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Abstract

This work is concerned with the numerical computation of time and space
derivatives of the time-domain solution of scalar wave propagation problems
using the boundary element method (TD-BEM). In the present formulation, the
BEM based on the so-called convolution quadrature method (CQM-BEM) is
employed. The CQM-BEM takes into account non-homogeneous initial
conditions by means of a general procedure, known as the initial condition
pseudo-force procedure (ICPF), which replaces the initial conditions by
equivalent pseudo-forces. The boundary integral equation with initial conditions
contribution is derived analytically and the quadrature weights of the standard
ICPF-CQM-BEM formulation are transformed in order to compute time and
space derivatives. Two numerical examples are presented at the end of the work
illustrating the efficacy of the implemented formulation.

Keywords: wave equation, time and space derivatives, boundary element
method, convolution quadrature method, initial condition pseudo-force
procedure.

1 Introduction

This work presents an application of a time-domain boundary element method
(TD-BEM) for the analysis of scalar wave propagation problems. The TD-BEM
employs the convolution quadrature method (CQM) developed by Lubich [1, 2].
In the CQM, fundamental solutions in the Laplace transformed-domain are
considered and a numerical approximation of the basic integral equations of the
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TD-BEM is worked out by a quadrature formula based on a linear multi-step
method. The main advantage of the CQM is that it can be applied to problems
where the TD fundamental solution is not available or has a very difficult
expression. The CQM-BEM was firstly applied to scalar wave propagation
problems by Abreu ef al. [3].

The CQM was employed successfully in viscoelastic and poroelastic
problems by Schanz [4] and Gaul and Schanz [5]. Application of the CQM to
plane frame dynamic modelling was performed by Antes ef al. [6]. A method
based on Duhamel integrals, in combination with the CQM, for the analysis of
one-dimensional wave propagation in a layered medium was presented by Moser
et al. [7], which was extended to plane strain elastodynamic BEM-FEM (finite
element method) coupling later on [8]. Recently, Dobromil and Schanz [9] and
Schanz et al. [10] applied the CQM to a poroelastic boundary elements approach
shown that BEM based on CQM is very robust and suitable for such kinds of
problems.

All the cited formulations were applied to problems with null initial
conditions. In a recent work by Abreu et al. [11], a new numerical technique
called Initial Condition Pseudo-Force procedure (ICPF), was presented in order
to consider non-null initial conditions in a CQM-BEM context. Originally, the
ICPF was employed for frequency-domain analysis with BEM and FEM
formulations, as described by Mansur et al. [12, 13]. Basically, the ICPF consists
in replacing the initial conditions by equivalent pseudo-forces. In the present
work, the notation ICPF-CQM-BEM will be adopted when non-homogeneous
initial conditions are considered in the CQM-BEM formulation [11]. In the
following sections, the ICPF-CQM-BEM is reviewed. In the sequence,
numerical procedures to compute time and space derivatives using ICPF-CQM-
BEM is presented. Finally, two numerical examples illustrate the efficacy of the
developed formulation.

2 The convolution quadrature method

Consider first the following equation:

t
() =J A=) g(1) dr )

0
In [1, 2] it has been showed that function y can be approximated at points nA¢

as:
n
_ J _
y(nAt) = Z o, (A gkAt)y, n=0,1,2..,N 2)
k=0

where N is the total number of time sampling and the weights ®, are:
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where f is the Laplace transform of f and Cp= {zeC;|z| =p} is the contour
employed to perform the integration; i.e., p is the radius of a circle in the domain

of analyticity of f(y(z)/Af). In Eq. (3) a polar coordinate system was adopted and

the integral was approximated by the trapezoidal rule with L equal steps (2n/L).
Assuming f{0) = 0 and applying Leibniz integral rule to Eq. (1) leads to:

o) _ J )

P o g dr 4)
0
Eq. (4) shows for analogy with Eq (1) that dy/0t can be approximated at
points nAt as:

5 -
_ﬁgtﬁ) = Do, (M) glkAd) )
k=0

where now (:)n can be obtained using the Laplace transform of ¢f/0t, which,

A
evaluated at point s gives sf(s). That is:

L-1
&, (80~ 2= D 5y fs) e ©6)
=0

and s,=y(p €' )/At.

3 Boundary integral equation with initial conditions

The time-domain integral equation corresponding to problems governed by the
2D scalar wave equation with non-homogeneous initial conditions is, for any
interior point § [11]:

+ +
U, = J Jt u*(r,t—1) p(X;7) drdF,,—J Jt p*(rt—) u(X,v) drdl,
r,v0 r.70

1(ar) r
+J J U*(r,1—t) fo(Xot) drdQ —j J U*(r,1=1) fo(Xot) dedQ (7)
QY0 QJ0

In Eq. (7) p(X,t) = Ou(X,t)/on represents the normal flux, I'=TI,0Ul, is the
boundary of the domain Q. The distance between the source point & and the field
point X = (x,y) is represented by r=| X — & where XeQ UT, u*(r.t—) is the
fundamental solution and p*(7,¢—7) is its normal derivative. Eq. (7) considers the
fictitious domain source contributions f"o and fvo corresponding to the initial
displacement and velocity fields uy(X) and vy(X), respectively. The expressions
for the pseudo-forces can be calculated according to [11]:

Fo X0 = Zmn08(-0) and fi, (X0 = AV Ha-0)  (®)
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where the response due to the initial velocity field vy(X) can be obtained
considering an impulsive pseudo-force as described by Eq. (8) (Af is the time
interval sampling). The contribution of the initial displacement field uy(X) can be
computed subtracting from the initial displacement field itself, the response
corresponding to a pseudo-force as presented in Eq. (8). In Eq. (8) 8(z — 0) is the
Dirac delta generalized function and H(z — 0) is the Heaviside function.

Once the boundary is discretized in J elements (I';, j=1, 2, ... J) and the
subdomain of € with non-homogeneous initial condition in Ce cells
(©,j=1,2, ... Ce), the discretized version of the integral Eq. (7) employing the
CQM is, for an interior point &:

n J n
UEL)=D, D 8 (Er) Pl — D Dk _(&sn ul(x)

J=1k=0 j=1k=0
e Ce n
J J J J
+ DL mEA) fi 00— D my (64D fiy 1Y) )
j=1 j=1k=0
The CQM weights g, h, and m, in Eq. (9) are:
mr-1 p
j L N J —inl2nlL
gi&r) =" u*(rs) @ () dr e (10)
=0 ) rj_
-n
) p L-1 p ~ j .
hy(E00 =7~ PHrs) @ @ dr e Ry
=0 J F/_

L,
p A ; .
- J —inl2n/L
m(&A) =] ZJ W) D) d2 €T (12)
=0Jg,
In the above expressions, @’ (X) and <I) (X) represent the interpolation

functions employed in the boundary and domain discretization, respectively. The
function y(z), used in Eq. (10) to (12), is the quotient of the characteristic
polynomials generated by a linear multi-step method [1, 2].

In Egs. (10) and (12), u*(r,s) is the Laplace transform of the fundamental

solution u*(r,f) and in Eq. (11) p™(r.s) is the Laplace transform of p*(r.,f). The
expressions of these functions are given by [14]:

au ou™(rs) or

or on
where Ky(sr) and K(s7) are the modified Bessel function of zero and first order,
respectively, and of second kind.

*(r s) = 2Ky(sr) and p *(r,s) = - 25K, (sr) 6 (13)
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The nodal values of the pseudo-forces ﬁ 0 and f,, are computed from the

known initial velocity v0 and initial displacement u('), respectively, at each j cell
as:

ol =) and £, J00 = VgD, XeQur,  (14)

Eq. (9) can be rewritten in matricial form as follows:

n n
n n—k __k n—k k 0 0 n—k k
W=D G T = B e MO - D M g (15)
k=0 k=0 k=0
where G, H and M are the final boundary element influence matrices and indices
n and k correspond to the discrete times #, = nAt and ¢, = kAt, respectively. For
details concerning the CQM-BEM and ICPF-CQM-BEM references [3, 11] are
indicated.

4 Time derivative of the integral equation

In order to obtain the time derivative of the function u(&,f), Eq. (7) is
differentiated. Applying Eq. (4) to each integral term leads to:

+ * _ + * .
%— J Jt (” = p(X7) dedr, J jt (” D 0X0) dedr,

1 *(r, t— f(ni
. J J (At)wf’m(x,t) drdQ2 - J J au%fuo(m ded2 - (16)
aJ0 Q-0

Following the CQM procedure, the time derivative discretized version of the
Eq. (9) is:

§ J J n
A Y Y e eapln - Z B (00 100

|t=ln j_lk 0 j=1k=

Ce n
+ Z myEA £, 000 — Z D m_E&ANfo i) (17)
J=1 =1k=0
The CQM weights in Eq. (17) are computed by the following expressions:

—n
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inl2mn/L (20)

L-1
. Y A .
J - J -
myeay =", | su*rs) DLnde
where the parameter s, is the same as indicated before.

S Space derivatives of the integral equation

The space derivative in the direction m of the function u(&,f) can be obtained
differentiating Eq 9):

au(i 1)
Z > e ploo - Z > e ulon
j=1k=0 j=1k=0
Ce . _ Ce n o _
+ D mIEM f000 — D, DL my_ EANfi k) 2D
j=1 j=1k=0
and the CQM weights of above expression can be calculated as:
A r
giEM) =72, ( D glmyare T (o)
=0 Jp,
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The directional derivative of the fundamental solution of Eq. (13) is:

N A
ou*(r,s)  ou*(rs) or
om —  or Om

= —2sK;(sr) a@_’; 25)

and for the normal derivative of the fundamental solution one has:

op* () 1 or or o
=5 =2 ((Ko(sr) +— Kl(sr)) Doy — K 5 (a; D (26)

where the directional derivatives are:

or _(E=-X)m

om r
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6 Examples

Two numerical examples corresponding to a rod with the boundary conditions
ou(0, y,f)/on =0 and u(a, y,t) = 0 are analyzed in order to validate the proposed
method. The ICPF-CQM-BEM as presented in [11] was used to solve the scalar
wave problem and Egs. (17) and (21) were used to calculate time and space
derivatives for interior points.

Derivatives of time and space in x direction were calculated at the central
point O = (a/2,0). These results were compared with respect to the results
obtained with an explicit Finite Difference Method (FDM) approach for a very
fine mesh (reference solution).

The following parameter was adopted for the examples: the wave velocity
¢ =1, and the dimensionless parameter = cAt/l was used to estimate the time-
step length (7 is the smallest boundary element length) in the BEM formulation.

6.1 Rod under initial displacement condition prescribed over a subdomain

This example consists of a rod under initial displacement, as follows:

P a a a a
uX) =7 (4 —x) 0<x<7, = <y<r),

P . . . .
where = 1, P is the force and E is the Young modulus. Fig. 1 depicts the

boundary element mesh ABCD and the internal point O selected. In this analysis
100 linear boundary elements were used and the subdomain AMND was divided
in 1024 linear triangular cells.

In this example line forces appear where grad(uy(X)) is discontinuous and
the volume integral in Eqgs. (12), (20) and (24) become a line integral on AD and
a line integral on MN as indicated in Fig. 1.

D N C
.0
A M B
Figure 1:  Rod wunder initial conditions prescribed over a subdomain:

boundary discretization and cells.

The calculated derivatives 0u/Ox and time Ou/Ot at interior point O are shown
in Fig. 2 and 3, respectively.
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Figure 2:  Calculated space derivative 0u/Ox at interior point O for the rod of
example 6.1.
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Figure 3:  Calculated time derivative at interior point O for the rod of
example 6.1.

6.2 Rod under initial velocity condition prescribed over a sub-domain

This example consists of a one-dimensional rod under initial velocity as follows:
P

ve(X) = ?c 0<x< Za’ _Za <y< Za ). The same mesh used in the previous

example was adopted (see Fig. 1). The calculated derivatives ou/Ox and time

Ou/0t at interior point O are shown in Fig. 4 and 5, respectively.
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Figure 4: Calculated space derivative Ou/Ox at interior point O for the rod of
example 6.2.
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Figure 5: Calculated time derivative at interior point O for the rod of

example 6.2.

7 Conclusions

In the present work, a method to compute the time and space derivatives of the
displacement function of the scalar wave propagation problem was presented.
The method uses the boundary element method based on the convolution
quadrature method. The CQM-BEM takes into account non-homogeneous initial
conditions by means of the general procedure known as initial condition pseudo-
force (ICPF). The obtained results employing the ICPF-CQM-BEM for the
studied examples agree with the reference solution obtained by the FDM and
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shown that the proposed methodology can be used when dealing with wave
propagation problems to compute the time and space derivatives at interior
points.
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