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Abstract 

The aim of this publication was to adapt a rheological model of Kelvin–Voigt in 
the description of the dynamic pupillary reflex. The pupillary reflex presents the 
results of physiological adaptation mechanisms in the human eye, i.e. response 
of the iris to the changing intensity of light falling on the retina under the 
condition of sensory deprivation. Pupillary light reflex (PLR) is a closed loop 
nerve reflex. 
     The new approach to PLR evaluation presented by the authors consists of 
adapting the Kelvin–Voigt model to the description of this phenomenon. The 
authors, for their tests of correct implementation of the model, used data from 
pilot studies. Research was performed on a group of 10 volunteers in a 
laboratory environment, at night. The mean age of the study participants was  
27 ± 0.4 years. For PLR registration, the F²D Fit-For-Duty system was used .The 
system provides useful data for shift work or for personnel in high-risk careers. 
     The PLR measurements were taken for both eyes, which were exposed to a 
series of five flashes at 30-second intervals. The whole measurement of both 
eyes was conducted with patients wearing goggles, in order to maintain the same 
measurement conditions, mostly with regard to accommodation.  
     Owing to proper implementation of the model, we managed to attain a high 
level of its adaptation to real data (>90%). The results show their strong 
correlation, and the model shows high sensitivity to changes in the shape of the 
reflex curve, caused by sleep deprivation introduced in the experiment.  
Keywords: pupillary light reflex, fatigue, rheological model, Kelvin–Voigt 
model. 
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1 Introduction 

Experimental studies associated with the recording and assessment of pupil 
behavior involved a measurement system featuring optical sensors that 
constituted an interesting combination of hardware and software solutions [1, 2]. 
This specific class of optical sensors based on video image analysis is used in 
pupillometry and facilitates identification of eyeball movements as well as 
determination of parameters describing the dynamics of eye shutting motion and 
dynamic pupillary change reaction. The evaluation of pupil motion provides 
functional information about the autonomous nervous system [3–5]. Pupillary 
light reflex (PLR) is the response of the iris to changing intensity of incident 
light at the retina. The reflex is modulated by eye accommodation status as well 
as factors of sensory and emotional origin. The effectors consist in constricting 
and relaxing muscles of the iris that attempt to maintain a constant level of 
retinal illumination by changing the size of the iris. Temporal characteristics of 
PLR depends on the status of two antagonistic systems of the autonomous 
nervous system (AUN), i.e. sympathetic nervous system (SNS) and 
parasympathetic nervous system (PNS). 
     The PLR has already been studied to detect a PNS defect in various 
affections: alcoholism, diabetes, AIDS, depression, anxiety, drug addiction, 
schizophrenia. Since pupillary dilation is regulated autonomically, an effort was 
made to use this method as a valid measure of pain [6–10]. Research using 
pupillometry is being carried out to assess alertness of hypersomnolent patients. 
Observation of pupil behavior is also used on clinically sleepy patients, as well 
as in the assessment of cardiac autonomic function of sport athletes [11]. As 
shown, this method has a variety of clinical applications. Furthermore, the 
identification of pupil dynamics is also the subject of research concerning the 
monitoring of various areas of human behavior [12]. 

2 Materials and methods 

2.1 Implementation of the model 

An F²D Fit-For-Duty, a commercial system by AMTech, was used to record the 
PLR. The system provides useful data for shift work or for personnel in high-risk 
careers. Areas of application are occupational medicine, sleep medicine and 
pharmacology. The system is a non-invasive tool to obtain an objective 
assessment of the central nervous activation and drug-related vigilance. There 
are several predefined parameters that may be used to describe PLR. Parameters 
determined using the F²D Fit-For-Duty device by AMTech are as follows: 
latency L describes the delay between a light pulse and the pupil reaction; 
duration of reaction DR is the time to reach minimal value diameter; time of 
minimum diameter TMD is the time for which diameter is less than 50% 
of the beginning value; 2/3 contraction interval 2/3CI is the time in which the 
amplitude reaches 1/3 of the value in contraction phase; 1/3 redilatation interval 
1/3 RI represents the time in which the amplitude reaches 1/3 of the value in 
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redilatation phase; and amplitude A describes the difference between the 
maximum and minimum value of the diameter [13–15]. 
     However, the parameters account for the dynamic character of pupillary 
changes only at strictly defined time points. The authors propose an 
implementation of the Kelvin–Voigt’s model to assess the changes in pupillary 
behavior and the effect of ANS on PLR that would facilitate identification of the 
dynamic character of PLR over the entire duration of the reflex, not just in 
selected measurement points and parameters associated thereof. 
     The size of the human pupil (diameter or area) is determined by antagonistic 
activity of the muscles of the iris, i.e. pupillary constrictor and dilator muscles, 
innervated by the parasympathetic and sympathetic system, respectively. 
Pupillary constrictor consists of smooth muscle fibers and has the shape of a 
flattened ring, 1 mm wide, located within the posterior part of the stroma of the 
iris, close to the pupillary edge. Pupillary dilator consists of radially arranged 
muscle fibers spanning from the periphery of the iris towards the center of the 
pupil. The mechanism of action of these muscles is illustrated schematically in 
Fig. 1. 

 

Figure 1: Schematic illustration of the mechanism of the iris response to a 
light stimulus. 

     PLR is a closed neural feedback loop system. The purpose of the reflex is to 
regulate the amount of light incident on the retina (by means of changing the 
pupil size). A schematic diagram of the PLR reflex arc is presented in Fig. 2. 
 

 
 

Figure 2: Schematic diagram of the reflex arc for the pupillary light reflex. 
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     The dynamics of the pupillary light reflex may be described by means of 
rheological models that describe the behavior of bodies subjected to strains 
which cannot be described by means of ideally elastic body models. Deformation 
creep, i.e. an increase in deformation caused by constant normal strain exerted on 
a body, is an important phenomenon in such cases. Creep may be described by 
means of the Kelvin–Voigt’s model (illustrated in Fig. 3), and mathematical 
formula: 
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where: ߝሺݐሻ – total deformation, ߪ – initial deformation, ܧ – modulus of 
longitudinal elasticity, ߟ – dynamic viscosity, ݐ – time. 
 

(a) 

 
 
 
 

  
(b) 

Figure 3: Diagrams of the Kelvin–Voigt model: (a) schematic; (b) general. 

     A bi-element model is too simple to describe actual biological materials. 
Therefore, subsequent elements are added to the model until a satisfactory model 
accuracy is achieved. A generalized model is presented schematically in Fig. 
3(b) and its mathematical representation is described by equation (2). 
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where: ߬ – relaxation time. 
     Since the two iris muscles play essential roles in controlling the pupil size, 
their dynamic properties must be considered in the PLR model. The constrictor 
and dilator muscles could be modeled as viscoelastic materials using the Kelvin–
Voigt model in a circular and linear shape, respectively. The movement of the 
iris muscles is governed by three forces: passive muscle elastic force, viscous 
resistance, and the active forces generated from the ANS modulation. The 
constrictor is modulated by the parasympathetic system, whereas the dilator is 
modulated by the sympathetic system. Let the radius of constrictor be rc, and the 
length of dilator muscle be rd. Assuming the constrictor has a circular shape with 
a perimeter of 2πrc, the dynamic equations can be constructed for constrictor and 
dilator as: 
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where: ݉ – the mass for constrictor (in mg), ݉ௗ – the mass for dilator (in mg), 
ܲ – the viscous resistance in the constrictor, ܲௗ – the viscous resistance in the 

dilator. 
     The passive iris muscle elasticity was modeled as a second-order equation of 
muscle length based on experimental observation [16]: 
 

   
 








0cc

0cc
2

0cc

r,0

r,r

l

llk
P c

ec
 (5) 

   
 








0dd

0dd
2

0dd

r,0

r,r

l

llk
P d

ed (6) 

where: ݇, ݇ௗ – elastic constants, ݈ – the radius of the constrictor at rest, ݈ௗ – 
the dilator muscle resting length. 
 

     Pvc and Pvd were modeled as a linear function of velocity [17]: 
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where: ܦ, ܦௗ – viscous constants. 
     The Fp(t) in (9) and Fs(t) in (10) are the muscle forces originated from the 
parasympathetic and sympathetic system induced by a light stimulus, 
respectively. These are effective forces that could be affected by both the 
afferent and efferent pupillary pathway. For a short-pulse stimulus, the forces 
originated from the parasympathetic and sympathetic system were assumed to be 
square-wave pulses with different delays, τp and τs and durations, Δtp and Δts [18]. 
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where: ݂, ௦݂ – the muscle forces originated from the parasympathetic and 
sympathetic systems at the resting condition. 

2.2 Implementation of the model 

Data obtained from the measurements of the pupillary reflex were submitted to 
preprocessing, consisting in data filtration using a “Savitzky–Golay” filter with 
polynomial order of 3 and data length of 7. Filter parameters were selected 
empirically. Filtration resulted in the smoothing of the acquired data. Next, 
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spline interpolation was carried out to increase the number of measurement 
points from 51 to 201. As a result, the sampling frequency was artificially 
increased from 25 to 100 Hz.  
     Preliminary data processing significantly reduced the root mean square 
percentage error (RMSPE) calculated from the following formula: 
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The parameters were estimated at possibly lowest RMSPE values for each 
experiment. 

 

 

Figure 4: Block diagram of the implementation of the mathematical model of 
pupillary reflex triggered by a short-lived light pulse. 

     Fig. 4 presents a block diagram of the implementation of the mathematical 
Kelvin–Voigt’s model for the assessment of pupillary reflex triggered by a short-
lived light pulse. The model consists of blocks representing a set of parameters 
and constraints describing the movement of the iris. The constraints are in the 
shape of square pulses reflecting activation of sympathetic and parasympathetic 
nervous systems. As a result of running the model, one obtains a plot of pupillary 
radius as a function of time following the light pulse. The developed software 
also facilitates identification of the model parameters (Table 1), while placing 
any constraint in the form of an actual pupil size signal recorder during the 
examination. The model was implemented in the Matlab R2014b environment. 
The parameters of the PLR model are presented in Table 1. 
     Fig. 5 presents the results obtained from the PLR model when estimating the 
parameters on the basis of raw and preprocessed data. 
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Table 1:  List of parameters determined in the dynamic PLR assessment 
model. 

No. Symbol Description 
1. D Sum of viscous constant 
2. Kc Constrictor elastic constant 
3. Kd Dilator elastic constant 
4. P0 Resting pupil static force 
5. L0c Radius of the constrictor at rest 
6. L0d Pupillary resting radius minus dilator muscle resting length 
7. r0 Pupillary resting radius 
8. tp Delay force originated from the parasympathetic system 
9. ts Delay force originated from the sympathetic system 
10. fp Value of parasympathetic force 
11. fs Value of sympathetic force 

 

 

(a) (b) 

 

(c) (d) 

Figure 5: Pupil size signals recorded during the PLR: (a) raw data and 
preprocessed data; (b) actual data and PLR model-generated data 
when estimating model parameters from raw data; (c) actual 
data and PLR model-generated data when estimating model 
parameters from data after preprocessing for file 33_301_LE_0; 
(d) histogram of RPMSE values for individual measurements. 

     As seen in Fig. 5, the model fit is close to 100%, particularly when the model 
parameters are estimated from preprocessed data. The fit level is independent of 
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the measurement, i.e. it closely follows the curve reflecting the pupil size 
changes occurring as fatigue increases (Fig. 6).  

2.3 Experimental 

2.3.1 Study subjects 
Research was performed at night on a group of 10 volunteers in a laboratory 
environment. Their mean age was 27 ± 0.4 years. Each study participant was 
informed about the study design and provided an informed consent [19]. On the 
day of experiment, participants abstained from caffeine intake of any form for at 
least 4 hours before the test and for the entire duration of the test. Additionally, 
in accordance with methodology requirements, each participant spent 7–8 hours 
resting the night before the study. Each participant performed the test 4 times 
between 11 pm and 6:30 am. 

2.3.2 Experimental procedure 
The measurement of participants’ PLR was one of the elements of the 
experiment. It also included assessment of subjective level of fatigue using 
Japanese Questionnaire and the level of alertness measured by SSS (Stanford 
Sleepiness Scale), which is a quick and easy way to assess a person’s level of 
alertness. Test using the APK apparatus was also performed. The device is 
intended for psychological tests for i.a. drivers and heavy-machinery operators in 
terms of the speed of psychomotor reaction at an imposed or random rate, eye-
hand coordination skills, perception speed and accuracy, time-limited decision-
making and resistance to fatigue. Simple psychological tests were designed only 
to control psychomotor ability throughout the study. They did not have an impact 
on the main objective of the experiment. Measurements utilizing the goggles 
began with an 11-minute PLR test as required by the procedure, followed by the 
PLR test at 2-minute intervals. PLR measurement was performed on both eyes 
which were subjected to a series of 5 flashes at 30-second intervals. Repeat 
eyeball stimulation with a source of light is the result of work performed by 
researchers on the measurement of physiological parameters. The right eye was 
subjected to light stimuli first. The duration of pupillary reflex measurement was 
150 seconds. Then, over a period of 60 seconds, the system switched to the left 
eye, which similarly to the right eye, was subjected to a series of 5 impulses of 
light over a period of 150 seconds. The entire process was carried out with the 
subjects wearing goggles to ensure the same measurement conditions, mainly in 
terms of accommodation. 

2.3.3 Experimental results 
The implemented model was verified using the experimental data recorded as 
described in the Experimental procedure section. The estimated parameters, 
Table 3, were compared to the classical parameters that describe the PLR. Plots 
of relative amplitude and contraction velocity are presented in the article. Both 
parameters are characterized by the strongest correlations with the declared 
subjective fatigue levels as well as with the reference parameter, i.e. the pupillary 
unrest index (PUI) [20]. As clearly shown in Fig. 6, both parameters change 
along with the increasing fatigue (sequential measurements Task 1–Task 2).  
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(a) (b) 

  

Figure 6: Graph changes: (a) amplitude of contraction; (b) rate of pupillary 
constriction in subsequent stages of measurement. 

     The analysis of the ts, tp, fs, fp model parameters revealed variable behaviors in 
sequential measurements (Task 1–Task 4) with regard to the parasympathetic 
system (Fig. 7).  
     Figs 7(a) and (b) show that the delay due to the sympathetic as well as the 
parasympathetic system was not changing as the fatigue increased, while  
 

(a) (b) 

 
(c) (d) 

 

Figure 7: Changes in the parameters: (a) ts, (b) tp, (c) fs, (d) fp at sequential 
measurements in the experimental procedure. 
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the opposite was true for parameters fs, fp presented in Figs 7(c) and (d). The 
effect of the parasympathetic systems was significant and evident already at 
the second measurement (about 1:30 am). A somewhat less pronounced effect 
was observed for the sympathetic nervous system.  
 
(a) (b) 

 
(c) (d) 

Figure 8: Dynamic change in the size of the pupil as a function of: (a) ts, (b) tp, 
(c) fs and (d) fp. 

     The analysis was carried out using the STATISTICA data analysis software 
system, version 10 (StatSoft, Inc., 2011). Statistical analysis was performed 
using classic statistical methods based on the variance analysis.  

3 Discussion 

The implementation of Kelvin–Voight’s model for the purposes of PLR 
characterization will allow for highly accurate assessment of the changes in 
pupillary behavior throughout the duration of the pupillary light reflex. 
Implementation of the system facilitated elimination of the basic drawbacks and 
limitations of the classic method of PLR assessment. These are due to the fact 
that the basic indicator values or range limits are determined at specific time 
points of the reflex. Due to the high speed of changes in the pupil size, 
particularly during the first phase of the reflex, shifting the detection time point 
by one hundredth of second may lead to errors of as much as over 10%. This is 
unacceptable when the PLR and the assessment module are to be used, in line 
with the authors' assumptions, as a detector of early signs of fatigue. Only slight 
variations in the pupillary reflex records are observed in such cases. 
     Sometimes, the reflex signal may be obscured by the subject shutting their 
eyelid involuntarily. Thus, the measurement using the classic method of PLR 
assessment becomes useless. Depending on the moment of the disturbance, one 
should either repeat the entire measurement or significantly reduce the number of 
parameters that may be determined from such records. Another problem consists 
of the accuracy of the measurement (detection) of the pupil size. In case of a low 
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resolution of the measurement system, the recorded signal does not fully reflect 
the full dynamics of PLR and the assessment becomes inaccurate. Too accurate 
measurement of pupil size may also be of a problem. In such case, the 
assessment may be disturbed by the presence of the oscillation wave, i.e. 
involuntary, oscillating movements of pupils that might modulate the PLR.  
     As shown by the results presented in the charts in Figs 7 and 8(d) and the 
results described in [15], it is possible to assess the level of fatigue while 
the subject performs the operator tasks. The currently used method for 
determination of PUI requires specific experimental conditions (full blackout) 
and is time-consuming (lasting 11 minutes).  
     The use of a dynamic model with estimated parameters ensuring accurate 
tracing of the actual pupillary reflex provides a solution to these problems and 
ensures an accurate, reliable and fast method for estimating the fatigue level. 

4 Conclusions 

Owing to proper implementation of the model, we managed to attain a high level 
of its adaptation to real data (>90%). Parameters assigned by the model, such as: 
elastic constant of the dilator and constrictor, static force pupil at rest, radius of 
the constrictor at rest, radius of the pupil at rest, delay force originated from the 
parasympathetic system, and delay force originated from the sympathetic system, 
were compared with a snapshot assigned by the AMTech system. The results 
show their strong correlation, and the model shows high sensitivity to changes in 
the shape of the reflex curve, caused by sleep deprivation introduced in the 
experiment.  
     The presented in the article dynamic model of pupillary reflex evaluation is a 
component of the system of fatigue evaluation developed by the authors [21]. In 
this solution, the measurements are mostly conducted with the use of an optical 
head with two side cameras with adjustable location, observing the eyes, with 
illuminators and infrared filters. The head was mounted in a goggle-type 
construction. 
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