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Abstract 

In this paper a non-hydrostatic and shock-capturing model for the simulation of 
wave-structure interaction and hydrodynamic phenomena (wave refraction, 
diffraction, shoaling and breaking) is proposed. The model is based on an integral 
formulation of the motion equations which are solved on a time dependent 
curvilinear coordinate system: a coordinate transformation maps the varying 
coordinates in the physical domain to a uniform transformed space. The motion 
equations are discretized by means of a shock-capturing numerical procedure 
based on high order WENO reconstructions. The solution procedure for the motion 
equations uses a five stage four order accurate Runge-Kutta (SSPRK) fractional-
step method and applies a pressure corrector formulation in order to obtain a 
divergence-free velocity field at each stage. The proposed model is validated 
against two benchmark test cases and is used in order to analyse the effects that a 
submerged breakwater produces on wave motion. 
Keywords: non-hydrostatic model, 3D simulation, high order shock-capturing 
WENO scheme, wave breaking, strong stability preserving Runge-Kutta (SSPRK), 
multigrid. 

1 Introduction 

The main problem to deal with in the study of nearshore hydrodynamics, is the 
wave transformation simulation from deep water to coastal regions. An efficient 
and well-tested tool for the simulation of the above mentioned phenomena is given 
by Boussinesq-type wave models with improved non linearity and dispersion 
characteristics (Gallerano et al. [1]). 
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     A different approach is based on the direct solution of the Navier-Stokes 
equations by using a tracking technique in order to follow the free surface 
elevation (maker-and-cell (MAC) and volume-of-fluid (VOF)). In many 3D 
models, Cartesian coordinates were used and thus the free surface normally 
crosses the computational cell arbitrarily. This leads to the difficulty of applying 
the pressure boundary condition precisely on the free surface and may eventually 
affect the accuracy of velocity computation nearby. An alternative approach can 
be obtained by assuming that the free surface is always placed at the upper 
computational boundary. Thus, the pressure boundary condition can be fixed 
precisely over the upper computational boundary. In order to solve the Navier-
Stokes equations the pressure is decomposed in a hydrostatic and a non-
hydrostatic component (Stelling and Zijlema [2], Yuan and Wu [3, 4], Young and 
Wu [5], Gallerano and Napoli [6], Gallerano and Cannata [7]). Stelling and 
Zijlema [2], proposed a model where the pressure is located at the cell faces rather 
than at the cell centres (known as the Keller-box method) in order to replace the 
staggered grids in the vertical direction. In this model, the pressure boundary 
conditions at the free surface are exactly assigned to zero without any 
approximation. 
     The integral form of the motion equations, expressed in terms of conserved 
variables, guarantees that high-order shock-capturing numerical schemes 
converge to correct weak solutions and are then able to directly simulate wave 
breaking and the energy dissipation associated with it (Toro [8], Gallerano and 
Cannata [9]). These schemes are front-capturing methods and are able to track the 
actual location of the wave breaking without requiring any criterion (Bradford 
[10]). 
     In this paper, the numerical simulation of wave transformation relies on the 
resolution of the motion equations expressed in an integral formulation on a time 
dependent curvilinear coordinate system: a coordinate transformation maps the 
varying coordinates in the physical domain to a uniform transformed space. The 
pressure boundary conditions are placed on the upper face of each computational 
cell. The solution procedure for motion equations uses a five stage four order 
accurate Runge-Kutta (SSPRK) fractional-step method and applies a pressure 
corrector formulation in order to obtain a divergence free velocity field at each 
stage. 
     In the prediction phase of the fractional-step proposed model the motion 
equations are discretized by means of a shock-capturing numerical procedure 
based on high order WENO reconstructions. The numerical flux is given at each 
cell interface by the solution of an exact Riemann problem. In the corrector phase 
of the fractional-step proposed model, in order to solve the Poisson equation and 
reduce the computational costs related to it, an alternate Zebra four-colour Gauss-
Siedel relaxation method with a V-cycle multigrid strategy is used. In order to 
further reduce computational costs, the proposed model has been fully parallelized 
with Message Passing Interface (MPI). 
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2 Governing equations 

In order to express the integral formulation of the momentum equations in a time 
dependent coordinate system let us start from the intrinsic derivative of the 
momentum, that can be expressed as: 
 



௧
 ݀ݑ	ߩ ଵܸ∆భሺ௧ሻ

ൌ 
డఘ௨

డ௧
݀ ଵܸ∆భሺ௧ሻ

  ݊∆భሺ௧ሻ	ݑݑ	ߩ
 (1)												ଵܣ݀

 
where ∆ܣଵሺݐሻ and ∆ ଵܸሺݐሻ are, respectively, the surface and the volume of a 
material element of fluid that moves with velocity ݑ (݈ ൌ 1, 3) defined in a 
Cartesian reference system of coordinates ݔ (݈ ൌ 1, 3), ݊ (݉ ൌ 1, 3) is the 
outward unit normal vector to the surface ∆ܣଵሺݐሻ and ߩ is the density of the fluid. 
(The superscripts notation indicate components and not powers). 
The three dimensional Leibniz integral rule can be written as: 
 

ௗ

ௗ௧
 ݀ݑ	ߩ ଶܸ∆మሺ௧ሻ

ൌ 
డఘ௨

డ௧
݀ ଶܸ∆మሺ௧ሻ

  ݊∆మሺ௧ሻ	ݒݑ	ߩ
 (2)											ଶܣ݀

 
where ∆ ଶܸሺݐሻ is a time varying control volume that does not move with the fluid 
velocity, whose surface is given by ∆ܣଶሺݐሻ and where ݒ (݉ ൌ 1, 3) is the 
velocity vector (defined in the Cartesian reference system) with which the ∆ܣଶሺݐሻ 
surface moves. 
     It is assumed that at the instant  ∆ ଵܸሺݐሻ ൌ ∆ ଶܸሺݐሻ ൌ ∆ܸሺݐሻ. From eqns (1) and 
(2): 
 



௧
 ܸ݀∆ሺ௧ሻݑ	ߩ ൌ

ௗ

ௗ௧
 ܸ݀∆ሺ௧ሻݑ	ߩ   ݑሺݑߩ െ ሺ௧ሻ∆	ܣሻ݊݀ݒ .  (3) 

 
By using the intrinsic derivative of the momentum (expressed by eqn. (3)) the 
integral form of the momentum equations in a time dependent coordinate system 
can be deduced; this equation is given by: 
 
డ

డ௧
 ܸ݀∆ሺ௧ሻݑߩ   ݑሺݑߩ െ ሺ௧ሻ∆	ܣሻ݊݀ݒ ൌ  ܸ݀∆ሺ௧ሻ݂ߩ   ܶ݊݀ܣ∆ሺ௧ሻ   

(4) 
 
where ݂ (݈ ൌ 1, 3) represents the external body forces per unit mass vector and 
ܶ the stress tensor. 
     The integral form of the continuity equation expressed in a time dependent 
coordinate system is given by: 
 

ௗ

ௗఛ
 ሺఛሻ∆ܸ݀ߩ   ݑሺ	ߩ െ ሺఛሻ∆	ܣሻ݊݀ݒ ൌ 0.  (5) 

 
     In order to simulate the fully dispersive wave processes eqn (4) can be 
transformed in the following way. Let ܪሺݔଵ, ,ଶݔ ሻݐ ൌ ݄ሺݔଵ, ,ଶݔ ሻݐ  ,ଵݔሺߟ ,ଶݔ  ሻݐ
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where ݄ is the water depth and ߟ is the surface elevation. In order to accurately 
represent the bottom and surface geometry we consider a transformation from the 
Cartesian reference system of coordinates ሺݔଵ, ,ଶݔ ,ଷݔ  ሻ to the curvilinearݐ
reference system of coordinates ሺߦଵ, ,ଶߦ ,ଷߦ ߬ሻ where: 
 

ଵߦ ൌ ଶߦ   ,ଵݔ ൌ ଷߦ   ,ଶݔ ൌ
௫యା

ு
,   ߬ ൌ  (6)                              ,ݐ

 
the following relation is valid: 
 

డకయ

డఛ
ൌ െ

కయ

ு

డு

డఛ
 .                                                   (7) 

 
     This coordinate transformation basically maps the varying vertical coordinates 
in the physical domain to a uniform transformed space where ߦଷ spans from 0 to 
1. 
     We define the transformation matrix ܥ ൌ ݔ߲ ⁄ߦ߲  and its inverse ̅ܥ ൌ
ߦ߲ ⁄ݔ߲  (݈, ݉ ൌ 1, 3). The metric tensor and its inverse are defined by ݃ ൌ
ܥ
ܥ  and ݃ ൌ ܥ̅

̅ܥ , respectively. The Jacobian of the transformation is 
defined by ඥ݃ ൌ ܥሺ	ݐ݁݀ ሻ. It is not difficult to verify that in the particular case of 

the above-mentioned transformation ඥ݃ ൌ  .ܪ
     For an incompressible fluid, eqn. (4) expressed in the time dependent 
coordinate system ሺߦଵ, ,ଶߦ ,ଷߦ ߬ሻ, transformed from the Cartesian reference system 
of coordinates ሺݔଵ, ,ଶݔ ,ଷݔ  ሻ by eqn (6), and with the external body forces givenݐ
by the only gravitational force, becomes: 
 

డ

డఛ
 ܸ݀∆ሺఛሻݑ   ݑሺݑ െ ሺఛሻ∆ܣሻ݊݀ݒ ൌ െ ܪሺܩ െ ݄ሻ,ܸ݀∆ሺఛሻ

െ  ܸ݀∆ሺఛሻ,ݍ  
்

ఘ
	݊݀ܣ∆ሺఛሻ       (8) 

 
where ܩ is the constant of gravity and the comma with an index in subscript 
denotes the derivative as ሾ			ሿ, ൌ ߲ሾ			ሿ ⁄ݔ߲ . The time dependent coordinate system 

moves with velocity given by ݒ ൌ ቄ0, 0, െ
కయ

ு

డு

డఛ
ቅ. The first integral on the right 

hand side of eqn. (8) is related to the hydrostatic pressure gradient; the second 
integral on the right hand side is related to the dynamic pressure gradient. 
     Let us introduce a restrictive condition on the volume element ∆ܸ: in the 
following, ∆ܸ must be considered as a volume element that is bounded by curves 
lying on the coordinate lines. Recalling ඥ݃ ൌ ܸ݀ ,ܪ ൌ ඥ݃݀ߦଵ݀ߦଶ݀ߦଷ and 
defining with: 
 

௫௬ܣ∆ ൌ ܸ∆   ,ଶߦ∆ଵߦ∆ ൌ ഥܪ   ,ଷߦ∆ଶߦ∆ଵߦ∆ ൌ
ଵ

∆ሺఛሻ
 ଷ∆ሺఛሻߦଶ݀ߦଵ݀ߦ݀ܪ   

തݑ ൌ
ଵ

∆ሺఛሻ
 ଷ∆ሺఛሻߦଶ݀ߦଵ݀ߦ݀ݑ തതതതതݑܪ    , ൌ

ଵ

∆ሺఛሻ
 ଷ∆ሺఛሻߦଶ݀ߦଵ݀ߦ݀	ܪݑ ,    (9) 
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eqn (8) is transformed in: 
 
డு௨തതതതതത

డఛ
ൌ െ

ଵ

∆ሺఛሻ
∑ ቄ ቂݑܪሺݑఈ െ ఈሻݒ 

ଵ

ଶ
ଶቃܪܩ ∆ഀశ	ఊߦఉ݀ߦ݀ െ  ቂݑܪሺݑఈ െ ఈሻݒ



∆ഀష
ଷ
ఈୀଵ

ଵ

ଶ
ଶቃܪܩ ቅ	ఊߦఉ݀ߦ݀ 

ଵ

∆ሺఛሻ
∑ ቄ ∆ഀశ	ఊߦఉ݀ߦ݀ܪ݄ܩ െ  ∆ഀష	ఊߦఉ݀ߦ݀ܪ݄ܩ ቅଷ
ఈୀଵ

െ ଵ

∆ሺఛሻ
 ଷ∆ሺఛሻߦଶ݀ߦଵ݀ߦ݀	ܪ,ݍ 

ଵ

∆ሺఛሻ
∑ ቄ

ு்ഀ

ఘ
∆ഀశ	ఊߦఉ݀ߦ݀ െ 

ு்ഀ

ఘ
∆ഀష	ఊߦఉ݀ߦ݀ ቅଷ

ఈୀଵ   

(10) 
 

where ∆ܣఈାand ∆ܣఈି indicate the contour surfaces of the volume element ∆ܸ on 
which ߦఈ is constant and which are located at the larger and at the smaller value 
of ߦఈ respectively. Here the indexes ߚ ,ߙ and ߛ are ciclic. 
     Let us integrate the continuity equation (5) over the particular volume element 
∆ ෨ܸ ൌ  :ഥܪ	௫௬ܣ∆
 

డுഥ

డఛ
ൌ

ଵ

∆ೣ
 ∑ ቂ ∆ഀశ	ఉߦఈ݀ݑܪ െ  ∆ഀష	ఉߦఈ݀ݑܪ ቃଶ

ఈୀଵ
ଵ
 ൌ 0.  (11) 

 
Eqn. (11) represents the governing equation for the surface movements. Eqns (10) 
and (11) represent the expressions of the three-dimensional motion equations as a 
function of the ݑܪതതതതത and ܪഥ variables in the time dependent coordinate system 
ሺߦଵ, ,ଶߦ ,ଷߦ ߬ሻ. The numerical integration of the above mentioned eqns (10) and 
(11) allows the fully dispersive wave processes simulation. 
     The state of the system is known at the centre of the calculation cells and it is 
defined by the cell-averaged values of ݑܪതതതതത and ܪഥ. ߬ሺሻ is the time level of the 
known variables while ߬ሺାଵሻ is the time level of the unknown variables. The 
solution procedure uses a five stage fourth order accurate Strong Stability 
Preserving Runge-Kutta (SSPRK) fractional-step method for eqn (10) and applies 
a pressure correction formulation to obtain a divergence free velocity field at each 

time level. With ݑܪതതതതതሺሻ known, ݑܪതതതതതሺାଵሻ is calculated with the following five 
stage iteration procedure. Let: 
 

തതതതതሺሻݑܪ ൌ  തതതതതሺሻ.    (12)ݑܪ
 

At each stage  (ove  ൌ 1,2, … , 5) an auxiliary field ݑܪതതതതത
∗
ሺሻ

 is obtained directly 
from eqn. (10) using values from the previous stage: 
 

തതതതതݑܪ
∗
ሺሻ

ൌ ∑ ቄߗݑܪതതതതതሺሻ  ∆߬	߮ܦ ቂݑܪ
ሺሻ
, ߬ሺሻ  	݀∆߬ቃቅ

ିଵ
ୀ   (13) 

 
where ܦሺܪ, ,ݑ ߬ሻ indicates the right hand side of eqn. (10), in which the term 
related to the dynamic pressure gradient is omitted. See Spiteri and Ruuth [11] for 

the values of coefficients ߗ, 	߮ and 	݀. The auxiliary velocity field ݑത∗
ሺሻ

 

(associated to the auxiliary variable ݑܪതതതതത
∗
ሺሻ

 calculated by eqn. (13)) will not satisfy 
the continuity equation. As a result, the velocity and the pressure fields are 
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corrected, at each intermediate step , by introducing a scalar potential ߖ which 
is calculated by the well-known Poisson pressure equation that in integral form is 
given by: 
 


డఅሺሻ

డ௫
݊݀ܣ∆ሺఛሻ ൌ െ ∗തݑ

ሺሻ
݊݀ܣ∆ሺఛሻ  .  (14) 

 
     The corrector irrotational velocity field is calculated by the following 
expression: 
 

തݑ
ሺሻ

ൌ
డఅሺሻ

డ௫
 ,    (15) 

 
from which: 
 

തݑ
ሺሻ

ൌ ∗തݑ
ሺሻ

 തݑ
ሺሻ

.           (16) 
 
     Let us indicate with ܮሺܪ, ,ݑ	 ߬ሻ the right hand side of eqn (11). The advancing 
at the  stage of the depth ܪഥሺሻ is obtained by: 
 

ഥሺሻܪ ൌ ഥሺିଵሻܪ  ,ሺିଵሻܪሺܮ ݑ
ሺିଵሻ

, ߬  ∆߬ሻ.       (17) 
 

The value of ݑܪതതതതതሺାଵሻ is given by: 
 

തതതതതሺାଵሻݑܪ ൌ  തതതതതሺହሻ .   (18)ݑܪ
 
     For the calculation of term ܦሺܪ, ,ݑ ߬ሻ e ܮሺܪ, ,ݑ ߬ሻ the numerical 
approximations of integrals on the right hand side of eqns (10) and (11) is required. 
The aforementioned calculation is based on the following sequence. 
1. High order WENO reconstructions, from cell averaged values, of the point 

values of the unknown variables at the centre of the contour face which define 
the calculation cells. At the centre of the contour face which is common with 
two adjacent cells, two point values of the unknown variables are 
reconstructed by means of two WENO reconstruction defined on two 
adjacent cells. 

2. Advancing in time of the point values of the unknown variables at the centre 
of the contour face by means of the so-called exact solution of the Riemann 
problem, with initial data given by the pair of point-values computed by two 
WENO reconstructions defined on the two adjacent cells. 

3. Calculation of the spatial integrals which define ܦሺܪ, ,ݑ ߬ሻ e ܮሺܪ, ,ݑ ߬ሻ. For 
a deep insight into the WENO reconstructions, into the advancing in time of 
the unknown variables and into the calculation of the spatial integrals which 
define ܦሺܪ, ,ݑ ߬ሻ and ܮሺܪ, ,ݑ ߬ሻ see Gallerano et al. [12]. 
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3 Results 

The proposed model has been validated against two benchmark test cases. First, a 
validation test based on the laboratory experiment proposed by Beji and Battjes 
[13] is shown, in order to verify the model ability to reproduce wave 
transformation over a submerged breakwater. Furthermore, a validation test based 
on the laboratory experiment proposed by Berkhoff [14] is shown, in order to 
verify the model ability to reproduce wave deformation (refraction and diffraction) 
due to a shoal on a uniform sloped bottom. Finally, the model is used in order to 
numerically simulate wave propagation over a submerged breakwater and the wet 
and dry front in the swash zone. 

3.1 Periodic wave over a submerged bar 

The first test case simulates wave propagation over a submerged breakwater. In 
particular, it is possible to observe how the proposed model succeeds in the 
simulation of the wave shoaling. The proposed non-hydrostatic model is validated 
using the experimental data produced by Beji and Battjes [13]. The experimental 
channel has a length of 30 m and the still water depth is 0.4 m which is reduced to 
0.1 m over the submerged breakwater. The offshore slope of the breakwater is 1/20 
and the onshore slope is 1/10. A wave train characterized by a period of 2.02 s and 
amplitude 1.0 cm is incident from the left boundary of the channel. Fig. 1 shows, 
over six different sections, the comparison between numerical results and 
experimental data. Fig. 1(a), for section ݔ ൌ10.5 m, and fig. 1(b), for section 
ݔ ൌ12.5 m, show that the proposed model respectively reproduce wave shoaling 
and wave propagation over the breakwater with good agreement with the 
experimental data. 

3.2 Wave deformation by an elliptic shoal on a sloped bottom 

An experiment extracted from "Report W. 154-VIII" of the Delft Hydraulics 
Laboratory, by Berkhoff [14], is numerically reproduced. This experiment is 
carried out in order to verify the ability of the proposed hydrodynamic model to 
simulate physical process of wave propagation and wave deformation (refraction 
and diffraction) due to a shoal. 
     The comparison between the numerical results and the measured data from 
Berkhoff [14] is shown. Berkhoff [14] carried out a laboratory study of 
monochromatic wave propagation over an elliptic shoal located on a plane slope 
of 1/50. 
     In fig. 2(a) and 2(b), the comparison between the numerical results and the 
measured data of the wave height relative to section ݔ ൌ2 m and ݔ ൌ0 m are 
respectively shown. The computed wave height is obtained by taking the 
difference between maximum and minimum free-surface elevation considered 
over a time interval in which the wave form is permanent. 
     From the figures it can be seen that the model results are close to the 
experimental data. In particular, from fig. 2(a) it can be observed that there is a 
slightly over prediction of the maximum value of the wave height. 
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(a)  (b)  

(c) (d)  

(e) (f)  

Figure 1: Wave over a submerged bar. Comparison between numerical results 
(solid line) and experimental data (dashed line) of the surface elevation 
at (a) ݔ ൌ 10.5	݉; (b) ݔ ൌ 12.5	݉; (c) ݔ ൌ 13.5	݉; (d) ݔ ൌ 14.5	݉; 
(e) ݔ ൌ 15.7	݉; (f) ݔ ൌ 17.3	݉. 

 

(a) (b)  

Figure 2: Wave over an elliptic shoal. Comparison between numerical results 
(solid line) and experimental data (circles) of the wave heights along 
sections (a) ݔ ൌ 2	݉ and (b) ݔ ൌ 0	݉. 
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3.3 Wave propagation over a submerged breakwater 

The effectiveness of the proposed model in reproducing the effects of wave-
coastal structures interactions and simulating the propagation of the wet and dry 
front is shown. 
     The numerical simulation reproduces a single wave propagation over a plane 
beach where a submerged breakwater is located. The wave period is 3 s and the 
wave amplitude is 0.1 m. The computational domain is 40 m long and the beach 
has a 0.008 slope. The still water depth in the generation zone is about 1.6 m. The 
spatial discretization steps are ∆ݔ ൌ 0.075 m and ∆ݖ ൌ 0.09 m while the time 
discretization step is ∆ݐ ൌ 0.001 s. In fig. 3 the free surface elevation over the 
submerged breakwater is shown underlining the ability of the proposed model to 
catch the structure effects of the hydrodynamic field. In particular, it is possible 
to observe how the presence of the submerged breakwater modifies the wave 
profile and substantially reduces the downstream current velocity. 

 

(a) (b)  

Figure 3: Wave over a submerged breakwater. (a) Free surface elevation. (b) Free 
surface elevation detail and velocity field (black vectors) in the 
breaking zone and in the surf zone (only one vector out of two is 
represented). 

4 Conclusion 

In this paper a non-hydrostatic and shock-capturing model for the simulation of 
hydrodynamic phenomena (wave refraction, diffraction, shoaling and breaking) 
and wave-structure interaction is proposed. The model is based on an integral 
formulation of the motion equations that are solved on a time dependent 
curvilinear coordinate system: a coordinate transformation maps the varying 
coordinates in the physical domain to a uniform transformed space in order to 
accurately take into account the bed and the free surface elevation profile. The 
comparison between the numerical results and the experimental data shows that 
the proposed model based on the transformation from the physical to the uniform 
transformed space and the high order WENO shock-capturing procedure is able to 
simulate the effects that a submerged breakwater produces on wave motion. 
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