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Abstract 

Due to the small scales encountered in MEMS and microfluidic devices, surface 
tension can play a significant role in the device physics. As such, many 
microscale devices have exploited surface tension forces to serve as passive 
valves and to move fluids. Surprisingly, few models for surface tension driven 
flow seem to have been developed. 
     In this study a theoretical mathematical model for surface tension driven flow 
through a capillary of an arbitrary cross section is derived. The model is based on 
macroscopic mass and momentum balances, allowing for different physical 
insights to be drawn compared to approaches starting with the Navier-Stokes 
equations. Expressions for flow length and velocity are derived for both 
frictionless flow and for flow with wall friction. For frictionless flow the result 
of surface tension force is to increase the momentum of the fluid by constantly 
drawing mass into the capillary at a constant characteristic velocity. In the case 
of flow with wall friction, a characteristic time scale can be calculated. For times 
on the order of the characteristic time scale, the flow velocity exponentially 
decays from the characteristic velocity, whereas for larger times the velocity 
shows an inverse power law dependence. The model well predicts flow 
behaviour for previously published experiments in which the characteristic time 
is small. For systems in which the characteristic time is larger, the model may 
show improved performance over previous models. 
Keywords: capillary, microchannel, microfluidics, surface tension. 

1 Introduction 

With the rapid development of microfluidic devices over the past decade, the 
favourable scaling of surface tension with small dimensions has been exploited 
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for many purposes, including for use as passive valves [1], [2] and the seemingly 
ubiquitous capillary electrophoresis [3], [4] used as chemical and biological 
detection methods. Surprisingly, few models seem to be available to address the 
physics of liquid flows driven by surface tension. 
     Studies on the nature of interfacial surface tension and the dynamics of 
capillary wetting date back to over a century ago, including the early works by 
Young [5], Lucas [6], and Washburn [7]. More recently, the methods and 
equations developed by these early studies have been modified for use in parallel 
plate geometries by Schwiebert and Leong [8] and Jong et al. [9]. These recent 
studies have shown good agreement between predictions and experimentally 
obtained parameters. 
     The method of analysis in the above mentioned studies has typically started 
with a quasi-steady version of the Navier-Stokes equations and then introduced 
the non-steady effect of surface tension via manipulation of the applied pressure 
gradient term. Furthermore, the works focus on particular geometries and lack a 
general applicability to other capillary shapes.  
     The current study investigates surface tension driven flow in capillaries of 
arbitrary cross section. Rather than starting with differential equations of motion, 
the current study uses macroscopic conservation laws applied to the entire 
capillary in order to model the flow. The results of the model are compared to 
previous models, as well as the experimental predictions therein. 

2 Frictionless flow model 
As a starting point for modelling surface tension driven flow we begin with a 
frictionless flow model.  

2.1 Conservation of mass 

Figure 1 gives a schematic diagram of the open system used in the macroscopic 
mass conservation equation. A reservoir feeds flow into a capillary of arbitrary 
cross section with perimeter P and cross sectional area Ac. The leftmost 
boundary of the system remains stationary at the capillary inlet whereas the 
rightmost boundary moves with the liquid-gas interface at a distance L from the 
inlet. 
     Conservation of mass for this system requires  

in
sys m

dt
dm

= ,       (1) 

where msys is the mass contained in the system at any time t and inm is the rate of 
mass flow into the system. Eq. (1) reduces to 

VA
dt

LAd
c

c ρ
ρ

=
)(

,      (2) 

where ρ is density and V is the average velocity of the fluid at the capillary inlet. 
For an incompressible fluid, ρ is constant and Eq. (2) reduces to  

dt
dLV = .            (3) 
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Figure 1: Schematic diagram of system used in macroscopic mass 
conservation. 

     The analysis would be identical for a system with a stationary inlet at any 
location along the capillary. Thus, at any point in time the entire fluid in the 
capillary moves with a single velocity equal to velocity of the liquid-gas 
interface. 

2.2 Conservation of linear momentum 

Figure 2 shows the open system used in the macroscopic momentum 
conservation equation. The leftmost boundary of the system extends just inside 
the reservoir where pressure is constant and the fluid velocity is approximately 
zero. The rightmost boundary coincides with the liquid-gas interface. 
 

 
Figure 2: Schematic diagram of system used in macroscopic momentum 

conservation. 

     The flow direction component of linear momentum conservation requires that 

∑= external
sys F

dt
mVd )(

.              (4) 

     For frictionless flow the wall shear stress, τw in Fig.2 is zero and Eq. (4) 
becomes 

0
( ) cosc

d mV P A
dt

σ θ= + P ,           (5) 

where P0 is gage pressure in the reservoir, σ is surface tension and θ is the 
contact angle formed by the liquid-gas interface with the capillary wall. 
Integrating with respect to time yields 

0 1( cos )cmV P A t cσ θ= + +P .                (6) 

L Cross section 
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     At t=0 the momentum of the system is zero, so that the constant of integration 
is c1=0. 
     From the conservation of mass results, V=dL/dt. Substituting this along with 
m=ρAcL into Eq. (6) gives 

0( cos )c c
dLA L P A t
dt

ρ σ θ= + P .                          (7) 

     Separating variables, integrating and solving for L, 
1/2

20
2

cos

c

PL t c
A

σ θ
ρ ρ

  
= + +     

P .                        (8) 

     At t=0, L=0, so that the constant of integration is c2=0. 
     Eq. (8) can be differentiated with respect to t to find V; equivalently, Eq. (8) 
can be substituted into Eq. (7), which in turn can be solved for velocity. Either 
way the result is 

2/1
0 cos4









+==

hD
P

dt
dLV

ρ
θσ

ρ
                      (9) 

where P and Ac have been eliminated in favour of the hydraulic diameter, 
4 c

h
AD ≡
P

.               (10) 

     For the case in which P0=0, corresponding to a reservoir height of zero, the 
flow is driven completely by surface tension. Eq. (9) gives a characteristic 
velocity for this situation, one that represents a theoretical upper limit for flow 
velocity. 

2/1
cos4









=

h
chr D

V
ρ

θσ                (11) 

     This velocity can also be found by setting the Weber number based on 
hydraulic diameter equal to 4cosθ: 

θ
σ

ρ
cos4

2
=≡ hchr DV

We                   (12) 

     It is of interest to note that the flow velocity given by either Eq. (9) or Eq. 
(11) is constant. Therefore, the result of the surface tension force is to increase 
the system momentum, not by increasing its velocity, but by constantly drawing 
more mass into the capillary. 

3 Flow model with wall friction 

Due to the large surface area to volume ratios encountered in systems in which 
surface tension is important, the assumption of zero wall friction, a surface 
phenomenon, is not realistic. Though the frictionless model yielded a theoretical 
upper limit for flow velocity, in practice we would expect to see slower 
velocities due to the impeding effect of wall shear stress. Thus, a more accurate 
model should include the effects of wall friction. 
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3.1 Conservation of mass 

As the presence of wall shear stress does not affect any of the terms appearing in 
the conservation of mass equation, the analysis of section 2.1 is still valid. At any 
point in time the entire fluid in the capillary again moves with a single velocity 
equal to velocity of the liquid-gas interface as given in Eq. (3). 

3.2 Conservation of linear momentum 

The flow direction component of linear momentum conservation given by Eq. 
(4) as applied to the system in Fig.2 including wall friction is 

0
( ) cosc w

d mV P A L
dt

τ σ θ= − +P P .                   (13) 

     The wall shear stress, τw, is related to the Fanning friction factor, cf, by 
2

2
1 Vc fw ρτ = .            (14) 

     Assuming that the flow is fully developed at any point in time, a reasonable 
assumption given the small entrance lengths encountered in microfluidics, the 
Fanning friction factor is given by 

Re
Cc f = ,             (15) 

where Re is the Reynolds number based on the hydraulic diameter and C is a 
constant depending solely on the geometry of the cross section. Using Eqs. (14) 
and (15), along with the definition of Reynolds number, 

η
ρ hVD

Re = ,             16) 

     Eq. (13) becomes 
2

0
( ) 1 cos

2c
h

d mV CP A V L
dt VD

η ρ σ θ
ρ

 = − + 
 

P P .                  (17) 

     Recognizing that m=ρAcL allows Eq. (17) to be rearranged as 

( )0 2

( ) 2 cosc
h

d mV CP A mV
dt D

η σ θ
ρ

= − + P .    (18) 

     Separating variables, 

( )0 2

1 ( )2 cosc
h

d mV dtCP A mV
D
η σ θ

ρ

=
− + P

.     (19) 

     Integrating and solving for mV, 
[ ]0 1cos exp( / )chr c chrmV t P A c t tσ θ= + − −P ,                (20) 

where c1 is a constant of integration and tchr is a characteristic time of the system 
given by 

η
ρ
C
Dt h

chr 2

2
= .                          (21) 
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     At t=0 the momentum of the system is zero, so that the constant of integration 
is found to be 

1 0 coscc P A σ θ= + P .         (22) 

     Eq. (20) is now 

( )[ ]0 cos 1 exp( / )chr c chrmV t P A t tσ θ= + − −P .                  (23) 

     As was the case with the frictionless flow model, the length L can be found by 
substituting V=dL/dt and m=ρAcL into the expression above. 

( )[ ]0 cos 1 exp( / )c chr c chr
dLA L t P A t t
dt

ρ σ θ= + − −P             (24) 

     Separating variables, integrating and solving for L yields 

( )
2/1

2
0 )/exp(cos42
























+−+








+= ctttt

D
P

tL chrchr
h

chr ρ
θσ

ρ
,           (25) 

where we have once again eliminated P and Ac for Dh. Requiring that L=0 at t=0 
yields the constant of integration, c2. 









+−=

h
chr D

P
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ρ
θσ

ρ
cos402

2                    (26) 

     Eq. (25) becomes 

[ ]( )
2/1

0 )/exp(1cos42












−−−







+= chrchr

h
chr tttt

D
P

tL
ρ

θσ
ρ

.     (27) 

     If we again let P0=0 and focus on surface tension driven flow only, this 
reduces to 

[ ]( )
2/1

)/exp(12cos4









−−−= chrchrchr
h

ttttt
D

L
ρ

θσ .                  (28) 

     The reader will recognize the characteristic velocity of Eq. (11) appearing in 
Eq. (28), which can be recast as 

[ ]( )( ) 2/1)/exp(12 chrchrchrchr tttttVL −−−= .             (29) 
     As before the flow velocity can be found simply by differentiating the length 
with respect to time. The result is 

( )[ ] 2/1)/exp(1
)/exp(1

2
2

chrchr

chrchr
chr

tttt
ttt

VV
−−−

−−
= .                (30) 

     Both the length and velocity as given by Eqs. (29) and (30) initially show an 
exponential decay. For times much larger than the characteristic time scale tchr, 
the exponential terms can be neglected, and Eqs. (29) and (30) respectively 
reduce to 
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( ) 2/12 ttVL chrchr=              (31) 
and 

2/1

2 







=

t
t

VV chr
chr .               (32) 

And so for times larger than the characteristic time, both length and velocity 
show a power law dependence on time. Figures 3 and 4 illustrate these trends in 
dimensionless form. 
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Figure 3: Variation of dimensionless penetration length as a function of 

dimensionless time. 
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Figure 4: Variation of dimensionless velocity as a function of dimensionless 

time. 
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4 Comparisons with other models and experiments 

For the frictionless flow model, the flow velocity is constant and the distance 
travelled by the fluid in the capillary increases linearly with time. In the model 
including wall friction, the velocity decreases with time and the fluid penetrates 
smaller and smaller distances into the capillary. 
     Both Schwiebert and Leong [8] and Jong et al. [9] derived expressions for 
surface tension driven flow between parallel plates. In both studies the length as 
a function of time can be given as 

2/1

3
cos









= taL

η
θσ ,        (33) 

where a is the separation distance between the plates. For parallel plates, the 
hydraulic diameter is Dh=2a and the constant appearing in the Fanning friction 
factor relation is C=24. This gives a characteristic velocity and characteristic 
time scale, respectively, of  

2/1
cos2









=

a
Vchr ρ

θσ         (34) 

and 

η
ρ
12

2atchr = .                    (35) 

     Based on the material property values given in [8] and. [9], the time scales are 
on the order of 5×10-6 s, validating the use of the large time approximation of Eq. 
(31). Substituting Eqs. (34) and (35) into Eq. (31) yields  

2/1

3
cos









= taL

η
θσ ,        (36) 

     which is identical to Eq. (33). As [8] and [9] both showed good agreement of 
Eq. (33) with experimental values of L, this serves as validation of the present 
model for times larger than the characteristic time scale tchr. 
     For systems with larger hydraulic diameters, large fluid densities and/or small 
viscosities, however, the characteristic time scale may become a significant 
fraction of a second. As such, the approximations of Eqs. (31) and (32) to which 
previous models reduce may show significant deviations from measured values. 
This is especially evident in Eq. (32) in which the velocity approaches infinity as 
t→0. Eq. (30), however, predicts V=Vchr at t=0, likely indicating a better model 
for small times and/or systems with large characteristic time scales. Physically 
this value makes sense as well, as Vchr represents a velocity characterized by zero 
wall friction. Since the fluid in the capillary initially makes contact with the wall 
over an infinitesimally small surface area, it should approximate frictionless flow 
at t=0. However, experimental values for velocity are needed as evidence for this 
claim. Further study is therefore warranted. 
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5 Conclusion 

Models for surface tension driven flow in a capillary of arbitrary cross section 
have been developed using macroscopic conservation equations. Models for flow 
with and without wall friction were both investigated. For flow without friction, 
the flow velocity is constant and is a function of surface tension, contact angle, 
fluid density, and hydraulic diameter. For flows with wall friction, a 
characteristic time for the flow can be calculated. For flow times on the order the 
characteristic time scale, the flow velocity decays exponentially from the 
frictionless flow velocity. For larger times, both velocity and penetration length 
show a power law dependence on time. 
     For larger time scales, the derived equations for length and velocity reduce to 
expressions developed by earlier models. Previously obtained experimental 
values of penetration length validate the present model. However, experimentally 
measured values of flow velocity are needed to validate the model’s accuracy for 
small times or systems with large characteristic time scales. 
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