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Abstract

This article considers the hypersingular integrals, which arise when the boundary
integral equation (BIE) methods are used to solve fracture mechanics problems .
The methodology of hypersingular integral regularization developed in our
previous publications is based on theory of distribution and Green’s theorems. In
the case of piecewise constant and piecewise linear approximations the
hypersingular integrals are transformed into the regular contour integrals that can
be easily calculated analytically or numerically.
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1 Introduction

A huge amount of publications is devoted to the boundary integral equation
methods (BEM) and its application science and engineering. One of the main
problems arising in numerical solution of the BIE by the BEM is a calculation of
the divergent integrals. Different methods have been developed for regularization
of the divergent integrals [7]. The hypersingular integrals had been considered
by Hadamard in the sense of finite part (FP) in [4]. The theory of distributions
allows us to study the divergent integrals and integral operators with kernels
containing different kind of singularities in the same way as the regular integrals.

Analysis of the most known methods used for treatment of the different
divergent integrals has been done in our previous publications. It was shown that
theory of distributions provides a unified approach for the study of the divergent
integrals and integral operators with kernels containing different kind of
singularities. We applied the theory of distribution approach for the first time in
[8], then it was further developed in [9-11] and was applied for static and
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dynamic problems of fracture mechanics in [17] and [18] respectively. See also
monograph [3] and review articles [4, 5, 12] for details and further references.

In the present paper regularization methods developed in [9] are applied for
the regularization of the hypersingular integrals that arise when the BIE methods
are used for solution of the 3-D fracture mechanics problems.

2 Boundary integral equations

Let us consider a plane crack with a surface OV in a three-dimensional linearly
elastic homogeneous isotropic space R’. We introduce Cartesian coordinates
system, with X, and X, axes in the plane of the crack, and the Xx; axis
perpendicular to this plane. In [3-5] it was shown that the BIE that relate load
D; (y)on the crack faces and crack opening Au (x) may be written in the

following form

b (Y)Z—Iﬂj(x,y)Auj(x) ds. (1)
ov
The kernels £} (x,y) in the BIE (1) may be presented in the form
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3 The BEM equations

In order to transform the BIE into finite dimensional BEM equations we have to split
the boundary 0V into finite elements, which are called boundary elements (BE).

N
ov=Uav, oV,nov,=@, if n=k

n=1

On each BE we shall choose Q nodes of interpolation and shape functions
¢,,(x) . Then the vectors of displacements discontinuity and traction on the BE

oV, will be represented approximately in the form

Y
Aui(x)z ZAuI" (Xq }om] (x), xe oV,
q=1

¢
P (%)= p(x, Jo,, (x) xeov,

q=1

3)
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and on the hold boundary 0V in the form
N
( ) ZZAu ( q}pnq(x), Xe LglaVn,

n=lg=
. K ©)
P25, 00, x<Uav,
n=1g=1 n=
Substituting expressions (4) in (1) gives us the BE equations which relate the
vectors of displacements discontinuity and traction on the crack surface in the

form
PP =23y, s, ©)
n=l g=
where

Fuly,.x,)= TFu {3 x)p,, (s ©)

More detailed information on transition from the BIE to the BEM equations
can be found in [1,2].

4 Piecewise constant approximation

In the application of in the BEM, it is necessary to calculate the divergent
integrals over any triangular, rectangular or polygonal elements. The piecewise
constant approximation is the simplest one. Interpolation functions in this case
do not depend on the BE form and dimension of the domain. They have the form

1 Vxeol,
P () = {0 Vxgdl,. @
In order to simplify situation we transform origin of the global system of
coordinates at the nodal point, wherey” = 0. Regular representations for the
hypersingular integrals in (6) have the form
g0 —pp | ——j Doar, g2 = FPj as = j(—xzzr"—z’“”‘sz :

s, ¥

g = FPfxxzdS jﬂ— "l
r 3r

where 7, =x,n,, r, =xn, +X,n,, . =x,n —xn, . See [10, 11, 13] for details.

afad "+

Let us consider the contour 0V, as a polygon with K vertexes us it is shown

on fig. 1.
In this case

Fily,.x,)= ZI (v, XML ©)

,]lk
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Figure 1.

Coordinates of an arbitrary point on the contour 0V, may be represented in
the form
x/(8) = x,(k) — &A1, and x, (&) = x, (k) + EA, 4, (10)
where x,(k) and x,(k) are the coordinates of the middle of k-th side of the
contour, A(#A,,A,) is a unit vector normal to the contour and &e[-Ll] is a
parameter of integration along the k-th side, 2A, is the length of a k-th side.
These are some useful notations which will be used bellow

P(&) = | BE + 28N (k) + 12 () (k) =[x} () + x5 (k) 7, (K) = x,, (k) (k) .
1 (k) = x,(k)A, (k) = x, (k)Ay (k) , 7, (k) = x,(k)hy (k) + x, (k)A, (k) , - (11)

Using these notations the integrals in (8) may be represented in a convenient
for the calculation form

JOK) = -1, (W)L,
T = 37,000 =, g =20, (s )y = R )
—%(ﬂl K)o, ()15 — 1y (0L, )
T = W =, 0 0 + 20, 0x (D1, -2 OL)- (12

_ % (ﬁz (k)(x1 (k)15 + 1, (k)15 ))
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TAL k) = 1, () o, (0, (k)L o + 7, (K) I, =y (R (), )
—%(n (k)50 + (] (k) =73 (k) 5,

Integrals in (12) may be calculated analytically
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Then fundamental solutions (9) may be represented in the form

Fily,.x, )= 4(1)[(l—20)ZJ8£(k)+3v2J8§<k)}

Fly,.x,)= p (1_ )[(1—20)2J (k)+3v;J§;5°(k)}, (14)
n H 0,0 n _ IUU X L1
Falyon, )= SR, Falyox, )= 80 S

It is important to mention that here all calculations can be done analytically,
no numerical integration is needed.

S Piecewise linear approximation

Let us consider rectangle BE that is shown on fig. 2.
The quadrilateral BE is defined by it’s angular nodes and its shape functions are

(01:1/4(1_51)(1_52) ¢2:1/4(1+§1)(1_§2)
(/’3:1/4(1""4:1)(1"'52) ¢4:1/4(1_§1)(1+§2) (15)
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According to (5) and (6) in this case we have to calculate

Foly,.x, ZI (v, x)p, (x)ds = ZEH (v, %), (<. (16)

q=1 o7, =1 k=1,
f] A
49 3
2h, >
£
1 2
4,
Figure 2.

Regular representations for the hypersingular integrals in (6) in this case have

the form

7@ 4 (%@ 5 +lan¢q(g)jdl, (7
r 3, T

xir,  2xn 1 x
: —“j—[;r; 0,0,@ .

33

ﬁ°_FPj

T = FPJ (&)ﬁd&j(%(&)[ -
r as 3r

13 =FPI0,@ s | [%@(” x‘zf"—zxi'“]—(l+x§]6mq<®]dls
r 3r ror

as,

2as = | [(pq @[x e ] 20,0, @)}ﬂ
3r r

as,

Jgs =F.P. I(Pq(é)

In order to simplify situation we transform origin of the global system of
coordinates at the middle point of re. The coordinate axes x, and x, are located
in the plane of the BE and coincide with the local ones &, and &, , while the axis

x; is perpendicular to that plane. Coordinates of the nodal points are
(X ==A,x, ==A,), (5 = A, x5 = —A,),
(x50 =A% =A,), (x5 =A,,x; =-A,)
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These are some useful notations which will be used bellow
x, =A0+E), x, =A,(1+&), dS =AA,dEAE, , dl =-|dx] +dx;
rEy") =10 =3’ + (e =) = (A 1+ )= p1) +(A,(1+5) =30’
=X =yan, , ro=(x = yny + (= y)n, ro=0x—y)m —(x -y,
0,¢(8) = Z(h(ﬁ) - =h), 0,p,8) = %(—n(é) +A=0y), (18)

2,0,(®) %m@ml +1,). 0,04() =§<—n<&>—nl +hy).

Now we will calculate integrals (17) that are included in representation (16)
for fundamental solutions. Let point y° is located at the left low corner of the

rectangle (point 1). Its coordinates arey’ =(-A,,~A,). Other point can be

considered in the same way. In this case a situation is not symmetrical we have
to do calculations side by side. Order of summation in (16) can be changed,
therefore we first will calculate integrals in (17) for every shape function and
then their sums

=YL (19)
q=1
Side 1-2. In this case n, =0, n, =—1, &, =—1. The main parameters defined
by (18) are
x=01+8), x, =-A,, dI=Ads, r(&)=A10+&), r,=-A1+5),
r=A0+&), r,=0, ¢ :1/2( _51)’ ¢’2:1/2(1+§1)9 =0, 0,=0,
2,9 @) =1/4(1-¢)),0,0,(8) =1/4(1+¢)),0,0;8) =-1/4(1+ &),
0,048 =-1/4(1-¢)

The sums (19) in this case are
4 4
T =273 =0, J7i ()= ZJj:? ,Jps ()= ZJ‘” =0,
g=1 =

Jis() = ZJ” -

]
Side 2-3. In this case n, =1, n, =0, & =1, The main parameters defined by
(18) are
X =A% =0,01+8,), dl=A,dS, , r(éz):\/4A21+A22(1+§2)2 s 1 =24,
r=A0+8) r =0,048), 9 =0. 0, =12(-8,), 0, =12(1+&),
9,=0,0,008)=-1/4(1~-¢,), 0,0,(8) =1/4(1-¢,),
0,0;(8)=1/4(1+¢,),0,0,(8) =-1/4(1+¢,)
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The sums (19) in this case are
J0) - g(e: e+ cz| @)
IO, D+ 5 E D)+ @), (2))j

=33 kbie g o)

e g E 0@ @I (2))]
VHOR éi(e; bz« @)

oo gsme  nomeI| (2))]
=¥ kbier o e)-

q=1

- % bt @+ g m@+ nEmEY| (2))]

1 for k=q&k=q+1
0 otherwise

’ mll‘ _(

Here &* :{
! (5)

J32,0 (k)= xlz (k)]3,0 +2n,(k)x, (k)Is,l _ﬁz (k)[3,2 + Il,o(k) 5
J;)’z (k)= x22 (k)]3,0 -2n (k)xz(k)]3,1 - ﬁlz(k)ls,z + Il,o(k) .
Side 3-4. In this case n, =0, n, =1, & =1. The main parameters defined by
(18) are
Y =A(+E), 3, =4, dl=AdE, r(E) =40 + (1457, 1, =24,,
r=AA+E), r==-A+E), ¢=0, 0, =0, 9, =1/2(1+§),
0, =12(1-&), 0,08 =-1/4(1- &), 0,p,(8) = -1/4(1+ &),
0,0,8)=1/4(1+¢), 0,0,(8)=1/4(1-¢))

The sums (19) in this case are

100 =Yl @+ o)
RO R RO ROAREY

J23) = %Z b+ o)-

g=1
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_ % (rnq (3)I3"3)+ &1& (1 (3)+ 1, (3)x, 3V (3)))

i3 (3)= éz ez o)

q=1

_ % (rnq (3)J17 (3)+ &1& (1 (3)+ 1, (3)x, 3)92 | (3)))

M@=y e o)

e OO RN PR NCI (3)J3‘"1<3>)j

Side 4-1. In this case n, =-1, n, =0, & =—-1. The main parameters defined
by (18) are
xp =0y, X, =A,(1+8,), dl=A,dS, r(8) =A,(10+E,), 1, =0
r,=—0,(1+8), =0, ¢ :1/2( - 2)9 »,=0, ¢,=0, (/’4:1/2(1"'52)’
2,08 =1/41-¢,), 0,0,(8) =-1/41~¢,), 9,0:(8) =-1/4(+¢,),
0,0,(8) =1/4(1+¢,)

The sums (19) in this case are
T =Y I =0, ) =Y TN =0, S = 0 =
q=1 ) ) q=111 1 q=l1
Jri4) = ;J%S .

Substituting all obtained for each side equations in (16) finally we have

Fily,.x,)= 4(1 ){(l—z)ZJﬁ’;’(kvaJ??(k)}

Fily.x,)= (1 ){a 2)2J?§’(k>+3v2J?£<k>} (20)

Fily,x, )= ﬁZJ?S(k) Fily, x )—%ym

It is important to mention that here all calculations can be done analytically,
no numerical integration is needed.
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