
ol aElQaO) _ 0 (P, 0.t )TIOS(Q,O)]dr. (36)

+ 11 (P.0.0) =

3 Numerical examples

To verify the efficiency of this method, an unsteady temperature distribution in a
sphere is obtained. The initial temperature of the sphere is 7;, =10°C, and the

temperature on the surface suddenly becomes 0° at time ¢=0. It is assumed
that the thermal diffusivity is x =16 mm’s™ and the radius of the sphere is
b =10 mm. Figure 3 shows the boundary elements. In this example, Eq. (36) is
used; therefore, internal points are not necessary. Figure 4 shows the temperature
change. The solid lines in Fig.4 show the exact solutions, which are given by

) (37

2 T ) _ 1\l ) 2.2
T(r,t)= b1, =D sin 27 ex (—Kn;[t
Tr n b b

n=1
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Figure 3: Boundary elements of Figure 4: Temperature distributions
spherical region. in sphere.

The next numerical example is a cubic region with length L =10 mm with
heat generation. Using internal points as shown in Fig. 5, it is assumed that the
thermal diffusivity x is 16 mm’"'. The number of boundary elements and
internal points are 600 and M =729, respectively. The surface temperature is
0°C and the initial temperature is 0°C. Step heating is assumed. The heat
generation is given by

W(x,y,z)=W, sin%sin%sin% (t=0). (38)

Using a Laplace transformation and a finite sine transformation, an exact
solution is obtained as follows:

T(x,y,z,t) = ’igf’ sin%sin%sin%[l —exp(—Ef)] (39)

WIT Transactions on Modelling and Simulation, Vol 49, © 2009 WIT Press
www.witpress.com, ISSN 1743-355X (on-line)



Mesh Reduction Methods 137

== (40)

W,/A=10K/mm* is assumed. Figure 6 shows the comparison between this
method and exact solution given by Eq. (39) at # =0.05, 0.1, 0.2, 0.4 and 1 s.

I

|

\

(a) Boundary elements (b) Internal points

Figure 5: Cubic region.
5 10
9
e o 8
g o 7
£ 3
b c 6
g g s
53 £
[ K
3
2
1
03123456789]0
x (mm)
Figure 6: Temperature distri- Figure 7: Temperature  distri-
butions in cube butions in  cube
(y=z=3). (y=2z=3).

For the special case of the formulation of an unsteady state from a steady
state, internal points are not necessary. Temperature of cubic region is obtained
using boundary elements as shown in Fig. 5. In this calculation, internal points
are not necessary. The thermal diffusivity & is 16 mm’s™. The temperatures at
x=0 and x=10 are 0°C and T, =10°C, respectively. The other surfaces are
adiabatic. Initial temperature is given by

T(x,0) = % 41)
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The temperature at x=10 suddenly becomes 7, =0 °C at time r=0s. The

unsteady temperature distribution is obtained by Eq. (36). Using a Laplace
transformation and a finite sine transformation, the exact solution is obtained as
follows:

—2T, & cos(wn) . mnx Kn’r’t
T(x,t) = 0 sin exp(— ) 42
() =— > . TP =) (42)

Figure 7 shows the comparison between this method and the exact solution
given by Eq. (42) at =0.01, 0.05, 0.1,0.2, 0.4 and 1 s.

n=1

4 Conclusion

It has been shown that it is possible to express the distributions of heat
generation and initial temperature for the three-dimensional case using only the
fundamental solution of lower order by the triple-reciprocity boundary element
method. It has also been shown that highly accurate unsteady heat conduction
analysis using the boundary integral is only possible using the polyharmonic
function and the surface-distributed polyharmonic function, even in the case of
arbitrary distributions of heat generation and initial temperature. Therefore, by
adding only the data of the values at internal points and on the boundary for the
distributions of heat generation and initial temperature, the analysis of three-
dimensional heat conduction for the unsteady state with heat generation and
initial temperature distributions has become possible. A reduction of the
dimensionality of the problem has been effectively achieved.
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