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Abstract

Due to the various limitations shown by classical techniques of optimisation 
when dealing with many real-world engineering problems, a number of para-
digms have been produced over the last 20 years that claim to be better suited 
to providing useful engineering solutions for these types of problems. One of 
the evolutionary algorithms that has shown great potential for solving various 
optimisation problems is (PSO), which stands for particle swarm optimisation. 
PSO is a multi-agent optimisation system inspired by the social behaviour of a 
group of migrating birds trying to reach an unknown destination. In this chapter, 
the basics of PSO are provided together with some modifi cations that consider-
ably improve the performance of the standard algorithm. This variant features: 
a mixed continuous-discrete variant of PSO; a mechanism to enrich population 
diversity; and a self-adapting feature that spares engineers the task of parameter 
selection and fi ne-tuning. This variant can fi nd solutions effi ciently for various 
optimisation problems in the water fi eld. In addition, we provide the necessary 
details for this algorithm to work with multi-objective optimisation problems. 
Multiobjective optimisation is essential in many decision-making processes. 
From a practical standpoint, the development of a multi-objective optimisation 
process enables the combination of economic, engineering, and policy view-
points when searching for a solution to a problem. Finally, we reference a number 
of applications of these approaches in various areas of hydrology, hydraulics, 
and water resource management, and present the details of the complex problem 
of designing water distribution networks, together with the solutions to two real-
world case studies.
Keywords: design, multi-objective optimisation, particle swarm optimisation, reliability, 
water distribution network.
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1 Introduction

Optimisation in engineering, in general, and in water systems, in particular, is 
crucial for many reasons. Design is necessary to implement new confi gurations, 
improve existing systems, continue satisfying various needs, and expand systems 
to meet new conditions. Taking into account the uncertainty of data (especially 
in existing confi gurations), it is often necessary to solve diffi cult inverse prob-
lems where optimisation techniques are also of key importance. There are many 
examples of important industrial problems in the water fi eld because there is a 
great deal of interest in mechanisms for managing sustainable water resources at 
a reasonable cost.

Optimisation is a typically constrained nonlinear search problem involving both 
continuous and discrete variables. The problem in hand is frequently a mixed con-
tinuous and discrete constrained nonlinear optimisation problem that is often 
highly dimensional and multimodal. Highly dimensional means that many deci-
sion variables infl uence the solution. Multimodal expresses the idea that there are 
many local optima in the search space. There is no single search algorithm for 
solving many real-world optimisation problems without compromising solution 
accuracy, computational effi ciency, and problem completeness.

Classical methods of optimisation involve the use of gradients or higher order 
derivatives of the fi tness function. But these methods are not well suited for many 
real-world problems since they cannot process inaccurate, noisy, discrete, and 
complex data. Robust methods of optimisation are often required to generate suit-
able results.

Over the last 20 years, many researchers, including those in the water fi eld, have 
embarked on the implementation of a range of evolutionary algorithms: genetic 
algorithms, ant colony optimisation, PSO, simulated annealing, shuffl ed complex 
evolution, harmony search, and memetic algorithms, among many others. Some of 
these techniques are the objective of other chapters in this book.

This chapter presents the principles of PSO, which is one of the evolutionary 
algorithms that has shown great potential for the solution of various optimisation 
problems. The PSO algorithm was fi rst developed by Kennedy and Eberhart [1] 
and is a multi-agent optimisation system inspired by the social behaviour of a 
group of migrating birds trying to reach an unknown destination. In addition to 
one of the versions of standard PSO, we describe several modifi cations (developed 
by the authors of this chapter) that considerably improve the performance of the 
standard algorithm when used to fi nd solutions to various optimisation problems 
in the water fi eld [2–6].

The remainder of this chapter is presented as follows. Firstly, PSO is concisely 
presented. Secondly, the proposed adaptations, namely, a mixed continuous-
discrete  variant of PSO, a mechanism to enrich diversity that greatly improves the 
performance of PSO, and a self-adapting characteristic that avoids the task of 
parameter selection, are then described. By developing the necessary elements, we 
then provide an adaptation of this algorithm for multi-objective optimisation prob-
lems. Finally, we show the results of specifi c applications to selected case-studies 
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regarding a very well-known urban water problem, namely, the design of water 
distribution systems (WDS). This is a crucial problem of industrial interest in the 
water fi eld since increasing urban development represents a permanent challenge 
for the management of many resources – and especially water.

2 Description of particle swarm optimisation

PSO is an evolutionary computation technique that was fi rst developed by  Kennedy 
and Eberhart [1]. The particle swarm idea originated as a simulation of a simplifi ed 
social system, the graceful but unpredictable choreography of a fl ock of birds. The 
word ‘swarm’ is used after a paper by Millonas [7], who developed several models 
for artifi cial life and examined certain principles in swarm intelligence. The selec-
tion of the term ‘particle’ comes from classical mechanics and is justifi ed by the 
fact that positions and velocities are applied to the population elements, despite 
the fact that are considered to have zero mass and volume. Kennedy and Eberhart’s 
fi rst idea was to simulate the social behaviour of a fl ock of birds in their attempt 
to reach, when fl ying through the fi eld (search space), their unknown destination 
(fi tness function), e.g. the location of food resources.

2.1 Description of standard PSO

Each problem solution in PSO is a bird of the fl ock and is referred to as a particle. 
In this algorithm, birds evolve in terms of their individual and social behaviour and 
mutually coordinate their movement towards their destination [8].

Each bird keeps track of its coordinates in the problem space, remains aware of 
its recent trajectory, and remembers a dynamic specifi c position: the best solution 
(best local position) it has achieved so far. Birds also communicate among them-
selves and are able to identify the bird in the best position (best global position). 
In a coordinated way each bird evolves by changing its velocity so that it acceler-
ates towards both its best position and the best position obtained so far by any bird 
in the fl ock without forgetting its recent trajectory. This enables each bird to 
explore the search space from its new location. The process is repeated until the 
best bird reaches a certain desired location. It is worth noting that, according to the 
description, the process involves not only individual intelligent behaviour (includ-
ing memory) but also social interaction. In this way, birds somehow follow their 
recent history, learn both from their own experience (local search), and from group 
experience (global search).

PSO shows common evolutionary computation features including: (1) initialisa-
tion with a population of random solutions; (2) search for optima by updating 
generations; and (3) particle evolution through the problem space by following 
specifi c strategies.

The process initially starts with a group of M particles, which have been 
 randomly generated, representing different solutions of the problem. The ith 
 particle, Xi, is represented by its location in a d-dimensional subset, S ⊂ Rd, where 
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d  corresponds to the number of variables of the problem. Any set of values of the 
d variables, determining the particle location, represents a candidate solution for 
the optimisation problem:
Find min ( ),

X S
F X

∈
 subject to appropriate constraints,

where F is the fi tness function associated with the problem, a minimisation 
 problem without loss of generality. The optimal solution is then searched for by 
iteration. The performance of each particle is measured using this fi tness function, 
according to the problem in hand.

During the process, as already explained, each particle i is associated with three 
vectors:

• current position, Xi = (xi1,…, xid);
• best position, Yi = (yi1,…, yid) = argmin(F(Xi(t)), F(Xi(t – 1))), reached in previ-

ous cycles; and
• fl ight velocity Vi = (vi1,…,vid), which makes it evolve.

The bird which is in the best position, Y* = argmin{F(Xi(t), i = 1,…, M}, is iden-
tifi ed for every iteration, t.

During each generation, the velocity of each particle is updated in a process 
based on its recent trajectory, its best encountered position, the best position 
encountered by any particle, and a number of parameters:

 Vi ← ωVi + c1 rand () (Yi − Xi) + c2 rand () (Y* – Xi). (1)

The parameters in (1) are as follows: ω is a factor of inertia suggested in [8] that 
controls the impact of the velocity history on the new velocity; c1 and c2 are two 
positive acceleration constants, called the cognitive and social parameters, respec-
tively; rand() represents a function that creates random numbers between 0 and 1 
(two independent random numbers enter eqn (1)).

Expression (1) is used to calculate the ith particle’s new velocity, a determina-
tion that takes into consideration three main terms: the particle’s previous velocity, 
the distance of the particle’s current position from its own best position, and the 
distance of the particle’s current position from the swarm’s best experience (posi-
tion of the best particle).

In each dimension, particle velocities are clamped to minimum and maximum 
velocities, which are user-defi ned parameters,

 Vmin ≤ Vij ≤ Vmax, (2)

in order to control excessive roaming by particles outside the search space. These 
important parameters are problem dependent. They determine the resolution 
with which regions between the present position and the target (best so far) posi-
tions are searched. If velocities are too great, particles might fl y through good 
 solutions. If they are too slow, on the other hand, particles may not explore suffi -
ciently beyond locally good regions – becoming easily trapped in local optima and 
unable to move far enough to reach a better position in the problem space. Usually, 
Vmin is taken as –Vmax.

 
 www.witpress.com, ISSN 1755-8336 (on-line) 
WIT Transactions on State of the Art in Science and Engineering, Vol 56, © 2012 WIT Press



Particle Swarm Optimisation 79

Finally, the position of each particle is updated every generation. This is per-
formed by adding the velocity vector to the position vector,

 Xi ← Xi + Vi. (3)

Each particle or potential solution moves to a new position according to 
expression (3).

2.2 Combining continuous and discrete variables

The previously described algorithm can be considered as the standard PSO algo-
rithm, which is applicable to continuous systems and cannot be used for discrete 
problems. Several approaches have been put forward to tackle discrete problems 
with PSO [9–12]. The approach we propose for discrete variables involves the 
use of the integer part of the discrete velocity components. In this way, the new 
velocity of discrete components will be an integer and, as a consequence, the new 
updated positions will share this characteristic since the initial population, in its 
turn, must also have been generated using only integer numbers. According to this 
simple idea, expression (1) will be replaced by

 Vi ← fi x(ωVi + c1 rand () (Yi − Xi) + c2 rand () (Y* − Xi)), (4)

for discrete variables, where fi x(·) is a function that takes the integer part of its 
argument. However, it should be taken into account that the new velocity discrete 
values must be controlled by suitable bounds as in (2). However, there is a singular 
aspect regarding velocity bounds that must be taken into consideration so that 
the algorithm can treat both continuous and discrete variables in a balanced way. 
In [3], it was found that using different velocity limits for discrete and continuous 
variables produce improved results.

2.3 Enriched diversity

The main drawback of PSO is the diffi culty in maintaining acceptable levels of 
population diversity while balancing local and global searches; and as a result, 
suboptimal solutions are prematurely obtained [13]. Some evolutionary tech-
niques maintain population diversity by using some more or less sophisticated 
operators or parameters. Several other mechanisms for forcing diversity in PSO 
can be found in the literature [14–16]. In general, the random character that is 
typical of evolutionary algorithms adds a degree of diversity to the manipulated 
populations. Nevertheless, in PSO these random components are unable to add 
suffi cient diversity.

Frequent collisions of birds in the search space, especially with the leader, can 
be detected – as shown in [4]. This caused the effective size of the population to 
fall and the algorithm’s effectiveness is consequently impaired. The study in [17] 
introduces a PSO derivative in which a few of the best birds are selected to check 
collisions, and colliding birds are randomly re-generated if collision occurs. This 
random re-generation of the many birds that collide with the best birds has been 
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shown to avoid premature convergence as it prevents clone populations from dom-
inating the search. The inclusion of this procedure into PSO greatly increases 
diversity as well as improves convergence characteristics and the quality of the 
fi nal solutions.

2.4 Self-adapting parameters

The role of the inertia, ω, in (1) and (4) is considered critical for the convergence 
behaviour of the PSO algorithm. Although inertia was constant in the early stages 
of the algorithm, it is currently allowed to vary from one cycle to the next. As it 
facilitates the balancing of global and local searches, it has been suggested that 
ω could be allowed to adaptively decrease linearly with time – usually in a way 
that initially emphasises global search and then, with each cycle of the iteration, 
increasingly prioritises local searches [18]. A signifi cant improvement in the per-
formance of PSO, with decreasing inertia weight across generations, is achieved 
by using the proposal [19]:

 
( )( )
10.5 .

2 ln 1t
w = +

+
 

(5)

In the variant we propose, the acceleration coeffi cients and the clamping veloc-
ities are neither set to a constant value, as in standard PSO, nor set as a time-
varying function, as in adaptive PSO variants [20]. Instead, they are incorporated 
into the optimisation problem [5]. Each particle is allowed to self-adaptively set its 
own parameters by using the same process used by PSO – and given by expres-
sions (1) or (4), and (3). To this end, these three parameters are considered as three 
new variables that are incorporated into the position vector Xi. In general, if d is the 
dimension of the problem, and p is the number of self-adapting parameters, the 
new position vector for particle i will be:

 Xi = (xi1, …, xid, xid+1, …, xid+p). (6)

These new variables do not enter the fi tness function, but rather they are manip-
ulated by using the same mixed individual-social learning paradigm used in PSO. 
Also, Vi and Yi that give the velocity and thus far best position for particle i increase 
their dimension, correspondingly.

By using expressions (1) or (4), and (3), each particle is additionally endowed 
with the ability to self-adjust its parameters by taking into account the parame-
ters it had at its best position in the past, as well as the parameters of the leader, 
which facilitated this best particle’s move to its privileged position. As a result, 
particles use their cognition of individual thinking and social cooperation to 
improve their positions, as well as improving the way they improve their posi-
tion by accommodating themselves to the best-known conditions, namely, their 
conditions and their leader’s conditions when they achieved the thus-far best 
position.
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3 Multi-objective PSO

In multi-objective optimisation, scores of objectives are not scalars but vectors 
that is to say that the objective space is multidimensional with as many dimen-
sions as objectives considered. A change in the decision space may produce a 
positive increment in some components (objectives) of these vectors while, at the 
same time, cause lower values in other objectives. In a departure from the normal 
behaviour of particles in PSO – derived from the ordered nature of real numbers 
– particles now use the dominant solution concept when deciding on a better posi-
tion: solution A is said to dominate another solution B when A is better than B in 
at least one objective, and not worse in the others. Two solutions are called indif-
ferent or incomparable if neither dominates the other. Dominant solutions will 
always be considered as better solutions. Figure 1 illustrates the solution space 
(decision space), with three decision variables, x1, x2, and x3, and their correspond-
ing points in the objective space, with two objectives, namely, minimisation of z1 
and maximisation of z2.

The empty particles are incomparable because none is better than the others in 
both objectives (check in the objective space), but the second-from-top empty par-
ticle dominates the solid particles since it is better in both objectives: lower z1-value 
and higher z2-value. Moreover, the particle corresponding to the second-from-
bottom empty dot in the objective space seems to dominate the lowest three solid 
particles (lower z1-value and equal z2-value). In contrast, the other three empty 
particles do not dominate any of the solid particles. Finally, the upper solid particle 
dominates the three lower solid particles.

The objective of multi-objective optimisation is to obtain at least an approxima-
tion of the set of nondominated particles (in the decision space) and its image on 
the objective space, which is the so-called Pareto front [21] (in red, in Fig. 1).

The leadership in a swarm must be determined in a different manner than in the 
classical PSO algorithm. The most natural option is to select as leader the closest 
particle to the so-called utopia point in the objective space. The utopia point is 

Figure 1: Relation between decision and objective spaces.

Decision space Objec�ve space

x2

x1

x3

z1

z2

 
 www.witpress.com, ISSN 1755-8336 (on-line) 
WIT Transactions on State of the Art in Science and Engineering, Vol 56, © 2012 WIT Press



82 Hydrology, Hydraulics and Water Resources Management

defi ned as the point in the objective space whose components give the best values 
for every objective. The utopia point is an unknown point since the best value for 
every objective is not known at the beginning (and perhaps during the whole pro-
cess). Accordingly, we use a dynamic approximation of this utopia point, termed 
singular point, which is updated with the best values found so far during the evolu-
tion of the algorithm [22].

As each objective may be expressed in different units, it is necessary to make 
a  regularisation for evaluating distances in the objective space. Coordinates may 
be regularised in terms of percentage, considering that for every component, the 
worst and best values of the corresponding objective are 0% and 100%, respec-
tively. The percentage corresponding to any other value may be calculated using 
linear interpolation. To establish the distance between any two objective vectors, 
the components are fi rst regularised in terms of percentage and then the Euclidean 
distance between them is calculated. The worst and best objective values are not 
usually known a priori and are updated while the solution space is explored.

Figure 2 shows a two-dimensional representation of the concept of a singular 
point. The most interesting solutions are located near the singular point and not too 
far from the ends of the Pareto front. For this reason, instead of seeking a complete 
and detailed Pareto front, we may be more interested in precise details around the 
singular point. However, situations may occur as shown in Fig. 2 (right) when non-
symmetric Pareto fronts with respect to the singular point develop. As a result, 
poorly detailed sections on the Pareto front may appear. It seems plausible that 
problem complexity is the cause of this asymmetry in many real-world multi-
objective optimisation problems.

It is diffi cult to fi nd a general heuristic rule for deciding which parts of the 
Pareto front should be more closely represented and how much detail the represen-
tation of the Pareto front should contain. Various methods of inducing the Pareto 

Figure 2: Singular point in an approximated Pareto front.
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front completeness may be devised. We describe below a possible approach based 
on dynamic population increase to enrich the Pareto front density, and another 
alternative approach based on human computer interaction to complete poorly rep-
resented areas of the Pareto front.

3.1 Dynamic population increase

During the search process swarms are able to increase their population when 
needed in order to better defi ne the Pareto front: a particle whose solution already 
belongs to the Pareto front may, on its evolution, fi nd another solution belonging to 
the front. In this situation, a new clone of the particle is placed where the new solu-
tion is found, thus increasing the density of particles on the Pareto front. Greater 
densities on the Pareto front must be restricted to cases where the new clone has 
at least one of its neighbours located further away than some minimal permissible 
distance in the objective space. For example, in Fig. 3 (left), a particle J, whose 
objective vector is located at position PJ, fi nds a new position NewPJ, also belong-
ing to the Pareto front.

The consequence is shown in Fig. 3 (right): a new particle k is added to the 
swarm by cloning the particle at position NewPJ, while particle J will continue to 
be active and considering the point PJ as its best objective position. This occurs 
because the new point Pk has at least one neighbour located further away than the 
minimum permissible distance for at least one of the objectives. In Fig. 3 (right), 
the point to the left of Pk is located at a distance, regarding Objective 1, that is 
greater than the minimal distance considered for the increase of density on the 
Pareto front. It should be noted that two particles are considered as neighbours 
when no other particle is located between them for at least one of the objectives 
considered in the problem.

3.2 Human–computer interaction

During evolution there may be areas poorly represented on the Pareto front. Users 
are allowed to add new swarms for searching in the desired region of the objective 
space. The concept of singular point is now extended to any desired area in the 
objective space for particles to search around.

Figure 3: Particle cloning.
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Decisions are strongly dependent on the individuals solving the problem and on 
the problem itself. The user can specify additional points where the algorithm 
should focus the search, and specify how much detail a region should contain. This 
must be achieved in real time during the execution of the algorithm. Once a new 
singular point is added, a new swarm is created with the same characteristics as the 
swarm created fi rst. Swarms will run in parallel, but they share (and can modify) 
the information related to the Pareto set. Particles from any swarm can be added to 
the Pareto set. If the user changes the fi xed values for a singular point, then the 
corresponding swarm selects a new leader considering the new location of the 
singular point.

Human interaction with the algorithm in real time also enables the incorpo-
ration of human behaviour so that the human becomes a member of the swarm 
by proposing new candidate solutions. Eventually, such a solution can be 
incorporated into the Pareto front or lead the behaviour of a group of particles. 
User solutions will always be evaluated in the fi rst swarm created. If a particle 
is being evaluated then the user request waits until the evaluation of the parti-
cle is fi nished. If a solution proposed by the user is being evaluated then any 
particle belonging to the fi rst swarm should wait for evaluation. Once any 
solution is evaluated, the algorithm checks whether it could be incorporated 
into the Pareto front. Synchronisation is achieved among all the swarms so that 
they have open access for managing the Pareto front. Proposed solutions could 
even become leaders of the swarm(s) if they are good enough. At this point, 
human behaviour begins to have a proactive role during the evolution of the 
algorithm.

Participation by several human agents with different perspectives on a problem 
is close to what happens in the practice of engineering decision making, where 
politicians, economists, engineers, and environment specialists are all involved in 
fi nal decisions. The idea of incorporating user experience into the search process 
is a step forward in the development of computer-aided design.

3.3 The algorithm

New particles are used that are based on the behaviour of particles in PSO. 
Swarms running in parallel may be distributed in different computers, and it 
must be ensured that the swarms can communicate among themselves; a peer-
to-peer scenario could be a good choice for this task. The steps of the algorithm 
(for a swarm) are summarised below.

1. Set parameters and initialize the number of iterations to zero.
2. Generate random population of M particles: { } 1

( ) M
i i

X k
=

3. Evaluate the fi tness of particles and set the local best location for each particle 
equal to its current location.

4. Form the Pareto front and list the particles belonging to the front.
5. Build the singular point.
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6. Find the closest particle to the singular point and establish it as swarm leader.
7. While not in termination condition, do the following:

a. Execute from i = 1 to number of particles.
Start

    i. Change the position of the particle:
Determine the inertia parameter w(k), according to (5).
Calculate the new velocity, Vi(k + 1), for particle i according to (1) or (4).
Set a new position, Xi(k + 1), for particle i according to (3).

 ii. Calculate the new fi tness function vector for particle i in its new 
position.

iii.   If the new fi tness function vector for particle i dominates the fi tness 
function vector that the particle had before moving to the new posi-
tion, then set the new position as the best position currently found 
by particle i.

iv. If particle i is in the list of particles belonging to the Pareto front 
then:

If the new fi tness function vector may also be a point on the 
Pareto front and this new position has at least one of its neighbours 
located further than the minimal permissible distance from any of 
the objectives, then add a new particle j (a clone of i) with Pk and 
Pkbest located at the current position of i;

 else
try to add (if possible) the particle i (at its new position) to the 

Pareto front; if the particle is added, remove from the list any dom-
inated solution; dominated clones are eliminated from the swarm.

 v. If particle i is closer to the singular point than any other particle in 
the swarm, then set particle i as the leader of the swarm with regard 
to the singular point.

vi.  If particle i is not currently the leader of the swarm, but coincides 
in position with the leader, then re-generate particle i randomly.

 End
b. Increase the iteration number.

8. Show the Pareto front and related results.

Some steps in this algorithm (specifi cally, 3 and 7-a-ii) involve particle fi t-
ness calculations. In the next section, we consider various functions character-
izing the fi tness of a particle –a candidate network. One of them involves the 
precise knowledge of all the network node pressures, which are obtained by 
solving the continuity and the energy equations. Various tools to analyze water 
networks have been developed in the past. Among them, EPANET2 [23], based 
on gradient-like techniques, is a software program for analysing water networks 
in the steady-state fl ow, and is used to evaluate the hydraulic performance of the 
solutions. Additional analyses in extended period simulation, or any other tran-
sient analysis to assess the goodness of solutions, may be performed without 
any change in the core of the given algorithm. The algorithm and its connection 
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with EPANET2 are implemented in a software program called WaterIng1 [24], 
developed for water distribution system design and analysis. WaterIng is in 
constant evolution and may be downloaded from its website – the installation 
includes a fi le with network data as an example. A user guide is also available 
to learn the main concepts of how to design a water distribution system using 
the software.

A two-dimensional representation of the Pareto front showing the interface of 
the software implementing the described algorithm is shown in Fig. 4. In this par-
ticular case, Objective 0 represents an investment cost, and Objective 1 represents 
the lack of compliance with certain problem constraints. We have used WaterIng 
for the application using multi-objective optimisation in the next section.

4 Applications

PSO has shown great potential for the solution of various optimisation prob-
lems [3, 11, 13, 19, 25–28]. The authors have used the algorithmic engine of the 

1 www.ingeniousware.net

Figure 4: Pareto front for the Hanoi network as seen on the software interface.
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 software mentioned in the previous section to solve problems in various areas [25, 
27, 29, 30]. These fi elds have included: hydrology [31–36], hydraulics [37–46], 
and WR management [47–51], in addition to the references quoted in this chapter.

We devote the rest of the section to present an important application in water 
supply management – together with the solutions to two real-world case studies.

4.1 The design of water distribution systems

WDS are undoubtedly alive. They are born, grow, age, and deteriorate, need care 
(preventive care but also sometimes surgery), are expected to work properly, must 
meet basic requirements even under adverse circumstances, and so on. Our aim is 
to ensure a long and quality life for WDS. As a consequence, the design of WDS 
cannot be thought of as a single, material, and static design. This is one reason why 
WDS design optimisation is one of the most heavily researched areas in hydrau-
lics. [52–55] and [24] are but a sample of signifi cant references selected with inter-
vals of around fi ve years since 1985 to date. Of special universal relevance is the 
annual WDS analysis (WDSA) conference endorsed by the EWRI-ASCE; and in 
which WDS design is one of its more relevant recurrent topics.

The optimal design of a WDS aims to determine the values of all involved vari-
ables in such a way that all the demands are satisfi ed, even under certain failure 
conditions, while the investment and maintenance costs of the system are minimal 
(see, for instance, [56]). A general strategy for solving the optimal design problem 
of a WDS involves the balancing of several factors: fi nding the lowest costs for 
layout and sizing using new components; reuse or substitution of existing compo-
nents; creating a working system confi guration that fulfi ls all water demands 
(including water quality); adherence to the design constraints; and guaranteeing 
a certain degree of system reliability [57, 58].

The diameters of the new pipes are the basic variables of the problem. Neverthe-
less, additional variables that depend on the design characteristics of the system may 
be required: storage volume, pump head, the type of rehabilitation to be carried out 
for various parts of the network, etc. The estimation of individual costs will always 
depend on these variables. The correct approach to assess the costs for each element 
is important when defi ning the corresponding objective function, which has to be 
fully adapted to the problem under consideration: design, enlargement, rehabilita-
tion, operation design, etc. It is also important that this objective function refl ects 
with utmost reliability the total cost of the system during its entire lifetime. Various 
authors have used, in their optimisation, an objective function that only considers the 
costs of the pipelines (new and/or additional and duplicated pipelines) while others 
have taken into account other various costs involved (some examples are [59, 60]).

Satisfying the demands both in quantity and quality represents another objec-
tive. Minimum pressure values are frequently specifi ed to guarantee a minimum 
level of service quality. This condition is sometimes enforced into the problem as 
constraints for all the consumption nodes. In contrast, in multi-objective 
approaches, this condition is issued as another objective.
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Reliability mainly refers to the ability of the network to provide consumers with 
adequate and high-quality supply, under normal and abnormal conditions. The 
reliability of water systems can be classifi ed as mechanical reliability and hydrau-
lic reliability. The former usually refers to failures of system components, such as 
pipe breakage or pumps being out of service. The latter refers to uncertainty com-
ing mainly from nodal demand and pipe roughness. There is no universal agree-
ment about what is the best measure of reliability and what is an acceptable level 
of reliability (see, for example [61, 62]).

Various approaches exist for assessing the reliability of a water distribution sys-
tem [63–65]. We consider here the proposal raised in [66]. It ensures that the sys-
tem offers a certain level of reliability by considering costs incurred by the lack of 
supply satisfaction. The authors have found that the improvement obtained for 
various systems by considering these costs in the fi tness function implies only 
moderate increases regarding the initial investment costs.

A more detailed representation of these three objectives follows. The fi rst objec-
tive takes into account the pipeline costs (other costs may be easily included); the 
second objective considers the lack of compliance with minimal values for the 
pressure at each node of the network; and the third objective evaluates some reli-
ability measure by considering incurred costs for service disruptions.

The mathematical formulation for the fi rst objective, the investment cost of the 
pipes required for the design, is as follows:

 1

,
L

i i
i

C c l
=

= ∑
 

(7)

where all (L) individual pipes are summed. D = (D1, …, DL)t is the vector of the 
pipe diameters. The costs per meter, depending on the diameter of pipe i, Di, is 
given by ci and its corresponding length by li. Note that Di is chosen from a dis-
crete set of available diameters and ci is a nonlinear function of diameter.

The second objective, P, measures the lack of pressure in the nodes with respect 
to a prefi xed minimal value. This objective is also a function of the selected pipe 
diameters (through the hydraulic model). For nodes with pressure larger than this 
minimal value, the associated individual terms vanish, and one uses the usual 
Heaviside step function H in the explicit expression for P:
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EPANET2 is used to evaluate the actual pressure at consumption nodes for 
a specifi c solution. The integration of such software to run various analyses or 
simulations for potential solutions of the problem is performed during the optimi-
sation process that is developed within the evolutionary algorithms [2, 4, 5] – such 
as the algorithm presented in this paper.

The presence of loops in water distribution networks adds complexity to the 
design problem since the optimisation algorithms, due to their nature, attempt to 
avoid redundancies, in particular, unnecessary loops. This action does not favor 

 
 www.witpress.com, ISSN 1755-8336 (on-line) 
WIT Transactions on State of the Art in Science and Engineering, Vol 56, © 2012 WIT Press



Particle Swarm Optimisation 89

the reliability of the system. Considering explicitly some kind of reliability within 
the fi tness function is one of the most diffi cult tasks faced by researchers in the 
area. Many researchers have asked (see [61, 62], for example) “What is the best 
measure of reliability and what level of reliability is acceptable?”

In this chapter, we consider the proposal in [66] that indirectly assesses reli-
ability from an economic point of view by considering the costs of the water 
not delivered due to problems in the system. Precisely, the third objective is 
defi ned by

 1

,
L

u
k k k

k

R w L d−

=

= ⋅ ⋅∑
 

(9)

where:

• wk is a coeffi cient associated with each pipe, of the form ( ).f f a fa t c c V⋅ ⋅ + ⋅
• 

ua L d−⋅ ⋅  gives the number of expected failures per year of one pipe, as a func-
tion of diameter, d, and length, L, (a and u are known constants)

• tf is the average number of days required to repair the pipe
• cf is the daily repair average cost
• ca is the average cost of the water supplied to affected consumers, in monetary 

units per unit volume
• Vf = 86400 · Qbreak is the daily volume of water that should be supplied to the 

affected consumer (86400 = number of second per hour) due to the loss of 
water of Qbreak cubic meters per second.

All the constant values entering this equation have been taken from [66]. Con-
sideration of other values corresponding to other specifi c cases is straightforward.

The optimisation problem may be addressed as a single objective problem or as 
a multi-objective problem. If a single objective approach is implemented, any of 
the defi ned objectives can be considered and as many other objectives introduced 
as desired by way of ‘suitable’ penalty costs. For example, the following fi tness 
function

 
( , ) ,fF D V C P Ra b= + +

 
(10)

considers the minimisation of the piping costs, C, while considering a penalty term 
αP that considers the lack of compliance with some required minimum pressure 
level, and another penalty cost, βR, regarding the lack of reliability as the cost 
incurred for not satisfying the supply due to problems in the system (α and β are 
suitable penalty factors).

4.2 A single objective problem

The following problem has been considered in [67]. It analyses a sector of the 
WDS of a Latin American capital (see the layout in Fig. 5) using the PSO variant 
 presented above.
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This sector is fed by a tank, and has 294 lines amounting to 18.337 km of pipe 
and 240 nodes consuming 81.53l/s in total.

Figure 5 also presents the solution obtained by using eqn. 10, which includes the 
minimum pressure requirement and reliability as penalty terms. The fi rst column 
of Table 1 specifi es the various diameters. This solution is only a mere 3.65% more 
expensive than the solution obtained by using the fi tness function G = C + αP 
(no reliability consideration). Table 1 presents a comparison between the initial 
investment costs for both solutions.

Figures 6 and 7 present the solution when not considering reliability. These 
fi gures are used to show the performance differences between both solutions 
 following pipe breaks.

Figure 5:  Sector of a WDS in a Latin American capital and the solution when 
considering reliability.

Table 1: Comparison between costs for both solutions.

Diameter [mm] Without 
reliability

With 
reliability

Length 
[m]

Cost 
[soles]

Length 
[m]

Cost 
[soles]

100 17731.10 2077021.41 15822.31 1853425.63
150 606.39 88023.28 2077.69 301597.04
200 0.00 0.00 328.79 62937.56
250 0.00 0.00 108.70 26206.24
300 0.00 0.00 0.00 0.00
Total cost (soles) 2165044.69 2244166.47

 
 www.witpress.com, ISSN 1755-8336 (on-line) 
WIT Transactions on State of the Art in Science and Engineering, Vol 56, © 2012 WIT Press



Particle Swarm Optimisation 91

The effects of closing the pipe indicated by the arrow can be observed in Figure 6. 
Even though no pressures less than 10 m can be observed, almost half of the nodes 
(light grey color) do not meet the required minimum pressure of 15 m (dark grey 
color). Figure 7 shows the higher impact produced by another closed pipe. Now 
slightly clear points (on the upper left) are consumption nodes with a pressure lower 
than 10 m. Again, this will not happen for the more reliable design (Figure 5) 
obtained from F, no matter which pipe is out of service.

Figure 6: Lower performance after ignoring reliability due to closure of marked pipe.

Figure 7:  Higher impact on performance after ignoring reliability due to closure 
of marked pipe.
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The formulation we consider here aims at minimising the cost of a new network 
with the diameters of the pipes as design variables, while satisfying a minimum 
pressure in all the nodes and, at the same time, providing a certain amount of 
enforced reliability by guaranteeing the service under determined failure scenar-
ios. The scenarios considered here follow the approach of ‘breaking’ by turn all the 
pipes of a specifi c design to check if all the constraints are fulfi lled by the design 
when subjected to these circumstances. If the test is negative the design is suitably 
penalised. In this way, designs will develop increasing reliability. To undergo those 
tests, the system must be analysed for any of those specifi c ‘breakages’. Only solu-
tions assessed as being feasible by EPANET2 are considered.

4.3 A multi-objective analysis

Multi-objective approaches are clearly preferred for a number of reasons – even 
though they are more expensive from a computational point of view. It is clear that, 
sooner or later, a decision must be made to balance the various objectives. Using 
penalty factors is a decision, somehow arbitrary, taken a priori. On the contrary, 
a multi-objective approach provides a set of solutions that will help a posteriori 
decision making and provide decision makers with a richer range of solutions and 
alternatives.

We present another case-study corresponding to a different sector of the WDS 
of the same Latin American capital (Fig. 8). The design involves the three objec-
tives described above in a multi-objective solution: minimising the investment 

Figure 8: A real-world network.
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cost; minimising the lack of pressure at demand nodes; and minimising additional 
costs because of reliability problems.

This network is fed by a tank and made of 132 lines and 104 consumption nodes, its 
total length being 9.055 km, and the total consumed fl owrate amounting to 47.09l /s.

In Figure 9 a bi-dimensional (cost against lack of pressure) representation of the 
approximated Pareto front that considers the three mentioned objectives is pre-
sented. Two swarms (one covering the left zone of the Pareto front and the other 
the right more horizontal area) can be identifi ed that build the three-dimensional 
Pareto front of this problem with three objectives. Observe that the representation 
is a projection in two dimensions of points in the real Pareto front, which is a sur-
face in a three-dimensional space.

Plenty of enriched information that helps the decision-making process is pro-
vided by this type of representation of the Pareto front. For example, it becomes 
evident, as expected, that after some point, the rate at which the minimum pressure 
can be increased in the network is much lower than the rate at which initial invest-
ment costs must be increased to achieve the desired pressure level.

The development of a multi-objective optimisation process enables the combi-
nation of economic, engineering, and policy viewpoints when searching for a solu-
tion to a problem. For example, the relationship between the initial investment cost 
and the minimum pressure in the network may help decide, among other factors, 
which pressure would be better to use for the fi nal solution. In this case (in which 
there is a limited budget to implement the design), the decision maker has at his or 
her disposal a clear guideline to assess how much the quality may be improved if 
the budget is increased by a certain amount. This is an added value of the multi-
objective approach when solving the problem of optimal design of WDS.

5 Conclusions

Classical methods of optimisation are poorly suited for many real world problems 
since they are unable to process inaccurate, noisy, discrete, and complex data. In 
this chapter, we have presented the principles of PSO, an evolutionary algorithm 
that has shown great effi ciency for the solution of various optimisation problems.

Figure 9: Approximated Pareto front for a real world case.
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We have also described three modifi cations that considerably improve the per-
formance of the standard algorithm for fi nding solutions to various optimisation 
problems. Firstly, a proposal for enabling continuous and discrete variables to 
coexist in one PSO formulation. Secondly, a mechanism for enriching diversity 
and so improving the performance of PSO. And thirdly, a self-adapting feature that 
avoids the cumbersome task of parameter selection and fi ne tuning. The elements 
to adapt this algorithm to multi-objective optimisation problems have then been 
provided. Finally, after mentioning various applications in the water fi eld, we have 
shown the results of specifi c applications to selected case-studies regarding the 
design of WDS – using a very well-known urban water problem.

Further improvements should be considered for the multi-objective algorithm 
presented in this paper. For example, the inclusion of problem-dependent rules – 
thus taking advantage of expert knowledge – would further facilitate the process of 
fi nding solutions by enhancing human–computer interaction while introducing 
more reality. Also, the consideration of a wider environment where swarms (or 
even other algorithms – evolutionary or otherwise) with various specialisation 
tasks could coexist and cooperate in the optimisation process. In addition, all the 
algorithms used must be further developed to take advantage of emerging tech-
nologies in the fi eld of parallel and distributed computing. Some of these research 
lines have been addressed recently in [67], which is the source for most of the 
 contents of this chapter.
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