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Abstract 

This article considers the hypersingular integrals, which arise when the boundary 
integral equation (BIE) methods are used to solve fracture mechanics problems . 
The methodology of hypersingular integral regularization developed in our 
previous publications is based on theory of distribution and Green’s theorems. In 
the case of piecewise constant and piecewise linear approximations the 
hypersingular integrals are transformed into the regular contour integrals that can 
be easily calculated analytically or numerically.  
Keywords: weakly singular, singular, hypersingular integrals, boundary integral 
equations, fracture mechanics. 

1 Introduction 

A huge amount of publications is devoted to the boundary integral equation 
methods (BEM) and its application science and engineering. One of the main 
problems arising in numerical solution of the BIE by the BEM is a calculation of 
the divergent integrals. Different methods have been developed for regularization 
of the divergent integrals [7]. The hypersingular integrals had been considered 
by Hadamard in the sense of finite part (FP) in [4]. The theory of distributions 
allows us to study the divergent integrals and integral operators with kernels 
containing different kind of singularities in the same way as the regular integrals. 
     Analysis of the most known methods used for treatment of the different 
divergent integrals has been done in our previous publications. It was shown that 
theory of distributions provides a unified approach for the study of the divergent 
integrals and integral operators with kernels containing different kind of 
singularities. We applied the theory of distribution approach for the first time in 
[8], then it was further developed in [9–11] and was applied for static and 

 © 2008 WIT PressWIT Transactions on Modelling and Simulation, Vol 47,
 www.witpress.com, ISSN 1743-355X (on-line) 

Boundary Elements and Other Mesh Reduction Methods XXX  219

doi:10.2495/BE080221



dynamic problems of fracture mechanics in [17] and [18] respectively. See also 
monograph [3] and review articles [4, 5, 12] for details and further references. 
     In the present paper regularization methods developed in [9] are applied for 
the regularization of the hypersingular integrals that arise when the BIE methods 
are used for solution of the 3-D fracture mechanics problems.   

2 Boundary integral equations 

Let us consider a plane crack with a surface V∂ in a three-dimensional linearly 
elastic homogeneous isotropic space 3ℜ . We introduce Cartesian coordinates 
system, with 1x  and 2x  axes in the plane of the crack, and the 3x  axis 
perpendicular to this plane. In [3–5] it was shown that the BIE that relate load 

)(yip on the crack faces and crack opening )(xju∆  may be written in the 
following form 

S)(),()( d j
V
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     The kernels ),( yxijF  in the BIE (1) may be presented in the form  
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where µ  and υ  are elastic module and Poison ration, r  is a distance between 
points x  and y  
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3 The BEM equations 

In order to transform the BIE into finite dimensional BEM equations we have to split 
the boundary V∂  into finite elements, which are called boundary elements (BE). 
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     On each BE we shall choose Q  nodes of interpolation and shape functions 
)(xnqϕ . Then the vectors of displacements discontinuity and traction on the BE 

nV∂  will be represented approximately in the form 
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and on the hold boundary V∂  in the form  
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     Substituting expressions (4) in (1) gives us the BE equations which relate  the 
vectors of displacements discontinuity and traction on the crack surface in the 
form  
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where 
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     More detailed information on transition from the BIE to the BEM equations 
can be found in [1,2].  

4 Piecewise constant approximation 

In the application of in the BEM, it is necessary to calculate the divergent 
integrals over any triangular, rectangular or polygonal elements. The piecewise 
constant approximation is the simplest one. Interpolation functions in this case 
do not depend on the BE form and dimension of the domain. They have the form 





∂∉∀
∂∈∀

=
.     0
,     1

)(
n

n
nq V

V
x
x

xϕ                                                  (7) 

     In order to simplify situation we transform origin of the global system of 
coordinates at the nodal point, where 00 =y . Regular representations for the 
hypersingular  integrals in (6) have the form   
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where ααnxrn = , 1221 nxnxr +=+ , 2112 nxnxr −=− . See [10, 11, 13] for details.    
     Let us consider the contour nV∂  as a polygon with K  vertexes us it is shown 
on fig. 1.   
     In this case  
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Figure 1. 

     Coordinates of an arbitrary point on the contour nV∂  may be represented in 
the form 

122211 ˆ)()(andˆ)()( nkxxnkxx kk ∆+=∆−= ξξξξ               (10) 
where )(1 kx  and )(2 kx  are the coordinates of the middle of  k-th side of the 
contour, )ˆ,ˆ(ˆ 21 nnn  is a unit vector normal to the contour and ]1,1[−∈ξ  is a 
parameter of integration along the k-th side, k∆2  is the length of a k-th side.  
     These are some useful notations which will be used bellow 
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     Using these notations the integrals in (8) may be represented in a convenient 
for the calculation form   
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     Integrals in (12) may be calculated analytically 
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     Then fundamental solutions (9) may be represented in the form 
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     It is important to mention that here all calculations can be done analytically, 
no numerical integration is needed.   

5 Piecewise linear approximation 

Let us consider rectangle BE that is shown on fig. 2.  
The quadrilateral BE is defined by it’s angular nodes and its shape functions are 

( )( )211 1141 ξξϕ −−=      ( )( )212 1141 ξξϕ −+=     
( )( )213 1141 ξξϕ ++=      ( )( )214 1141 ξξϕ +−=                  (15) 
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     According to (5) and (6) in this case we have to calculate  
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Figure 2. 

     Regular representations for the hypersingular integrals in (6) in this case have 
the form  
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     In order to simplify situation we transform origin of the global system of 
coordinates at the middle point of re.  The coordinate axes 1x  and 2x  are located 
in the plane of the BE and coincide with the local ones 1ξ  and 2ξ , while the axis 

3x  is perpendicular to that plane. Coordinates of the nodal points are  
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     These are some useful notations which will be used bellow 
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     Now we will calculate integrals (17) that are included in representation (16) 
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     Side 1-2. In this case 01 =n , 12 −=n , 12 −=ξ . The main parameters defined 
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The sums (19) in this case are 
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2
1

1

2,0
322121

2,0
3 JxnnJr qqq

n ξξ  

( )(∑
=

−+=
4

1
1

1,1
5,0

21,1
5,0

31,1
5,1 )3()3(

6
1)3(

q
qq JJJ ζε      

( )

++− )3()3())3(ˆ)3(ˆ()3()3(

2
1

1

1,1
322121

1,1
3 JxnnJr qqq

n ξξ      

     Side 4-1. In this case 11 −=n , 02 =n , 11 −=ξ . The main parameters defined 
by (18) are 

11 ∆−=x , )1( 222 ξ+∆=x , 22 ξddl ∆= )1()( 222 ξξ +∆=r , 0=nr ,   
)1( 22 ξ+∆−=+r , 0=−r , ( )21 121 ξϕ −= , 02 =ϕ ,  03 =ϕ , ( )24 121 ξϕ += , 

)1(4/1)( 21 ξϕ −=∂ ξn , )1(4/1)( 22 ξϕ −−=∂ ξn , )1(4/1)( 23 ξϕ +−=∂ ξn ,  
)1(4/1)( 24 ξϕ +=∂ ξn      

The sums (19) in this case are 

0)4(
4

1

0,0
3,

0,0
3, == ∑

=q
qI JJ , 0)4(

4

1

0,2
5,

0,2
5, == ∑

=q
qI JJ , 0)4(

4

1

2,0
5,

2,0
5, == ∑

=q
qI JJ ,  

2

4

1

1,1
5,

1,1
5, 6

1)4(
∆

== ∑
=q

qI JJ      

Substituting all obtained for each side equations in (16) finally we have 

( ) 







+−

−
= ∑∑

==

K

k
I

K

k
Iqr

n kJvkJF
1

2,0
5,

1

0,0
3,11 )(3)()21(

)1(4
, υ

υπ
µxy ,    

( ) 







+−

−
= ∑∑

==

K

k
I

K

k
Iqr

n kJvkJF
1

0,2
5,

1

0,0
3,22 )(3)()21(

)1(4
, υ

υπ
µxy ,          (20) 

( ) ∑
=−

−=
K

k
Iqr

n kJF
1

0,0
3,33 )(

)1(4
,

υπ
µxy , ( ) ∑

=−
=

K

k
Iqr

n kJF
1

1,1
5,12 )(

)1(4
,

υπ
µυxy    

     It is important to mention that here all calculations can be done analytically, 
no numerical integration is needed.   
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