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Abstract

Unsteady natural convection flow during the solidification process of water in the
annulus is numerically modeled using the finite element method. The annulus
inner surface temperature is kept at a temperature lower than the solidification
temperature. Ice is formed at the inner surface while natural convection flow is
induced in the liquid portion. The goal of this study is to evaluate the effect
of natural convection and variations in the density of water on the solidification
process. The water density peak near the solidification temperature creates a
unique flow structure. High resolution capturing of the solid/liquid moving
boundary and the details of the flow structure and temperature contours are
presented.
Keywords: natural convection, solidification, density variation, annulus enclosure.

1 Introduction

Phase change heat transfer has been extensively studied experimentally and
theoretically in literature during the past two decades. Phase change has a wide
range of utility in scientific and engineering applications. These applications
include, for example, solar energy storage units, industrial refrigeration, crystal
growth, welding and casting. During melting process, the effective specific heat of
a substance is increased by more than 100 times, storing a large amount of energy.
On the other hand, during solidification process, the specific heat is decreased to
release a large amount of energy. Phase-change materials (PCM’s) are substances
that are used to store/release thermal energy by utilizing this effective specific heat
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variation. Small but influential variations in density often accompany this process
and can have detrimental impact on the solidification process.

Common PCM’s include waxes, many types of salts, as well as water. Wax
PCM’s are extensively employed in electronic devices as a method of thermal
management [1], and in thermal control units [2]. In electronic cooling, PCM’s are
used to absorb heat from high thermal dissipating components during operating
times, and then, release the stored energy during OFF times [3]. In thermal storage
systems, especially in solar storage units, water is commonly used to store energy
during high-energy demand periods [4]. Understanding phase change heat transfer
mechanism in an enclosure is essential to predict the thermal performance of a
PCM thermal unit.

Modeling the melting and solidification processes within a fixed enclosure has
been of special interest to engineers. Modeling such processes can be intricate
because of the need to deal with conduction in the solid portion, and conduction
plus convection in the liquid portion. The phenomena are strongly coupled and
the modeling results are extremely sensitive to the set up as well as the physics of
the problem. Giangi et al. [5] performed numerical and experimental studies on
natural convection flow during solidification of water in a rectangular enclosure
with constant temperature boundary conditions. PCM melting in a rectangular
enclosure by heating the bottom side was also studied by Gong and Mujumdar [6].
The resulting complex flow patterns were consistent with experimental results.
Phase change heat transfer for a pure metal in a rectangular enclosure was studies
by Mbaye and Bilgen [7]. Their results indicated that the Nusselt number passed
through the maximum when the enclosure aspect ratio is unity. A rectangular
composite cell filled with PCM and water was studied by Ho and Chu [8], and
the effect of an ON/OFF pulsing of boundary heat load was analyzed. El Omari
et al. [9] also studied the impact of the shape of the enclosure on the PCM
solidification process, and found that non-slender shapes provide little control over
the process.

More importantly, and more relevant to the subject of this work, Pal and
Joshi [10] investigated the effect of natural convection on PCM melting rate in a
honeycomb enclosure. When the PCM in the system is relatively small, or the PCM
is placed in a metal matrix, natural convection flow in the liquid portion is often
neglected, the rationale being that conduction dominates in the overall domain.
While this approximation is widely used in phase change simulations [11–13], it
could produce significant error. This also related to the variation in the density of
the material as it changes temperature and phase. Kuznetsov and Sheremet [14]
numerically studied the influence of Rayleigh number on fluid motion and heat
(and mass) transfer in enclosures. They related these quantities specifically to the
dimensional time and outlined regions of variations in the general behavior of flow
as a result of phase change.

In this research, solidification process of pure water in an annulus enclosure
is investigated. The annulus enclosure represents a practical geometry for thermal
storage pipes [15]. Water is commonly used in thermal storage units, because of its
availability, non-toxicity, non-flammability, and chemical stability. In addition, its
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latent heat of fusion is relatively high compared to other PCM’s. Initially, the water
temperature in the annulus is higher than solidification temperature. At a certain
instant, the boundary temperature at the inner surface is decreased to temperature
lower than the solidification temperature. Ice is formed at the inner surface, and
density gradients in the liquid portion induce natural convection flow. The main
objective of this paper is to evaluate the significance of the natural convection
effect on the solidification time.

2 Problem formulation

A schematic diagram of the model that was used for numerical simulations is
shown in figure 1. As shown, it consists of a two-dimensional annulus enclosure
of outer radius ro and inner radius ri, with ro = 2ri. The enclosure is initially
at a temperature Tini = 38◦C, well-higher than water’s solidification temperature,
Ts = 0◦C. At a certain instant t = 0, the annulus inner wall temperature is dropped
to Tw = −2◦C, which is lower than the water solidification temperature. The peak-
density temperature of water is denoted by Tp = 4◦C.

Figure 1: Problem schematics and mesh of annular enclosure.

2.1 Governing equations

Phase change simulations were done using apparent capacity paradigm. The
apparent capacity is the sum of the sensible and latent heats, as follows

Cp = Cp +
∂L

∂T
(1)

where Cp is the specific heat, and ∂L/∂T is the released latent heat. The apparent
capacity can be approximated if the phase change transient temperature is finite,
as follows:

Cp = Cp +
∆L
∆T

(2)

The value of ∂L/∂T is equal to zero in the liquid and solid phases.
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The governing equations are nondimensionalized using the following
parameters: Rayleigh number Ra, Prandtl number Pr, Stefan number St, and
Fourier number Fo; they are defined, respectively, as,

Ra =
gβ∆T r3o
να

, Pr =
ν

α
, Ste =

Cp∆T
L

, Fo =
αt

r2o

Based on these dimensionless groups, the non-dimensional forms of the
continuity, x-momentum, y-momentum, and energy equations are obtained as
follows,

∂u�

∂x�
= 0 (3)

∂u�

∂Fo
+ u�

∂u�

∂x�
+ v�

∂u�

∂y�
= − ∂p�

∂x�
+ Pr(θ)

[
∂2u�

∂x� 2
+
∂2u�

∂y� 2

]
(4)

∂v�

∂Fo
+ u�

∂v�

∂x�
+ v�

∂v�

∂y�
= −∂p

�

∂v�
+ Pr(θ)

[
∂2v�

∂x� 2
+
∂2v�

∂y� 2

]
+RaPr θ (5)

Φ(Ste, θ)
∂θ

∂Fo
+ u�

∂θ

∂x�
+ v�

∂θ

∂y�
=

∂2θ

∂x� 2
+

∂2θ

∂y� 2
(6)

where

Φ(Ste, θ) =




1, θ ≤ θs

1/Ste, θs < θ < θs + ∆θ
1, θ ≥ θs + ∆θ

(7)

Star-superscripted symbols signify dimensionless quantities where the
following were used in the nondimensionalization,

x� =
x

ro
, y� =

y

ro
, u� =

u

α/ro
, v� =

v

α/ro
,

p� =
p

ρα2/r2o
, θ =

T − Tw
|Ts − Tw|

Finally, initial and boundary conditions are written in dimensional forms, using
the dimensionless time τ , as,

τ = 0 : u� = v� = 0 and θ = θ0 = 20 (8)

τ > 0, r = ri : u� = v� = 0 and θ = θw = 0 (9)

τ > 0, r = ro : u� = v� = 0 and
∂θ

∂n
= 0 (10)
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2.2 Finite element model

The finite element model is used to solve simultaneously the set of coupled
governing equations for this viscous flow. A four-node quadrilateral element is
used to discretize the computational domain, as shown in figure 1. The finite
element model consists of 2,250 elements and 2,366 nodes. The computational
domain is reduced by half after taking advantage of symmetry in the problem.

Kuehn and Goldstein [16] conducted an experimental study of natural
convection without phase change in a cylindrical annulus. The present code
was validated by simulating natural convection in an annulus for the conditions
presented by Kuehn and Goldstein. The inner and outer radii of the annulus are
0.0463m and 0.0178 m, respectively. The working fluid is air. The inner and outer

(a)

(b)

Figure 2: Comparison of temperature along the top symmetry line for natural
convection flow in an annulus.
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cylinder walls are set to temperatures of 373 and 327K, respectively. The Rayleigh
number is 4.95 × 104. The temperature profiles long the top symmetry line of the
numerical results and the experimental data are shown in figure 2. As shown, the
agreement between the numerical and experimental results is excellent.

3 Results and discussion

Water is selected as the PCM for its common use in thermal storage pipes.
Its thermo-physical properties are listed in table 1. Water exhibits a negative
volume expansion coefficient at a temperature below 4◦C and a positive volume
expansion above 4◦C. This phenomenon creates a unique flow structure during
water solidification. The effect of free convection flow in the liquid portion during
the solidification process is examined in the following sections.

Table 1: Thermo-physical properties of water [5].

Specific heat (Cp) 4.202 kJ/kg-K

Thermal conductivity (k) 0.56 W/m-K (liquid)

2.26 W/m-K (solid)

Dynamic viscosity 1.53×10−3 Pa-s

Latent heat (L) 335 kJ/kg-K

Density (ρ) 999.84 + 0.067326T − 0.008944T 2

+8.87 × 10−5T 3 − 6.62 × 10−7T 4

3.1 Flow field and temperature contours

Figures 3 show the velocity streamlines of the flow field alongside the resulting
temperature contours at four time steps: τ = 0.05, 0.1, 0.15 and 0.25, for Ra =
107. Each curve in the plot on the right-hand-side of these figures represents a
streamline, while each curve on the left-hand-side represents an isotherm. Initially,
water is in liquid phase (θ0 = 20). At τ > 0, the inner wall temperature is dropped
to a temperature lower than the water solidification temperature (θw = 0).

Figure 3(a) shows how one recirculating cell is formed and the temperature of
water is higher than its peak-density temperature of θp = 3. Cold water adjacent
to the inner cylinder is continually replaced by warm water coming from the outer
cylinder. The water stream is cooled as it flows naturally close to the inner cylinder
to leave the inner to outer cylinder. Therefore, the temperature differences between
the inner cylinder and the water is maximum at the upper region, and minimum at
the lower region. The variations of the temperature difference explain the observed
wide temperature gradient at the upper region of the annulus. Up to this time
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(a) (b)

(c) (d)

Figure 3: Flow field streamlines and temperature contour of the solidification
process for Ra = 107 at (a) τ = 0.05, (b) τ = 0.1, (c) τ = 0.15,
(d) τ = 0.25.

(τ = 0.05), one recirculating cell exists in the annulus. As time progresses, two
additional recirculating cells are formed, as shown in figure 3(b), one at the top
and another at the bottom of the original recirculating cell. Furthermore, while
the original cell recirculates in the counter clockwise direction, the two newly
formed cells have clockwise directions. Water temperature decreases as it flows
close to the inner cylinder, and reaches the peak-density temperature. When water
temperature becomes less than (θp), water density decreases to create a clockwise
flow cell, and therefore, the direction of flow is reversed from counterclockwise to
clockwise, creating a small cell below the original cell. The direction of original
cell is still counterclockwise, because the temperature of the cell is higher than the
peak-density temperature. These results are consistent with those of de Souza and
Vielmo [17] who studied ice formation and melting processes in tubes for HVAC
applications.
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Figure 4: Effect of Rayleigh number on the water solidification time, for
conduction and conduction-plus-convection modes of heat transfer, for
Ra = 107.

3.2 Effect of natural convection flow

Figure 4 shows the solidification time for the conduction and conduction-plus-
convection modes of heat transfer with Ra = 106 to 107. For 106 < Ra <
1.25×106, the solidification times for conduction and conduction-plus-convection
are almost the same, showing a negligible effect of the convection as a heat
transfer mechanism. Hence, eliminating the natural convection flow during phase
change simulation is an acceptable approximation for this range of Ra. For
Ra ≥ 1.25 × 106, figure 4 indicates that the effect of natural convection becomes
significant. With Ra = 107, the natural convection decreases the solidification
time by 13.3%.

Figures 5 show the average heat flux at the inner cylinder for conduction and
conduction-plus-convection for Ra = 106 and 1107. For Ra = 106, figure 5(a)
indicates that the heat flux differences between the conduction and conduction plus
convection is negligible. The strength of the natural flow is so weak that it does not
decrease the thermal resistance in the annulus. On the other hand, when the Ra is
increase to 107, figure 5(b) indicates that the effect of natural convection is only
initially insignificant (τ < 0.15) (note the negligible difference between the two
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(a)

(b)

Figure 5: Variation of average heat flux at the inner cylinder with time, for (a)
Ra = 106 and (b) Ra = 107
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cases.) During the period 0.15 < τ < 0.6, however, the natural convection flow
increases the heat transfer into the annulus by decreasing the thermal resistance
in the annulus. Natural convention flow improves heat flow in the annulus by
transporting warm water from the outer boundary to the freezing interface. For
τ > 0.6, the heat flux of the two cases is close again, indicating that the natural
convection flow is slowing down and flow temperature becomes close to freezing
temperature.

4 Conclusions

The main objective of this paper was to evaluate the effect of natural convection
flow during water solidification process. Natural convection is commonly
neglected in phase change simulations, even if the Rayleigh number is high.
The results indicate that the effect of natural convention flow is significant for
a wide range of Rayleigh numbers, and this significance is increased as the
Rayleigh number is increased. Specifically, when the Rayleigh number is less than
1.25 × 106, the convection mode of heat transfer is an insignificant factor with
regards to the solidification rate. For Rayleigh numbers higher than 1.25 × 106,
natural convection flow plays an important role in reducing thermal resistance
in the domain, enhancing heat transfer, and increasing the solidification rate.
Therefore, neglecting natural convection flow can produce significant errors in
numerical simulations.
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