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Abstract 

This work is concerned with the numerical computation of time and space 
derivatives of the time-domain solution of scalar wave propagation problems 
using the boundary element method (TD-BEM). In the present formulation, the 
BEM based on the so-called convolution quadrature method (CQM-BEM) is 
employed. The CQM-BEM takes into account non-homogeneous initial 
conditions by means of a general procedure, known as the initial condition 
pseudo-force procedure (ICPF), which replaces the initial conditions by 
equivalent pseudo-forces. The boundary integral equation with initial conditions 
contribution is derived analytically and the quadrature weights of the standard 
ICPF-CQM-BEM formulation are transformed in order to compute time and 
space derivatives. Two numerical examples are presented at the end of the work 
illustrating the efficacy of the implemented formulation. 
Keywords: wave equation, time and space derivatives, boundary element 
method, convolution quadrature method, initial condition pseudo-force 
procedure. 

1 Introduction 

This work presents an application of a time-domain boundary element method 
(TD-BEM) for the analysis of scalar wave propagation problems. The TD-BEM 
employs the convolution quadrature method (CQM) developed by Lubich [1, 2]. 
In the CQM, fundamental solutions in the Laplace transformed-domain are 
considered and a numerical approximation of the basic integral equations of the 

initial conditions contribution 
formulation based on the CQM with 
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TD-BEM is worked out by a quadrature formula based on a linear multi-step 
method. The main advantage of the CQM is that it can be applied to problems 
where the TD fundamental solution is not available or has a very difficult 
expression. The CQM-BEM was firstly applied to scalar wave propagation 
problems by Abreu et al. [3]. 
     The CQM was employed successfully in viscoelastic and poroelastic 
problems by Schanz [4] and Gaul and Schanz [5]. Application of the CQM to 
plane frame dynamic modelling was performed by Antes et al. [6]. A method 
based on Duhamel integrals, in combination with the CQM, for the analysis of 
one-dimensional wave propagation in a layered medium was presented by Moser 
et al. [7], which was extended to plane strain elastodynamic BEM-FEM (finite 
element method) coupling later on [8]. Recently, Dobromil and Schanz [9] and 
Schanz et al. [10] applied the CQM to a poroelastic boundary elements approach 
shown that BEM based on CQM is very robust and suitable for such kinds of 
problems. 
     All the cited formulations were applied to problems with null initial 
conditions. In a recent work by Abreu et al. [11], a new numerical technique 
called Initial Condition Pseudo-Force procedure (ICPF), was presented in order 
to consider non-null initial conditions in a CQM-BEM context. Originally, the 
ICPF was employed for frequency-domain analysis with BEM and FEM 
formulations, as described by Mansur et al. [12, 13]. Basically, the ICPF consists 
in replacing the initial conditions by equivalent pseudo-forces. In the present 
work, the notation ICPF-CQM-BEM will be adopted when non-homogeneous 
initial conditions are considered in the CQM-BEM formulation [11]. In the 
following sections, the ICPF-CQM-BEM is reviewed. In the sequence, 
numerical procedures to compute time and space derivatives using ICPF-CQM-
BEM is presented. Finally, two numerical examples illustrate the efficacy of the 
developed formulation. 

2 The convolution quadrature method 

Consider first the following equation: 

y(t) = 
⌡

⌠

0 

t
 f(t−τ) g(τ) dτ                                          (1) 

     In [1, 2] it has been showed that function y can be approximated at points n∆t 
as: 

y(n∆t) = ∑
k = 0

n

  ω j
n−k(∆t) g(k∆t) ,      n = 0, 1, 2..., N                        (2) 

where N is the total number of time sampling and the weights ω 
n are: 

ω 
n(∆t) = 

 1
2πi

⌡

⌠

Cρ

 
  ^f  



γ(z)

∆t  z− n − 1 dz ≈ 
ρ− n

L  ∑
l = 0

L−1

   ^f  



γ(ρ ei l 2π /L)

∆t  e− i n l 2π /L  (3) 
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where  ^f  is the Laplace transform of f and Cρ = {z∈C; z  = ρ} is the contour 
employed to perform the integration; i.e., ρ is the radius of a circle in the domain 
of analyticity of  ^f (γ(z)/∆t). In Eq. (3) a polar coordinate system was adopted and 
the integral was approximated by the trapezoidal rule with L equal steps (2π/L). 
     Assuming f(0) = 0 and applying Leibniz integral rule to Eq. (1) leads to: 

∂y(t)
∂t  = 

⌡

⌠

0 

t
 
∂f(t−τ)
∂t  g(τ) dτ                                            (4) 

     Eq. (4) shows for analogy with Eq (1) that ∂y/∂t can be approximated at 
points n∆t as: 

∂y(n∆t)
∂t  = ∑

k = 0

n

 −ω 
n−k(∆t) g(k∆t)                                        (5) 

where now −ω 
n can be obtained using the Laplace transform of ∂f/∂t, which, 

evaluated at point s gives s ^f (s). That is: 

−
ω 

n(∆t) ≈ 
ρ− n

L  ∑
l = 0

L−1

 sl  
^ f ( )sl  e− i n l 2π /L                                (6) 

and sl = γ(ρ
 
 e

i l 2π /L )/∆t. 

3 Boundary integral equation with initial conditions 

The time-domain integral equation corresponding to problems governed by the 
2D scalar wave equation with non-homogeneous initial conditions is, for any 
interior point ξ [11]: 

u(ξ,t) = 
⌡

⌠

Γp
 

 
 
⌡

⌠

0 

t+
 u*(r,t−τ) p(X,τ) dτdΓp−

⌡

⌠

Γu
 

 
 
⌡

⌠

0 

t+
 p*(r,t−τ) u(X,τ) dτdΓu  

+ 
⌡

⌠

Ω 

 
 
⌡

⌠

0 

t(∆t)
 u*(r,t−τ) fv0(X,t) dτdΩ − 

⌡

⌠

Ω 

 
 
⌡

⌠

0 

t+
 u*(r,t−τ) fu0(X,t) dτdΩ

     In Eq. (7) p(X,t) = ∂u(X,t)/∂n represents the normal flux, Γ = Γu∪Γp is the 
boundary of the domain Ω. The distance between the source point ξ and the field 
point X = (x,y) is represented by r = X − ξ where X∈Ω ∪ Γ, u*(r,t−τ) is the 
fundamental solution and p*(r,t−τ) is its normal derivative. Eq. (7) considers the 
fictitious domain source contributions fu0 

 and fv0 
 corresponding to the initial 

displacement and velocity fields u0(X) and v0(X), respectively. The expressions 
for the pseudo-forces can be calculated according to [11]: 

fv0 
(X,t) =  1

c2 ∆t v0(X) δ(t − 0)    and    fu0 
(X,t) = c2∇2u0(X) H(t − 0) (8) 

 (7) 
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where the response due to the initial velocity field v0(X) can be obtained 
considering an impulsive pseudo-force as described by Eq. (8) (∆t is the time 
interval sampling). The contribution of the initial displacement field u0(X) can be 
computed subtracting from the initial displacement field itself, the response 
corresponding to a pseudo-force as presented in Eq. (8). In Eq. (8) δ(t − 0) is the 
Dirac delta generalized function and H(t − 0) is the Heaviside function. 
     Once the boundary is discretized in J elements (Γj, j = 1, 2, ... J) and the 
subdomain of Ω with non-homogeneous initial condition in Ce cells 
(Ωj, j = 1, 2, ... Ce), the discretized version of the integral Eq. (7) employing the 
CQM is, for an interior point ξ: 

u(ξ,tn)=∑
j = 1

J

 ∑
k = 0

n

 g j
n − k(ξ,∆t) p j

k(X) − ∑
j = 1

J

 ∑
k = 0

n

 h j
n − k(ξ,∆t) u j

k(X) 

+ ∑
j = 1

Ce

 m j
n(ξ,∆t) fv0

 j
0 (X)−∑

j = 1

Ce

 ∑
k = 0

n

 m j
n − k(ξ,∆t) fu0  

 j
k(X) (9) 

The CQM weights gn, hn and mn in Eq. (9) are: 

g j
n(ξ,∆t) = 

 ρ
− n 
 
L  ∑

l = 0

L − 1

 
⌡

⌠

Γj 
 

 
 
^u*(r,sl) Φ

 j 
Γ e− π /L

h j
n(ξ,∆t) = 

ρ
− n 
 
L  ∑

l = 0

L − 1

 
⌡

⌠

Γj 
 

 
 
^p*(r,sl) Φ

 j
 (X) dΓ e− i n l 2π /L

m j
n(ξ,∆t) = 

ρ
− n 
 
L  ∑

l = 0

L − 1

 
⌡

⌠

Ω j 
 

 
 
^u*(r,sl) Φ

 j
ce(X) dΩ e− i n l 2π /L           (12) 

     In the above expressions, Φ
 j
 (X) and Φ

 j
ce(X) represent the interpolation 

functions employed in the boundary and domain discretization, respectively. The 
function γ(z), used in Eq. (10) to (12), is the quotient of the characteristic 
polynomials generated by a linear multi-step method [1, 2]. 
     In Eqs. (10) and (12), ^u*(r,s) is the Laplace transform of the fundamental 
solution u*(r,t) and in Eq. (11) ^p*(r,s) is the Laplace transform of p*(r,t). The 
expressions of these functions are given by [14]: 

^u*(r,s) = 2K0(sr)    and    
^p*(r,s) = 

∂
^u*(r,s)
∂r  ∂r

∂n = − 2sK1(sr) 
∂r
∂n   (13) 

where K0(sr) and K1(sr) are the modified Bessel function of zero and first order, 
respectively, and of second kind. 

             (11) 

(X) d  i n l 2            (10) 
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     The nodal values of the pseudo-forces fv0 

j
  and fu0 

j
  are computed from the 

known initial velocity v j
0 and initial displacement u j

0, respectively, at each j cell 
as: 

fv0 

 j
0(X) =  1

c2 ∆t  v
 j
0(X)   and      fu0 

 j
k(X) = c2 ∇2u

 j
0(X),      X ∈ Ωj ∪Γj  (14) 

Eq. (9) can be rewritten in matricial form as follows: 

u n
  = ∑

k = 0

n

 G  n − k p k − ∑
k = 0

n

 H n − k u k + M 0 fv0
0  − ∑

k = 0

n

 M n − k fu0
k           (15) 

where G, H and M are the final boundary element influence matrices and indices 
n and k correspond to the discrete times tn = n∆t and tk = k∆t, respectively. For 
details concerning the CQM-BEM and ICPF-CQM-BEM references [3, 11] are 
indicated. 

4 Time derivative of the integral equation  

In order to obtain the time derivative of the function u(ξ,t), Eq. (7) is 
differentiated. Applying Eq. (4) to each integral term leads to: 
∂u(ξ,t)
∂t =

⌡

⌠

Γp
 

 
 
⌡

⌠

0 

t+
 
∂u*(r,t−τ)

∂t  p(X,τ) dτdΓp −
⌡

⌠

Γu
 

 
 
⌡

⌠

0 

t+
 
∂p*(r,t−τ)

∂t  u(X,τ) dτdΓu 

+
⌡

⌠

Ω 

 
 
⌡

⌠

0 

t(∆t)
 
∂u*(r,t−τ)

∂t  fv0(X,t) dτdΩ −
⌡

⌠

Ω 

 
 
⌡

⌠

0 

t+
 
∂u*(r,t−τ)

∂t  fu0 τ Ω

     Following the CQM procedure, the time derivative discretized version of the 
Eq. (9) is: 

∂u(ξ,t)
∂t t = tn

 =∑
j = 1

J

 ∑
k = 0

n

 − g  j
n −  k(ξ,∆t) p j

k(X) − ∑
j = 1

J

 ∑
k = 0

n

 − h  j
n −  k(ξ,∆t) u j

k(X) 

+ ∑
j = 1

Ce

 −m j
n(ξ,∆t) fv0 

 j
0(X) − ∑

j = 1

Ce

 ∑
k = 0

n

 −m j
n −  k(ξ,∆t) fu0  

 j
k(X)     (17) 

     The CQM weights in Eq. (17) are computed by the following expressions: 

− g  j
n(ξ,∆t) = 

 ρ
− n 
 
L ∑

l = 0

 L − 1

 
⌡

⌠

Γj 
 

 
 sl 

^u*(r,sl) Φ
 j
 (X) dΓ e− i n l 2π /L

− 
h  j

n(ξ,∆t) = 
 ρ
− n 
 
L ∑

l = 0

 L − 1

 
⌡

⌠

Γj 
 

 
 sl 

^p*(r,sl) Φ
 j
 (X) dΓ e− i n l 2π /L

  (16) (X,t) d d

           (18) 

           (19) 
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−m j
n(ξ,∆t) = 

 ρ
− n 
 
L ∑

l = 0

 L − 1

 
⌡

⌠

Ω j 
 

 
 sl 

^u*(r,sl) Φ
 j
ce(X) dΩ e− i n l 2π /L

where the parameter sl is the same as indicated before. 

5 Space derivatives of the integral equation 

The space derivative in the direction m of the function u(ξ,t) can be obtained 
differentiating Eq. (9): 

∂u(ξ,tn)
∂m  =∑

j = 1

J

 ∑
k = 0

n

 =g j
n −  k(ξ,∆t) p j

k(X) − ∑
j = 1

J

 ∑
k = 0

n

 =h j
n −  k(ξ,∆t) u j

k(X) 

+ ∑
j = 1

Ce

 =m j
n(ξ,∆t) fv0

 j
0 (X) − ∑

j = 1

Ce

 ∑
k = 0

n

 =m j
n −  k(ξ,∆t) fu0 

 j
k(X) (21) 

and the CQM weights of above expression can be calculated as: 

 =g  j
n(ξ,∆t) = 

 ρ
− n 
 
L ∑

l = 0

L − 1

 
⌡

⌠

Γj 
 

 
 
∂

^u*(r,sl)
∂m  Φ j

 (X) dΓ e− i n l 2π /L

=
h j

n(ξ,∆t) = 
 ρ
− n 
 
L ∑

l = 0

L − 1

 
⌡

⌠

Γj 
 

 
 
∂

^p*(r,sl)
∂m  Φ j

 (X) dΓ e− i n l 2π /L            (23) 

=m j
n(ξ,∆t) = 

 ρ
− n 
 
L ∑

l = 0

L − 1

 
⌡

⌠

Ω j 
 

 
 
∂

^u*(r,sl)
∂m  Φ j

ce(X) dΩ e− i n l 2π /L          (24) 

     The directional derivative of the fundamental solution of Eq. (13) is: 

∂
^u*(r,s)
∂m  = 

∂
^u*(r,s)
∂r  ∂r

∂m = − 2sK1(sr) 
∂r
∂m                       (25) 

 

∂
^p*(r,s)
∂m  = 2s2 











K0(sr) + 

1
sr K1(sr)  

∂r
∂m 

∂r
∂n  − K1(sr) 

∂
∂m 



∂r

∂n 
 

where the directional derivatives are: 
 

∂r
∂m = 

(ξ − X)⋅m
r  

            (22) 

          (20) 

         (26) 

and for the normal derivative of the fundamental solution one has: 
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6 Examples 

Two numerical examples corresponding to a rod with the boundary conditions 
∂u(0, y,t)/∂n = 0  and  u(a, y,t) = 0 are analyzed in order to validate the proposed 
method. The ICPF-CQM-BEM as presented in [11] was used to solve the scalar 
wave problem and Eqs. (17) and (21) were used to calculate time and space 
derivatives for interior points. 
     Derivatives of time and space in x direction were calculated at the central 
point O = (a/2,0). These results were compared with respect to the results 
obtained with an explicit Finite Difference Method (FDM) approach for a very 
fine mesh (reference solution). 
     The following parameter was adopted for the examples: the wave velocity 
c = 1, and the dimensionless parameter β = c∆t/l was used to estimate the time-
step length (l is the smallest boundary element length) in the BEM formulation. 

6.1 Rod under initial displacement condition prescribed over a subdomain 

This example consists of a rod under initial displacement, as follows:  
 

u0(X) = 
 P
E  (

 a
4  − x)  (0 ≤ x ≤ 

 a
4 , − 

 a
4  ≤ y ≤ 

 a
4  ), 

 

where 
 P
E  = 1, P is the force and E is the Young modulus. Fig. 1 depicts the 

boundary element mesh ABCD and the internal point O selected. In this analysis 
100 linear boundary elements were used and the subdomain AMND was divided 
in 1024 linear triangular cells. 

In this example line forces appear where grad(u0(X)) is discontinuous and 
the volume integral in Eqs. (12), (20) and (24) become a line integral on AD and 
a line integral on MN as indicated in Fig. 1. 

O 

C 

B A 

D 

M 

N 

 

Figure 1: Rod under initial conditions prescribed over a subdomain: 
boundary discretization and cells. 

     The calculated derivatives ∂u/∂x and time ∂u/∂t at interior point O are shown 
in Fig. 2 and 3, respectively. 
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Figure 2: Calculated space derivative ∂u/∂x at interior point O for the rod of 
example 6.1. 
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Figure 3: Calculated time derivative at interior point O for the rod of 
example 6.1. 

6.2 Rod under initial velocity condition prescribed over a sub-domain 

This example consists of a one-dimensional rod under initial velocity as follows: 

v0(X) = 
 Pc
E   (0 ≤ x ≤ 

 a
4 , − 

 a
4  ≤ y ≤ 

 a
4  ). The same mesh used in the previous 

example was adopted (see Fig. 1). The calculated derivatives ∂u/∂x and time 
∂u/∂t at interior point O are shown in Fig. 4 and 5, respectively. 
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Figure 4: Calculated space derivative ∂u/∂x at interior point O for the rod of 
example 6.2. 
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Figure 5: Calculated time derivative at interior point O for the rod of 

example 6.2. 

7 Conclusions 
In the present work, a method to compute the time and space derivatives of the 
displacement function of the scalar wave propagation problem was presented. 
The method uses the boundary element method based on the convolution 
quadrature method. The CQM-BEM takes into account non-homogeneous initial 
conditions by means of the general procedure known as initial condition pseudo-
force (ICPF). The obtained results employing the ICPF-CQM-BEM for the 
studied examples agree with the reference solution obtained by the FDM and 
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shown that the proposed methodology can be used when dealing with wave 
propagation problems to compute the time and space derivatives at interior 
points. 
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