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ABSTRACT 
It is important to comprehend the microstructure of a suspension in a pressure-driven flow to control 
its rheological properties. The microstructure is usually assessed based on spatial arrangement of the 
particles, i.e., how suspended particles flow in a channel. The spatial patterns in the width direction 
rather than those in the axial one are more important because near-wall particles may increase the 
equivalent intrinsic viscosity significantly. The viscous dissipation near the channel wall, which is 
directly related to the pressure drop, depends on how and where suspended particles flow in a channel. 
A thixotropic behavior of a suspension is partly due to these microstructure changes; however, it has 
not been completely clarified yet. Therefore, the aim of this study is to consider microstructure changes 
of a dilute suspension attributed to the inertial effects of the suspended particles, and its accompanying 
macroscopic rheology changes by a two-way coupling scheme. Pressure-driven suspension flow 
simulations were conducted by regularized lattice Boltzmann method. A periodic boundary condition 
was applied in the axial direction of the channel to reduce computational costs. The suspended particles 
were assumed to be rigid, neutrally buoyant, and chemically stable. The flow simulations were then 
performed by up to 100 nondimensional time to consider temporal changes in the microstructure. As a 
result, the microstructure of a suspension was observed to change in time mainly due to inertial effects 
of the suspended particles. The thixotropic behavior of a dilute suspension due to inertial effects was 
successfully reproduced by considering changes in its microstructure. 
Keywords:  rheology, non-Newtonian property, thixotropy, particle migration, dilute suspension,  
two-way coupling simulation. 

1  INTRODUCTION 
Suspension is one of the promising functional fluids to achieve smart control of rheological 
properties by changing its microstructure. Microstructure of a suspension is usually defined 
by the positions of the suspended particles relative to each other [1]. Since suspension 
microstructure dictates its macroscopic rheology, it is important to consider all factors  
that influence microstructure. When microstructure of a dilute suspension is totally 
homogeneous, i.e., suspended particles are homogeneously dispersed, its relative viscosity 
eff/0 can be estimated by Einstein’s viscosity equation [2]: 

 
eff

0

1   , (1) 

where eff is the effective viscosity of a suspension, 0 is the viscosity of a particle-free fluid, 
[] is the intrinsic viscosity, and  is the concentration of a suspension. Note that intrinsic 
viscosity [] is well known to be 2 for 2D [3] and 2.5 for 3D [2]. Influence of spatial 
arrangement of the particles on the rheology, however, has not been well considered yet, and 
may be important to control its rheological properties. When suspended particles are not 
dispersed homogeneously, i.e., particles flow heterogeneously, Einstein’s equation cannot be 
applied to estimate its relative viscosity. Doyeux et al. [4] considered that the viscosity of a 
suspension increases when the suspended particles approach the channel wall, and vice versa. 
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Therefore, it is important to consider the temporal changes in microstructure of a suspension so 
as to assess the macroscopic rheological properties of a suspension in detail. 
     So far, we have proposed a two-way coupling numerical scheme to evaluate the particle 
rotation effects on the rheological properties [5]. However, these studies were conducted on  
the condition that suspended particles were homogeneously distributed in order to satisfy an 
assumption in Einstein’s equation. For better practical applications, suspended particles should 
be scattered randomly in a channel. The aim of this study is, therefore, to consider the effects 
of microstructure, which is formed by spatial arrangement of the particles, on the rheological 
properties of a suspension. Especially, inertial effects are focused in this study because it is one 
of the major factors to influence microstructure of hard-sphere suspensions. 

2  METHODS 

2.1  Computational models 

Pressure-driven suspension flow simulations were carried out in a two-dimensional channel. 
The channel had a length L (0 < x < L) of 1620 m and a width 2l (−l < y < l) of 400 m, 
respectively. Note that periodic boundary conditions in the axial direction were taken into 
consideration to reduce computational costs. As illustrated in Fig. 1, suspended particles, 
with a diameter 2r of 20 m, were randomly distributed in the channel as an initial condition. 
The confinement C, which is the ratio of particle size 2r to channel width 2l, was 
consequently set 0.05 (= 20/400). This parameter is important when particle inertia is 
considered. The concentration  of the suspension was 1.02%, which corresponds to totally 
21 particles in a computational domain, for a dilute assumption. The particles were also 
assumed to be rigid, non-colloidal, and chemically stable. Moreover, their density was set 
equivalent to that of the suspending fluid to satisfy neutral buoyancy. 
 

 

Figure 1:    Example of randomly distributed initial condition of suspended particles. 
Periodic boundary conditions were considered in the axial direction. 

     Reynolds number Re in eqn (2) was set to 4, 16 and 256 so as to assess inertial effects on 
the suspended particles and macroscopic non-Newtonian behavior of a suspension 

 Re
u0  2l


, (2) 
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where u0 is the bulk velocity of the fluid, 2l is the channel width, and  is the kinematic 
viscosity of the particle-free suspending fluid. The particle Reynolds number Rep [6] can be 
defined by taking confinement C into consideration 

 Rep 
u0  2r


C  ReC 2 , (3) 

where 2r is the particle diameter and C is the confinement, which is defined as C = 2r/2l. 
Since the confinement C was set 0.05 in this simulation, the particle Reynolds number Rep 
corresponded to 0.01 (Re = 4), 0.04 (Re = 16), and 0.64 (Re = 256), respectively. 
     The spatial resolutions x and y were set 1 m (0.3125 m for Re = 256), which were 
validated in our previous researches [7], [8], to obtain high accuracy, and the curved 
boundaries of the suspended particles were described by virtual flux method [9] in a Cartesian 
grid. One of the advantages of the virtual flux method is its superior spatial resolution without 
adding an external force to describe an arbitrary body shape. Additionally, no iterative 
calculations are necessary in this method. So far, we have successfully applied this method 
to, for example, internal flow simulation in artery by Navier–Stokes equations [10], and external 
flow simulation around Savonius rotor by regularized lattice Boltzmann equation [11]. 
     The suspension flow simulations were conducted to the nondimensional time T of 100, 
which corresponded to particles travelling distance of 40 mm on average (100 times as long 
as the channel width 2l), so as to assess the temporal change in its microstructure. Since initial 
particles position more or less affected the temporal changes of the microstructure, these 
simulations were repeatedly carried out with different randomly dispersed initial positions 
30 times or more to reduce their initial dependences. The microstructure of a suspension was 
then evaluated by its concentration profiles, which can be obtained by counting number of 
particles scattered in the width direction of the channel. 

2.2  Governing equation for fluid 

Regularized lattice Boltzmann method [12], [13] was used as a governing equation for  
the fluid part. In this method, the moments were used up to the second order to obtain 
adequate accuracy. The distribution function f in the regularized lattice Boltzmann is 
therefore written as 

 

where  is the weight factor,  is the direction of the discrete velocity vector e as shown in 
Fig. 2, and a0, bi, and cij are the parameters which satisfy the following relationships 

 

Figure 2:  Direction of the discrete velocity vector e. 

fα =ωα a0 + bieαi + cijeαieαj( ) , (4) 
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 f  

 , (5) 

 ei f  ui

 , (6) 

 eiej f 
c 2

3
 ij  uiu j ij

neq


 , (7) 

where ij
neq is the nonequilibrium part of the stress tensor. The distribution function f  

is therefore 

 

     The first term of the right-hand side is equal to Maxwell equilibrium distribution function 
feq, which is a good approximation for low Mach number conditions. The second term of the 
right-hand side is then substituted for f1, the distribution function f is written as 

 f  f
eq  f

1 . (9) 

     Finally, the time evolution equation for the regularized lattice Boltzmann equation is then 

 f t  t, x  et  f
eq t, x  1

1








f

1 t, x , (10) 

where  is the relaxation time. It has been shown that the Navier–Stokes equations can be 
derived from the lattice Boltzmann equation through Chapman–Enskog expansion procedure 
in the incompressible limit [14] with a relaxation time  as 

   3
cx


t

2
, (11) 

where  is the kinematic viscosity. The relaxation time  was set 0.74 for all our 
computations. The distribution function of the D2Q9 model [15] has three different speeds 
according to its direction as shown in Fig. 2 

 e  0 , ( = 0), 

 e  c , ( = 1, 2, 3, 4), 

 e  2c , ( = 5, 6, 7, 8), (12) 

where c =x/t. The weight factors  for the D2Q9 model are 

  
4

9
, ( = 0), 

  
1

9
, ( = 1, 2, 3, 4), 

  
1

36
. ( = 5, 6, 7, 8). (13) 

fα =ωαρ 1+
3 eαiui( )
c2

+
9 eαiui( )2

2c4
−
3 uiui( )
2c2

 

 
 
 

 

 
 
 
+
9ωα

2c2
eαieαj
c2

−
1
3
δij

 

 
 

 

 
 Πij

neq . (8) 
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2.3  Governing equations for suspended particles 

Since suspended particles were assumed to be rigid and spherical, their movements were 
simply described by Newton’s second law of motion and the equation of angular motion 

 Fp  
d 2xp

dt 2
, (14) 

 Tp  I
d 2 p

dt 2
, (15) 

where Fp is the external hydrodynamic force vector acting on the particle,  is the particle 
density, xp is the particle position vector, Tp is the torque, I is the moment of inertia, and p 
is the particle angle. Note that the density of the suspended particles was equivalent to that 
of the suspending fluid for neutral buoyancy. The external force vector Fp and the torque Tp 
acting on the particles were then discretized by a third-order Adams–Bashforth method and 
solved numerically by a two-way coupling scheme [5] 

 

 

 

 

3  RESULTS AND DISCUSSION 
Snapshots of pressure-driven suspension flows at nondimensional time T = 100 are shown  
in Fig. 3. The suspended particles flowed without collisions or contacts during the 
simulations. As shown in Fig. 3, flow patterns in the width direction were dependent on  
the Reynolds number, i.e., inertial effects on the suspended particles. For the case Reynolds 
number Re = 4, particles flowed with spreading uniformly in the width direction. In our 
previous experimental study [16], [17], we have shown these uniform concentration profiles 
under lower Reynolds number conditions, in which lift force of the particles is negligible. 
For the case Re = 16, on the other hand, particles flowed with migrating widthwise toward 
specific regions around y = ±0.5l. When Reynolds number increased, inertial force acting on 
the particles increased and widthwise equilibrium positions, where lift force on the particles 
and repulsive force from the channel wall were equivalent, obviously emerged. Owing to 
these effects, particles flowed with migrating as Reynolds number increased. This is known 
as Segré–Silberberg effect [18]. For the case Re = 256, particles flowed on the centerline  
of the channel. This is because repulsive forces from the channel wall increased more 
remarkably than lift forces on the particles. Therefore, the equilibrium position of the 
particles shifted toward center of the channel. This is known as axial accumulation by sigma 
effect [19]. 
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Figure 3:    Snapshots of pressure-driven suspension flows at nondimensional time T = 100. 
The flow direction is from left to right. (a) Reynolds number Re = 4; (b) 
Reynolds number Re = 16; and (c) Reynolds number Re = 256, respectively. 

     The concentration profiles are presented in Figs 4–6 as functions of probability density 
function  (PDF) in order to consider the microstructure of suspensions. The data are the 
mean ±1 standard error (SE). When suspended particles are homogeneously dispersed in the 
width direction, PDF  exhibits 0.05 as shown by thick black lines in Figs 4–6. For the case 
Re = 4, the concentration profiles almost followed the thick black lines and maintained its 
microstructure in time, which indicates particles flowed homogeneously in the width 
direction. In this case, the microstructure of suspension was assessed as uniform and steady. 
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Figure 4:    Temporal changes in concentration profile for Re = 4. The data are the mean 1 
SE. The thick black lines (PDF  = 0.05) correspond to homogeneously 
dispersed states. 
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Figure 5:    Temporal changes in concentration profile for Re = 256. The data are the mean 
1 SE. The thick black lines (PDF  = 0.05) correspond to homogeneously 
dispersed states. 
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Figure 6:    Temporal changes in concentration profile for Re = 16. The data are the mean  
1 SE. The thick black lines (PDF  = 0.05) correspond to homogeneously 
dispersed states. 
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     For the case Re = 16, the concentration profiles gradually left the thick black lines in time, 
and exhibited two distinct peaks around y = ±0.5l as shown in Fig. 5. This is because 
suspended particles gradually migrated toward the widthwise equilibrium positions in time, 
and the particle concentration became locally high there. Note that the PDF  around the 
centerline remained flat and unchanged in time, whereas those near the channel walls 
decreased to zero. Therefore, the peaks of the PDF  around y = ±0.5l were nearly doubled 
owing to those particles near the walls. This equilibrium migrating position was firstly 
proposed by Segré and Silberberg [18]. In this case, the microstructure of suspension was 
considered to be unsteady. 
     For the case Re = 256, the concentration profiles changed significantly in time as shown 
in Fig. 6. First, they showed two peaks around nondimensional time T = 10 as those for  
Re = 16 exhibited. These two peaks then approached each other and made axial accumulation 
on the centerline. This phenomenon is usually observed in microcirculation known as 
Fahraeus–Lindqvist effect [19], in which red blood cells flow on the centerline and sufficient 
plasma layer emerges near the tube wall. Suspended particles and suspending fluid are clearly 
divided into two layers, which consequently decreases the apparent effective viscosity. 
     To compare the concentration profile, relationship between PDF  and normalized y-axis 
position y/l at the nondimensional time T = 100 is shown in Fig. 7. The data are the mean ±1 
SE. The concentration profile clearly depended on the Reynolds number Re. This is because 
the equilibrium widthwise position depends on inertial force. Peak of the PDF became higher 
for higher Reynolds number, i.e., nearly doubled for Re = 16 and tripled for Re = 256 
compared to that of the homogeneous dispersed states. 
 

 

Figure 7:    Concentration profiles at the nondimensional time T = 100. The data are the 
mean 1 SE. The thick black lines (PDF  = 0.05) correspond to homogeneously 
dispersed states. 

     To assess the apparent effective viscosity changes, i.e., thixotropic behavior of 
suspension, owing to these microstructure changes, relationship between relative viscosity 
eff/0 and Reynolds number Re is illustrated in Fig. 8. The data are the mean ±1 standard 
deviation (SD). The thick black line in Fig. 8 denotes estimation by Einstein’s equation.  
The relative viscosity for Re = 4 was compatible with that of Einstein’s estimation, in  
which suspended particles were almost dispersed homogeneously. On the other hand, the 
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relative viscosity decreased as Reynolds number increased, in which microstructures of 
suspension were no longer homogeneous due to inertial effects. Especially, for the case  
Re = 256, the relative viscosity almost decreased to 1.0, i.e., nearly equivalent to that of the 
suspending fluid. The decrease in relative viscosity was mainly attributed to less particles 
near the channel wall. Fahraeus–Lindqvist effect was also observed under higher Reynolds 
number conditions. 
 

 

Figure 8:    Relationship between relative viscosity eff/0 and Reynolds number Re. The 
data exhibit the mean 1 SD. The thick black line denotes estimation by 
Einstein’s viscosity equation. 

4  CONCLUSIONS 
Pressure-driven suspension flow simulations were carried out to consider the effects of 
microstructure on the rheological properties of a suspension. As a result, microstructure of a 
suspension was observed to change in time mainly due to inertial effects of the suspended 
particles. The thixotropic behavior of a suspension due to inertial effects was successfully 
reproduced by considering changes in its microstructure. These findings are essential to 
consider and control rheological properties of a suspension. 
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