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ABSTRACT
When designing devices in the field of process, power and heat engineering the choice of the fluid
that transports heat, mass and momentum is crucial. The thermal properties of such a fluid defines the
efficiency of the device. Since the thermal properties of the standard heat transfer fluids, such as water
or oil, are not optimal, nanofluids were introduced. A nanofluid is a term describing a dilute dispersion
of particles in a fluid. The diameter of particles is in the order of ten nanometres. The particles are made
of metal oxides, which enhance the thermal properties of the suspension. In this paper we will present
the current trends in nanofluid modelling – from the effective properties approach, an approach that
features additional equation for nanofluid concentration – to Euler–Lagrange type approaches.
Keywords: nanofluid, suspension, modelling, computational fluid dynamics.

1 INTRODUCTION
Cooling and heating are demanded in many engineering applications. In order to efficiently
disperse or transport heat, the introduction of nanoparticles into a fluid was suggested by
Choi [1]. The particles are nanometre-sized (10–50 nm) and have approximately uniform
distribution in the base fluid. Such a suspension is called nanofluid and has improved thermal
properties compared to base fluid (Yang et al. [2], Minea [3]).

Several techniques for nanoparticle preparation and dispersion have been proposed
(Wang and Mujumdar [4]). Many authors have focused on experimental and numerical
investigation of natural convection of nanofluids [5]–[16]. Several authors studied forced
and mixed convection as well. Among numerical studies [17]–[20] the lid-driven cavity and
the differentially heated cavity are most researched. Many experimental works have also been
published, [21], where turbulent as well as laminar flow regimes are considered.

In terms of the numerical solution of the governing equations, computational fluid
dynamics software can be used to simulate heat transfer and flow of nanofluids. Research into
finding efficient new numerical methods is currently ongoing, with finite volume method [22]
being the most promising candidate. Other approaches include control volume based finite
element method [23], the lattice Boltzmann method [24], the finite difference method [25],
[26], and the boundary element method [27].

There seems not to be a general consensus on the best model to describe nanofluid
behaviour. In this paper, we will review the most common nanofluid modelling approaches
and summarize best practices. Due to the fact that the nanofluid is a stable suspension the
simplest model is to assume that the nanoparticle concentration is uniform throughout the
suspension. With the assumption of uniform particle distribution and due to good thermal
properties of the nanoparticle material, we may assume that the particles are in thermal
equilibrium with the fluid (the Biot number value is very small). In this case, the simplest
model of nanofluid is to consider the nanofluid as a fluid with changed properties and use
models to evaluate these properties based on the fluid temperature or nanoparticle volume
fraction. A more advanced idea is to model the nanofluid concentration with an additional
transport equation, which enables us to capture the effect of thermophoresis and Brownian
diffusion. Finally, Euler–Lagrange type approaches are possible, where nanoparticles (or
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groups of nanoparticles) are tracked within the fluid and thus interaction with the fluid is
achieved through a one-way coupling.

2 MODELLING
2.1 Flow equations

Nanofluid is a suspension, which uses a base fluid, which is usually water, glycol or oil.
Most base fluids are incompressible, thus the assumption of incompressibility of a nanofluid
is reasonable. Density variations are taken into account only in the buoyancy term when
natural convection play in important role. We also assume no chemical reactions, no external
body forces apart from gravity, a dilute mixture, no viscous dissipation and no radiative heat
transfer. We assume that the base fluid and the particles are in thermal equilibrium.

Let ~u be the flow velocity. In this case the continuity equation reads

∇ · ~u = 0. (1)

The Navier–Stokes equation, which governs the transport of momentum, can be written as

ρ
∂~u

∂t
+ ρ(~u · ∇)~u = ρ~g −∇p+∇ · τ , (2)

where t is time, ρ density, p pressure and ~g gravitational acceleration. The viscous stress
tensor τ may be for a Newtonian fluid expressed as τ = 2µε̇ = µ(∇~u+ (∇~u)t). The energy
transport equation for the considered fluid is

∂(ρcpT )

∂t
+∇ · (ρcpT~u) = ∇ · (k∇T ) + Se, (3)

where cp is the heat capacity and k the thermal conductivity.
An alternative formulation of governing equations may be derived by using the curl

operator on the Navier–Stokes equation. We obtain the velocity-vorticity formulation of
the Navier–Stokes equations. The velocity-vorticity formulation includes the kinematics
equation and the vorticity transport equation. The kinematics equation can be stated for an
incompressible fluid (Ravnik [28]) in the following way:

∇2~u+∇× ~ω =, (4)

and the vorticity transport equation is

∂~ω

∂t
+ (~u · ∇)~ω = (~ω · ∇)~u+ µ∇2~ω +∇× (ρ~g)

+(∇× ~ω)×∇µ+∇× (2ε̇ · ∇µ). (5)

For 2D cases, the stream function – vorticity formulation [29] may be used, but since it is
limited to 2D cases, it has limited potential for solving engineering problems.

2.2 The effective properties nanofluid model

The simplest model used to simulate the flow of a nanofluid is to assume that the suspension of
nanoparticles and fluid can be described by effective material properties – viscosity, thermal
conductivity, density and specific heat capacity. Several models for these properties have been
proposed.
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The model for nanofluid density is the mixing model based on the particle volume fraction
ϕ. Let us denote the base fluid density as ρf and the density of solid nanoparticles ρs. In this
case, the nanofluid density can be estimated by

ρnf = (1− ϕ)ρf + ϕρs. (6)

The apparent viscosity of the nanofluid suspension µnf is different from the base fluid
viscosity µf , because of inclusion of nanoparticles. Several approaches aimed at estimating
nanofluid viscosity were proposed. Detailed reviews of these approaches were prepared by
Mishra et al. [30] and Kumar et al. [31]. The problem was first addressed by Einstein [32]
who considered spherical particles at very low concentration (ϕ < 0.02). He proposed the
following model for nanofluid viscosity

µnf
µf

= (1− 2.5ϕ). (7)

This formula was obtained by considering a dilute dispersion of small rigid spheres. Later,
Brinkman [33] corrected the formula, so it is valid for (ϕ < 0.04). It reads:

µnf
µf

= (1− ϕ)−2.5. (8)

Many other formulas have been proposed incorporating temperature dependence (Nguyen
et al. [34]), using statistical nanomechanics (Avsec and Oblak [35]) or incorporating the
volumetric effect of viscosity (Bicerano et al. [36]. An exponential formula was proposed
by Cheng and Law [37] and Ward [38]. Experimental studies also yielded many correlations,
which considered different influences, for example, studies of particle size and shape (Nguyen
et al. [34]) show positive, negative or no dependence on viscosity. The effect of increasing
nanoparticle volume concentration (Prasher et al. [39]) was shown to increase viscosity.
Goharshadi et al. [40] have shown that when nanoparticle size distribution is broad this
leads to less viscous nanofluid as compared to a suspension of uniform particles at the
same volume fraction. Chen et al. [41] studied particle aggregation to predict its effect on
effective volume fraction. The effect of temperature on viscosity is well known, Andrade
equation [42] is usually used. Xian-Ju [43] investigated pH values, where nanofluid exhibits
the least viscosity. Kumar et al. [31] reported that the dispersion method has an effect on the
nanofluid viscosity. The effect of shear rate was studied by Abareshi et al. [44] discovering
that at high shear rate nanofluids display more Newtonian behaviour. The effect of surfactants
was considered by Hung and Chou [45].

Khanafer et al. [46] proposed a mixture model for nanofluid heat capacitance:

(ρcp)nf = (1− ϕ)(ρcp)f + ϕ(ρcp)s. (9)

The same idea can be employed for thermal expansion coefficient: (ρβ)nf = (1−
ϕ)(ρβ)f + ϕ(ρβ)s. When the definition of ρnf is taken into account, we can write:

βnf = βf

[
1

1 +
(1−ϕ)ρf
ϕρs

βs
βf

+
1

1 + ϕ
1−ϕ

ρs
ρf

]
. (10)

The Maxwell–Garnett formula [47], [48] can be used to estimate the effective thermal
conductivity of the nanofluid:

knf = kf
ks + 2kf − 2ϕ(kf − ks)
ks + 2kf + ϕ(kf − ks)

. (11)
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This expression assumes that the particles are spherical and it is applicable for small
temperature gradients.

2.3 The mixture model

The effective properties model assumes that the particle distribution is uniform throughout
the whole flow field regardless of the flow conditions and temperature. This assumption is
supported by the fact that the particle Stokes number (the ratio of the particle response time
scale and the characteristic flow relaxation time scale) is very low

St =
tp
tf
� 1, tp =

ρpd
2
p

18µ
, (12)

where dp is the particle diameter. With a very short response time a nanoparticle is able to
follow the fluid exactly and due to the huge number of particles involved the assumption of
effective properties seems reasonable.

However, experimental studies (Wen and Ding [49]) have shown, that the single-phase
effective properties model may not be always applicable. They found that the distribution of
particles is non-uniform and that the lower concentration of particles close to the walls leads
to lower heat transfer rates. Buongiorno [50] and others [51]–[53] have considered possible
reasons for the fact that the particles do not follow the fluid, i.e. that there is slip between the
flow and the particle velocity.

Buongiorno [50] considered several mechanisms. In turbulent flow, the Kolmogorov time
scale (i.e. the characteristic relaxation time) for the smallest turbulent eddies scales asRe−1/2

and thus may become comparable to the particle response time. When this happens (at high
Re) the particle will be unable to keep up with the turbulent structures and thus develop slip.

The second mechanism is the Brownian diffusion. Numerous collisions of nanoparticles
and the base fluid molecules in random-like motion. If we consider nanoparticles as large fluid
molecules with average kinetic energy 1/2kBT we can use the Stokes–Einstein equation for
Brownian diffusivity

DB =
kBT

3πµdp
, (13)

where the Boltzmann constant is denoted by kB . The resulting nanoparticle mass flux may
be modelled using a Fickian gradient hypothesis yielding

~jB = −ρpDB∇ϕ. (14)

A nanoparticle also exhibits diffusion due to the temperature gradient in the fluid. This
effect is called thermophoresis and can be modelled by the introduction of the thermophoretic
nanoparticle mass flux

~jT = −ρpDT
∇T
T
, DT = β

µ

ρf
ϕ, (15)

where β = 0.26kf/(2kf + kp) [54], [55].
The mixture model considers the nanofluid to be a two-component mixture of

nanoparticles and the base fluid. We have identified two diffusive mechanisms, which
govern the nanoparticle motion relative to the flow velocity. We may use them to write the
nanoparticle concentration transport equation. Realizing that accumulation of nanoparticles
in a control volume can be caused by convective or diffusive transport we can write the
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following transport equation

∂ϕ

∂t
+ (~u · ∇)ϕ = −∇ · (~jB +~jT ). (16)

Introducing Brownian (14) and thermophoretic (15) mass fluxes we arrive at:

∂ϕ

∂t
+ (~u · ∇)ϕ = ∇ ·

(
DB∇ϕ+DT

∇T
T

)
. (17)

The energy conservation equation for the nanofluid needs to be adapted to include the
added heat flux due to the changing particle concentration:

ρcp

(
∂T

∂t
+ ~u · ∇T

)
= −∇ ·

(
−k∇T + cpT (~jB +~jT )

)
+ cp,pT∇ · (~jB +~jT ), (18)

where the heat capacity of the nanofluid is denoted by cp, cp,p is the heat capacity of particles
and k is the thermal conductivity. This simplifies to

ρcp

(
∂T

∂t
+ ~u · ∇T

)
= ∇ · (k∇T )− cp,p(~jB +~jT ) · ∇T, (19)

where we took ∇(cp,pT ) = cp,p∇T due to the assumption of thermal equilibrium between
the fluid and particles. Inserting the Brownian and thermophoretic heat fluxes into the
equation gives

ρcp

(
∂T

∂t
+ ~u · ∇T

)
= ∇ · (k∇T ) + ρpcp,p

(
DB∇ϕ · ∇T +DT

∇T · ∇T
T

)
. (20)

2.4 Multiphase Euler–Lagrange model

In this approach, we consider numerically following the nanoparticles within the flow field in
a Lagrangian manner. Since the particles are very small compared to characteristic flow field
length scales, we consider using pointwise approximation and one-way coupling between the
continuous fluid phase and particles.

Ravnik et al. [56] have used Euler–Lagrange model. The concentration of nanoparticles
is written as c(~r) = N(~r)/V (~r). Here ~r is a position vector in the flow domain, the number
of particles is N(~r) and a small volume at ~r is denoted by V (~r). The particles are very small
and the particle concentration in the nanofluid suspension may reach as high as 10%. For this
reason, it is computationally too demanding to simulate all particles. The authors proposed
that only a computationally feasible a portion of all particles is tracked.

They developed the following expression to calculate the nanoparticle volume fraction

ϕ(~r) = ϕ0 + ϕ′

(
c(~r)

1
V

∫
V
c(~r)dV

− 1

)
. (21)

Here ϕ′ is the part of volume fraction estimated by tracking individual particles and ϕ0 is the
bulk volume fraction.

Tracking of particles in a fluid is usually done by solving a system of ordinary differential
equations for particle position, velocity, orientation and angular velocity using a Runge-Kutta
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type numerical method. However, in the case of particles with very low Stokes number, we
may assume that the particles perfectly follow the fluid streamlines. In order to account for
Brownian motion and the thermophoresis effect [57], [54], [58] the particle velocity must
be perturbed. For example, [58], suspension of r0 = 1nm aluminium oxide nanoparticles in
water was found to have the following thermophoretic velocity

~utp = −1264

(
r

r0

)−1.417
µf
ρf

∇T
T
. (22)

The equation of motion for particles is then: ~r(t+ ∆t) = ~r(t) + (~uf (~r) + ~utp) ∆t, where
~uf (~r) is the fluid velocity at the location of the nanoparticle. Such an approach is
computationally more affordable than solving the standard equations of particle motion using
Runge-Kutta type ordinary differential equations solvers and thus enable simulation of a
higher number of particles alongside the standard CFD simulation.

2.5 CFD codes and discretization

Virtually all computational fluid dynamics software packages are capable of simulating flow
and heat transfer of nanofluids using the single-phase effective properties approach since the
modification of fluid properties is a straightforward task. Other approaches require either
additional user-defined algorithms or routines (UDF’s in Fluent or User Fortran in CFX) or
development of special purpose codes.

The most widely used CFD codes are CFX, Fluent, Star-CCM++ and OpenFOAM [59],
which use the finite volume and finite element methods with the governing equations written
in primitive variables formulation. Many research groups develop in-house CFD codes [28],
[27], [60]– [62] using a wide variety of numerical approaches (e.g. boundary elements,
spectral codes, etc.), and an even wider selection of nanofluid modelling methods. The
Navier–Stokes equations can alternatively be written in velocity-vorticity formulation [27]
or for 2D cases in stream function-vorticity formulation [29].

3 CONCLUSIONS
In this paper, we reviewed different approaches to nanofluid modelling showing the
advantages and weaknesses of each. The effective properties approach is very easy to
implement into existing general purpose CFD codes and thus enables researchers a quick
method of nanofluid simulation. When coupled with experimentally determined nanofluid
properties it can provide reliable simulation results. However, when used with simplified
generic models for nanofluid properties it can lead to less accurate results.

The implementation of the mixture model is more demanding but it can still be used
with commercial CFD codes with the use of user-supplied algorithms. Compared to effective
properties model, the mixture model takes into account changing nanoparticle concentration
due to convective and diffusive transport processes. It also accounts for thermophoresis and
Brownian diffusion of nanoparticles.

The Euler–Lagrange models require a dedicated Lagrangian particle tracking solve in
addition to the standard CFD code. This approach shows great promise for an accurate
description of the underlying physical phenomena, however, it is hindered by the difficulty
of accounting for a huge number of nanoparticles present in a typical engineering nanofluid
application.
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