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Abstract

Many applications of fluid mechanics are to turbulent flows. The practical com-
putation of such flows call upon turbulence models to provide the information
needed to close the mean motion equations. The present comments concern those
properties of turbulence models that may be obtained by direct study of the field
equations defining these models. The second moment model and the £ ~ € model
are the focus of attention and norm inequalities are written for these models. The
stability properties of the associated dynamical system are determined. Some dif-
ficulties associated with obtaining norm estimates are also discussed.
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1 Background

It is generally accepted that the Navier—Stokes equations describe the motion of
fluids under normal conditions of pressure and temperature. It is also accepted
that these same equations describe turbulent fluid motion (the “sinuous motion”
described by Stokes and studied by Reynolds). A caution is necessary at this point
since the consistency of the Navier—Stokes equations has not been documented. In
particular, there is no complete existence, uniqueness and regularity results avail-
able for these equations when provided with general boundary conditions.

Restrict attention to constant density fluid motion. Due to the lack of a complete
theory for the constant density Navier—Stokes equations:
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noted above, it cannot be expected that a complete theory exists for the mean
motion equations used to treat turbulent flow. Here v(x,t) is the instantaneous
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velocity field and p(x, t) the corresponding pressure field (normalized by the con-
stant fluid density). Turbulence models have, as a prequel, the existence of a
Reynolds decomposition v — V +u where V = £(v), denotes the mean velocity,
and u(x,t) a fluctuating velocity field. The resulting lack of closure found in the
mean motion equations requires that a turbulence model be included. While such
a model closes the field equations, it is not based upon any real physical principle
and contains large empirical and heuristic content.

A turbulence model is said to be meaningful if it produces a closed set of mean
motion equations for which a unique solution exists. This definition makes no men-
tion of the predictive power of the turbulence model: that is a separate issue and not
addressed herein (but see Gatski [1] for a discussion of turbulence models). Rather,
the present interest focuses upon the mathematical properties of such models with
special reference to energy estimates. The standard energy estimate for equations
(1) and (2) gives:

vlg(t) < Iflg/(vL3)* ast — oo (E)

when a body force, f(x), is present but independent of time. The global norm of
some vector p, |p| 2, is defined to be [, (p, p) dV where the standard inner product
(P, P) = pip:i (sum on 7) is defined. D denotes the (bounded) domain occupied by
the fluid with 0D its boundary. In the absence of body forces, the velocity norm
|v| QQ(t), decays exponentially (see Foias et al. [2], for example):

[v|2(t) < expl—vLit]|v|Z(t = 0) (E2)

as t — oo. Here L, is the constant in a Poincaré inequality of the form |L|} >
L2|v|2. These results hold for the instantaneous Navier-Stokes equations and
hence apply to both laminar and turbulent flows. When the Reynolds decompo-
sition is applied to the Navier—Stokes equations and the mean motion equations
obtained, it follows that the same bounds on |v|, must hold (but now v ="V +u
implies that |v|, < |V]|, + |u|, and a direct comparison between |v|, and | V|,
is not possible). A valid turbulence model must produce a norm | V|, that is con-
sistent in properties with these estimates for the instantaneous equations: that is,
| V|, must decay exponentially as ¢ — oo in the absence of a body force. For
example, it was shown in Moulden [3] that the classical Boussinesq model has this
property simply because, in norm, it has the effect of augmenting the fluid viscos-
ity as v — v + v, for some eddy viscosity coefficient v-. As such the Boussinesq
model does not reveal any physics associated with fluid turbulence other than an
enhanced rate of dissipation.

The first axiom of Newtonian mechanics provides the foundation for the sym-
metry structure of the equations of fluid mechanics. That is, the equations must be
covariant under the Galilean transformation group G,. All constructs in the theory
must respect this symmetry. It is well known that the mean velocity field trans-
forms as V — QV + Vp under G, while the fluctuating velocity has the trans-
formation u — Qu. The Reynolds tensor R is frame indifferent under G,. Here
Q is a constant orthogonal matrix and V g the constant Galilean boost velocity.
Details of these transformations are given in Speziale [4]. It follows directly that
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both div(V) +— div(V) and div(u) — div(u): the mean and fluctuating conti-
nuity equations are both covariant under the transformation group G,. Turbulence
models must be consistent with these transformations.

The mean motion equations can be extracted from the instantaneous equations
(1) and (2) by means of the standard Reynolds decomposition noted above to give
the system:

ovi
ovi  o(ViV;)  ORy | OP
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ot 89@ 89@ 833,»

In equation (4), P denotes the mean pressure field (again normalized by the fluid
density) and f(x) a time independent body force. 4 turbulence model is taken to
be a statement of the form:

¢(T‘,’7 V, OL) =0 (5)
if R = £(u ® u) denotes the Reynolds tensor. The function ¢ may be vector
valued and may include partial derivatives as a set of evolutionary equations. ¢ is
referred to as a representation of a turbulent flow. a represents a vector of model
constants whose values are usually determined empirically. While equation (5)
may close the set of equations (3) and (4), it leaves many questions unresolved. It
is not known what, if any, bounds constrain the set of constants {«;} for a given
model to posses a stable physically realistic solution.

It is not clear, for example, that equations (3) and (4) have a solution for any
arbitrary model contained in equation (5). This question is more fundamental than
asking for equation (5) to reproduce the properties of turbulent flows since the
existence of a unique solution is a pre-requisite for predictive performance. For-
mally:

“A meaningful turbulence model is one for which the system
of equations (3), (4), (5) possesses a unique regular solution.
In addition, the system should have stable fixed points and
must be covariant under the group G,.”

No test is available to ascertain if equation (5) does, in fact, specify a meaningful
turbulence model. The objective herein is to present the information that can be
obtained from energy estimates for the equations of turbulence models (as intro-
duced in Moulden [3] for a second moment closure model). A few comments are
made about a second moment model and the well-known & ~ ¢ model is also
considered.

Restricting attention to “meaningfulness” does not remove the importance of the
criteria written by Hanjali¢ [5] for the construction of turbulence models. In partic-
ular: the model should satisfy the realizability constraints (the turbulence kinetic
energy must be non-negative for example) and be computationally manageable.
It must also satisfy the invariance requirements consistent with Newtonian contin-
uum mechanics. That is, more is involved in the construction of a turbulence model
than just the heuristic arguments required to select the functional form of modeled
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terms. The norm estimates discussed below should be attended to at the same time
as other computational issues are considered. Assessing the role of model con-
stants in the stability properties of the model should be an essential feature of
model development.

2 A uniqueness theorem

A uniqueness theorem for the mean motion equations, that follows the work of
Gurtin [6], can be written for equations (3) and (4) without appeal to a turbulence
model of the form given in equation (5). This result may be stated as:

Lemma L. Let (Vy, P1) and (Va, P3) be two solutions of the mean motion equa-
tions in (3) and (4) (with the same boundary conditions and body forces). Then:

V1 = Vz; Rl +ﬁ11 = [RQ + C(X7 t)] + [?2 + Q(X, t)]I

such that the quantity C(x,t) is an arbitrary divergence-free symmetric second
order tensor and Q) an arbitrary scalar field whose spatial gradient ¥V (Q), van-

ishes Q = Q(t) only.

and is valid provided that the regularity required by the proof holds. The result
shows that while the mean velocity field is specified uniquely by the mean motion
equations, the Reynolds tensor need not be unique. The same is true of the mean
pressure field. The proof of this lemma, being given in Moulden [7], need not be
repeated here. The lemma implies that equation (5) cannot define a unique repre-
sentation, ¢, of any particular turbulent flow model. However, the non-uniqueness
in R is of the form R — R + C with div(C) = 0 so that the computation of
the mean velocity is not compromised in equations (3) and (4). Such a finding is
on the same footing as noticing that the mass invariance constraint div(u) = 0
allows a gauge field, w(x, t), from the condition div(u + w) = 0 iff div(w) = 0.
The role of gauge fields in turbulence models will be addressed elsewhere and can
be adopted to describe the inactive component of the motion. For a discussion of
this inactive motion, and other problems related to turbulence, see for example,
Bradshaw [9].

In the proof of Lemma I it must be assumed that the mean velocity gradient
L = 0V/0x has bounded eigenvalues (but, there is no proof that this assumed
regularity is true). The local regularity results (ones that do not consider the influ-
ence of the initial conditions) for the Navier—Stokes equations are discussed in
Seregin [8]. Of course, it is the non-linear terms that impede the progress in con-
structing a full theory. It is known that if the boundary data is smooth on a bounded
domain then there is an “almost everywhere” restriction on solutions: sets of mea-
sure zero may contain singular behaviour. It is not clear how such a theory can be
extended to the mean motion equations, (3) and (4), due to the lack of information
about the properties of the Reynolds tensor, R, as defined by the turbulence model
given in equation (5). The second moment equation has little to offer here due to
the lack of closure of that equation (the ¥ term of equation (8) below must be
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represented by a turbulence model). The present approach assumes sufficient reg-
ularity to obtain the results for the selected turbulence model: these assumptions
are, however, stated as the discussion proceeds.

3 Energy estimates

Energy estimates start from the definition of norm quantities such as the velocity
|[V|? = (V,V) and its global extension |V|} = [,(V,V)dV. The latter of
which can be evaluated from the norm energy equation for the mean velocity:

10

20t
a result obtained from equation (4) by means of an inner product with the mean
velocity. Periodic boundary conditions have been assumed for this estimate and
will be adopted throughout the following. The standard Poincaré inequality allows
the statement L[ 2 > L3 | V|2 to replace derivative norms by value norms. Hence
there is the differential inequality:

VI +v[L]g = (L, R), + (V.f),

0 —
5 |VIg + 2L VIg < 2L | R, +2IV],lfl, (6)

L denotes the mean motion velocity gradient OV /0x. Herein, the notation
(A,B), = [ trace(AB™) dV is adopted for the global inner product of any pair
of linear operators, A and B, on R3. Locally, (A, B) = trace(ABT). Equation
(6) requires an estimate for |R | , before anything can be said about the evolution
of the mean velocity norm. This estimate must be prepared for each turbulence
model considered. A class of invariant models were studied in Moulden [3] with
the conclusion that a stable system was only possible for a restricted parameter
vector o in equation (5). A brief revue of such a model is included here to illus-
trate the problems involved.

It is important to recognize that regularity assumptions are included in equa-
tion (6) in that the norm |L|2? = [}, trace(LLT) dV and the global inner prod-
uct (R, L) , are both assumed to be bounded (which demands that both (R, L)

and (L, L) be bounded everywhere and for all time). This requirement can be
expressed as the need for the eigenvalues of both LL (a property of the mean motion)
and R (a property of the velocity fluctuations) to be bounded everywhere and for
all time. The Cauchy—Schwarz inequality provides an upper bound:

(RL), <[RIyLl, < [IR]; +IT];] /2

This inequality and the Poincaré inequality allow inequality (6) to be expressed in
the form:

0 2 2
—IVIZ+vLi|VI2 < S IRI;+ —=|fI] (6a)
ot Y LITlg =, 9 VL% 9

to show the role that the norms of the Reynolds tensor and body force play in the
stability of the mean motion. If regularity of the mean motion is assumed to the
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extent that the mean velocity gradient, L, and its temporal and spatial gradients
exist then equation (4) gives:

dL - _

o T L? + V(div(R)) =vV*L)-P+F

where F = V(f) and P denotes the mean motion pressure Hessian. Both of
which are assumed to exist. Then an energy equation for the mean velocity gradi-

ent emerges in the form:
o — _ _
5;1lg +2v|VL]7 +2(K, L), = 2(F, L), @)

if K = L? 4+ V(div(R)).

It was shown in Moulden [3] that there is no unique estimate available for the
Reynolds stress models of the form discussed by Lewellen [10]. One reason for
the lack of a unique estimate is the existence of a norm hierarchy for the mean
motion equations. Estimates for turbulence models can use zero order norm closer
based upon the level of equation (6), or can have first order norm closure using
equation (7) with its additional regularity assumptions. In both cases conditional
linear stability (depending upon model constants) was found at the origin of the
phase space of the respective dynamical systems when body forces are absent.
Physical significance of the estimates also needs to be considered. The process is
illustrated below for zero order norm closure.

Second moment closure models are based upon the system of equations defined
by:

s it — U,
ot + Vi Dy + Rk 92 + Rik D v 8&7% y ®)

(a set of six equations) for the Reynolds tensor R. Equation (8) makes use of the
notation:

U,;; =208 {aui %] 0

——E(uu; ij = Erlij + Drlij + ¢ij
axkamk +85Ek (uu]uk)—'_w] T|]+ F‘]—’_w]

with E7 the turbulence dissipation and D ¢ the velocity diffusion term. The linear
combination:
0 0 ou;  Ouy
i = ——5 i —g i —g J i ED i S i
5 = | g = ) + 5]~ €[ (G2 + 52 )| = Dok + 80l

J
of the pressure strain and pressure diffusion defines the tensor 9;;. Write the right
hand side of equation (8) in the form: ¥ = Er + Dr + Dp 4+ Sp to allow the
estimate:

) _
auknj +2|VR|} +4LR,R), +2(¥,R), =0 ©)

again for periodic boundary conditions. The case of zero order norm closure will
illustrate some of the problems associate with the construction of meaningful esti-
mates. The dynamical system for that estimate is given by:

] <|V|§> - (VL%IVIQZ+2IR|§/V+2IfI§/(VL%)>
UNIRI;) ~ \ ~2wLEIR|; —2(v + A" = 2L)|R|;
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and is based upon equations (6a) and (9). The estimate:
(LR.R), < [L[4IR][; < LIR];

(with |[L|, < L assumed to be bounded) has also been introduced and has the
effect of removing |L|, from the equation for |R |, as is consistent with zero
order norm estimates. The turbulence model adopted in Moulden [3] placed:

Er =a.R + a;trace(R)I, Dp=ayR, Sp=asR —trace(R)I/3]

while the model for D p was included in that for D (and was a simplified version
of'the model discussed in Lewellen [10]). The model satisfies the required Galilean
covariance. Here, the set {a., ay, ...} are model constants (all greater than zero).
The constant A* in the dynamical system above is given by the sum A* = 2a,/3+
e + ay + a; > 0. The Reynolds tensor norm decays like:

IRIF(t) < expl—2(v(1+ LE) + A" — 2L)t] [R5 (0)

provided that v(1 + L%) + A* > 2L. In the limit as ¢ — oo, the mean velocity
norm then decays as:

V5 (t) < exp[—vLit/2] [V]3(0)

in the absence of a body force. Otherwise, | V|7 — 2|f|2/(vL7)* ast — oo. Note
that this is twice the value found in estimate (E1) for the instantaneous velocity
norm |v| 2. With the removal of the mean velocity gradient from the | R |, equation
any interaction of the Reynolds tensor with the mean motion is denied in this
estimate. The estimate is not physically tenable. Hence first order norm closure,
Moulden [3], must be adopted and an |L], term retained in the |R |, equation.
The limit [R |, — 0 is understood to mean that [u| — 0 locally and that | V|, —
|v|y. The finding above is another manifestation that the zero order norm closure
estimate is unsatisfactory. The above has shown:

Lemma II. Zero order norm closure for this model does not provide a useful
estimate for |V|,.

From Moulden [3], first order norm closure gave a limit for | V|, that was consis-
tent with estimate (E1) and was, in addition, linearly stable at the origin of phase
space.

The present analysis does not carry epistemological content as far as the struc-
ture of the turbulence is concerned. The global norm quantities that enter the the-
ory make no reference to the eddy sizes that contribute to the local motion. From
the definition |v|} = [(v,v)dV a global norm contains energy from all wave
numbers. It also contains energy from all points of the flow domain D. Only the
time evolution of the norm is determined from the theory. The work of Foias et al.
[2] and Henshaw et al. [11] for example does, however, make reference to some
physical aspects of the flow in terms of small and large scale motions. It is not
clear at this point how such information should be included in a turbulence model
— if, indeed, it is of importance so to do. Certainly, these two disparate flow com-
ponents play very different roles in the flow development. As noted below, it is
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often necessary to modify turbulence models for application close to solid sur-
faces where eddy dissipation and production is a physically significant feature of
the turbulence.

A comment can be made about the ubiquitous adoption of periodic bound-
ary conditions in functional estimates. Such boundary conditions remove certain
boundary integrals from the energy estimates. The flow region contained within
the domain D is not totally arbitrary in the present theory since it can only contain
solid boundaries if they have the required periodicity. This restriction is removed
in Moulden [7].

4 The “k ~ €” model

As a turbulence model, the £ ~ ¢ model is less complex than methods based upon
the full second moment equation (8). The six equations contained in (8) is reduced
to two equations, one for k£ and one for e. However, the resulting £ ~ ¢ model is
algebraically more complex due to the definitions of P and the eddy viscosity v.-
in equations (15) and (16) below. That is ratios such as €?/k and k? /¢ arise in the
model. Herein, only an examination of the system is presented with the full theory
to appear in Moulden [7]. First, introduce the variables:

k =trace(R)/2 (the turbulence kinetic energy)
€ = vE[Ou;)dx;)?] = v€[trace(L'L'T] (the turbulence dissipation)

both £ > 0 and € > 0 are well defined physical quantities in the sense of being
Galilean invariant and hence consistent with the Navier—Stokes equations.

Start the analysis with the adoption of a gradient transport model for the
Reynolds tensor R = £(u®u) (as discussed in Bradshaw [12] for example).
That is, adopt the form:

R =2v,D — 2kI/3 (10)
which relates R to both the mean motion, via the symmetric part, D, of the mean
velocity gradient, L, and the turbulence kinetic energy, k(x, t). The eddy viscosity
v, = v.(k,€) is taken to be a function of both the kinetic energy k and the dis-
sipation €. As in the Boussinesq model, R is related directly to the mean motion
in equation (10), but this specification does not close the mean motion equations
due to the inclusion of & in equation (10). Equation (10) leads to the global norm
inequality:

IRI; < 2[vr|g Ty + 41kl 7/3 (1n
since the Korn inequality, see Horgan [13], shows that |D| 2= IL| /2. Equation
(11) may be compared with the inequality of Schumann [14] discussed in con-
nection with the realizability conditions for the Reynolds tensor R. Equation (10)
further implies that:

trace(RLY) = v, trace(D D) = v, |D|? = v, Hf\|5/2
and that: _ o . _
(R.L), = (v»D,D), < |v||D| = |v-||L|;/2 (12)
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from the Korn inequalities. Take the pair of equations:

ok ok 3 ok
Vi Q- { ax]] (13)
Oe 86 0 Oe
— —— L P=— —_— 14
8t+%8xj+ an |:V€al’j:| ( )

as defining the model & ~ ¢ (see Wilcox [15] for example). This pair of equations
represent a standard form of the model and needs modification near solid surfaces
and as the motion decays to a quiescent state. In the above:

P=c 62/](1 + co Rijfij E/k; Q=¢+ Rijfij (15a,b)
and:
Vg=v+vs Ve=v+v;/o; where v, = ak?/e (16a,b,c)

the actual values of the constants ¢;, c2, ¢ and « are not of importance at this
point but do feature in the final stability result. It can also be noted that Lemma I
suggests that P and () are not uniquely defined since the transformation R +—
R + C is permitted with div(C) = 0. Hence equations (13) and (14) are not
invariant under Lemma I. Equations (15a,b) take on the local form:

P:cleZ/k+a02kHﬁH2; Q:6+VTH§H2

with a trace(C L) non-uniqueness possible in P and Q.

Look upon the system (13)—(16) as a set of equations for the four variables
k, e, P and v, which augment the mean motion equations (3) and (4). Since P and
Q involve the norm |L| o there should be first order norm closure with equation (7)
included for a consistent estimate. With estimate (11), equation (6a) for the mean
velocity norm reduces to the differential inequality:

0 vI? 2 4 1
—|V|2+ ZL|VI2 < S v 2+ — k2 + —5|f]2 (17)
ot ' 2 g — 3 9 3 VL% 9

when the Poincaré inequality is employed. The evolution of the mean velocity
norm, | V|2, depends upon the norms |v; |7 and |k|} as well as the body force
norm. The norms of k, € and v, are related by the inequality obtained from equa-
tion (16¢):
alkly < |velglely < [lv-1g + lelF1/2
while the norms of P and @ relate to other norms as:
1P|y < cilurly +acalkl JILIZ /2 1Q1F < [elf + |-l IT]S /2

if - = €*/k when 2|e|? < |k|2 4 |p-| ). Hlustrate the process for zero order
norm closure when these inequalities reduce to:

|P|} < cilprlf + acak|2 L?/2; Q1 < el + el g L?/2
using the bound |L|, < L as above.
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Formally applying the Gronwall lemma to equation (17) (for which see Flavin
and Rionero [16]) there is:

VIZ0) < [VI20) copl-vibt/2 + [ P eapl-vIie2ar a9

if F'(t) denotes the right hand side of equation (17). The structure of equation (18)
is the same as that for the instantaneous Navier—Stokes equations discussed earlier
(from estimates (E1) and (E2)). However, the mean motion in estimate (18) decays
as exp[—vL2t/2] whereas the instantaneous motion decays as exp[—vL2t]. The
meaning here was mentioned above in relation to equation (10). The turbulent
flow decay in estimate (18) has additional contributions from the norms |v, |, and
|k|, which relate to the turbulent fluctuations. In the case where the body force
is independent of time and the norm |k|, decays with time, the limit ¢ — oo in
equation (18) gives the form:

IVI2(t) < 2|£]2/(vL3)? ast — oo

which is twice the body force contribution found for the instantaneous equations.
It is again suggested that this can be attributed to the adoption of a zero order
norm closure in the equations without appeal to equation (7) for the mean velocity
gradient norm.

The k ~ € model provides an evolution inequality for both |k|2 and |e| 2 from
equations (13) and (14).

Ol L w2 b2 < — 1012 (19)
ot IO = 4w 4 n)Lg Y
alk|!]2 2 2 1 2
™9 < -
ot +(V+n/U)L€ |6|g _4(V+H/U)Lz |P|g (20)

where the bounded constant n = v |max on D has been introduced. From the defini-
tions in equation (15), the norms | P|} and |Q|? are related by the inequality:

(2c1 = Bea) €| 2 < | Q|2 + |P|2 + ||

The model as treated herein is not intended to apply to wall bounded flows (some
of the properties of which are discussed in Patel et al. [17] as well as in Nagano
and Tagawa [18]). In particular, & — 0 at a solid surface but € does not: hence p-
is not well defined. Such wall bounded flows are examined in Moulden [7].

A system of equations has been obtained for the four unknown norm variables
in the £ ~ € model. In actual estimates, it is required that values be given to the
Poincaré constants {Ly,; Lg; -- - }. It is well known, see Moulden [19] for actual
computations in a specific case, that the values of these constants can vary over
a range of several orders of magnitude. This happenstance calls into question the
actual numerical values adopted to determine the stability of the dynamical system.
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The dynamical system of interest is constructed from equations (17), (19)
and (20):

Vig —vLi|VI3/2+ 2w, |3 /v7 + 41kI 7/ (Bv) + |f1 7/ (vLE)
9 _
a0 | FlS [ = | —(w+n) LEIRIT + [lelg + lvel 3 221/ (8(v + n)LF)
lelg —v* L el § + [elpr | + v ea| k| F L2] /(807 L2)

where v* = v + n/o. Robinson [20] discusses properties of dynamical systems
which apply to the present situation. The fixed points of the corresponding dif-
ferential system can be established. By definition tenable solutions cannot have
negative values for the norms involved. Hence the fixed points (where the right
hand side vanishes) defines an equilibrium state for the motion. Note that the limit
|k|2 — 0 and |e|2 — O cannot be taken for this model for reasons discussed
above. There is however:

Lemma III. The k ~ ¢ model introduced above has a fixed point where the mean
velocity norm, for example, has the value:

'V

2 2 4 1
2 _ 2 2 2
lg = vz alvrlg + o Lkl + Elflg
in terms of turbulence quantities and the body force norm. This fixed point is lin-
early stable.

to complete the discussion of this model.

As a final note to this section there have been many modifications to the k ~ ¢
model and Nagano and Tagawa [ 18] being one such addition to allow for near wall
effects. Such models call for additional functions, f,, fe and f,, say, which allow
for damping close to a solid wall. With these functions P is modified to:

P =cife€®/k+ caRijLij fuelk

while the eddy viscosity coefficient is changed to the form v, = af,k?/e. The
free turbulence limit requires a separate treatment.

5 Final comments

Some comments have been made concerning the structure of norm estimates and
their application to both a second moment model and to the £ ~ ¢ turbulence
model. Without a body force present it was found that the second moment model
predicts that the motion will decay to the origin of phase space. In the case of
the £ ~ € model, there was a limitation to fixed points in a uniform flow where
d|V|2/0t = 0. That flow is linearly stable.
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