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ABSTRACT
The present study is focused on the application of phase-field modelling techniques to fracture simula-
tion in laminated glass samples under bending. A damage model using a phase-field formulation of 
fracture is introduced and applied to three-layer laminated glass samples. The identification of material 
parameters of polymer foils and glass is also provided, based on a combined experimental and numeri-
cal analysis. Specifically, the results of small scale testing and the calibration of the constitutive models 
of polymer interlayers are discussed in connection to ethylen-vinyl acetate and polyvinyl butyral foils. 
The statistical data obtained by the evaluation of tensile strength of glass samples are used for the 
formulation of the tensile stress criterion. Therefore, a generalisation of the energetic formulation of 
phase-field models towards the stress-based criterion is employed here to simulate the fracture behav-
iour of laminated glass. The experimentally measured data are compared with the numerically derived 
response using the extreme values of tensile strength obtained. Then, the fracture response is analysed 
for one sample to support the proposed computational model and material parameters.
Keywords:  Annealed glass, ethylen-vinyl acetate, heat-strengthened glass, laminated glass, phase-field 
damage model, polyvinyl butyral, rheometer, tensile strength in bending.

1 INTRODUCTION
In buildings, the transparent load-bearing structures typically appear in the form of laminates. 
Such types of multi-layer composites, consisting of glass commonly combined with polymer 
foils, open the way to increasing post-breakage resistance of structural units made of brittle 
glass. The critical aspect for the safety assessment of glass structures in various industries is 
to predict the fracture initiation and its propagation. Moreover, modelling of laminated glass 
is more demanding in comparison to the modelling of monolithic glass due to the time/tem-
perature-dependent behaviour for polymer layers.

Many types of microstructure changes observed in materials can be described effectively 
by phase-field models. Over last years, the phase-field approach to brittle fracture has gained 
a lot of interest in computational mechanics. In this approach, discrete cracks are approxi-
mated by a crack phase field, and every discontinuity is smeared over some region. Hereby, 
crack initiation, propagation, and branching can be described with no need for crack tracking 
techniques. Therefore, this approach is employed here to predict the pre- and post-fracture 
behaviour of glass. In the present study, a combined experimental and numerical analysis of 
laminated glass samples is performed. Attention is limited to three-layer laminates made of 
two panes of annealed or heat- strengthened glass bonded by either ethylen-vinyl acetate 
(EVA) or polyvinyl butyral (PVB) interlayer foils.

To describe this research effort we organise the paper into the remaining four main sections 
corresponding to the experimental program and material properties identification in Section 2, 
numerical modelling in Section 3, validation in Section 4, and conclusions in Section 5. Prior to 
discussing the principal goal, we briefly summarise in Section 2.1 the calibration of the constitutive 
model of the two interlayers as they play an important role in a reliable prediction of the laminated 
glass response. Section 2.2 then describes the experimental program providing the data from bend-
ing tests on laminated glass samples. This experimental study is complemented with a numerical 
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analysis described next, where the tensile stresses at failure are computed from known values of the 
critical load. Then, the whole data set is statistically evaluated and used in the phase-field model, 
which is introduced in Section 3.1. Its application to beam structures is briefly discussed in Section 
3.2 and generalised for a stress-based criterion in Section 3.3. The validation is done for a lami-
nated glass sample under four-point bending presented in Section 4.1 and its results are shown in 
Section 4.2 Finally, the conclusions for further research are summarised in Section 5.

2 EXPERIMENTS AND MATERIAL PROPERTIES
As mention in the introductory part, this section addresses two topics: the behaviour of two 
polymer foils, made of ethylen-vinyl acetate (EVA) and polyvinyl butyral (PVB), and the 
evaluation of tensile strength of glass. Based on these findings, the input parameters for the 
phase-field model will be set.

2.1 Viscoelastic behaviour of polymer interlayers

It has been shown that the time and temperature dependent viscoelastic response of these 
materials can be well described by the generalised Maxwell chain model plotted in Fig. 1(a), 
see e.g. [1]. This suggests the shear modulus at a given time instant t be written in the form
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where ω is the harmonic frequency and aT(T ) is the temperature shift factor, trans forming 
the experimental results obtained at a certain temperature T to those corresponding to a cho-
sen reference temperature TR. In this study, the parameter aT(T) is evaluated from the 
Williams–Landel–Ferry (WLF) equation
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Figure 1: (a) Generalised Maxwell chain, (b) drilled out sample in rheometer.
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where C1, C2 are additional model parameters to be determined. The data entering the accom-
panying calibration procedure are provided in this study from the dynamic shear rheometer 
test as proposed, e.g. in [1].

Herein, the measurements were carried out using the HAAKE MARS apparatus. To that 
end, cylindrical samples drilled out from laminated glass plates were glued between two 
plates where the bottom plate is fixed whereas the top base is movable, see Fig. 1(b). The 
rheometer prescribes the torque of the top adapter around the longitudinal axis and records 
the resulting rotation. The built-in software then allows for calculating the complex shear 
modulus G*(ω, T).

The measurements were performed on several samples for EVA and PVB foil sweeping 
the temperature domain of 10–60◦C and the frequency domain of 0.001–100 Hz. Unfortu-
nately, the measured results at frequencies above 50 Hz were no longer physically acceptable 
and were therefore excluded from further analyses. The measured complex moduli were then 
compared with those provided by Eq. (2) together with Eq. (3) in the solution of a certain 
inverse problem. Details can be found in [2, 3]. For illustration, the identified time-dependent 
shear moduli are plotted in Fig. 2 for both types of foils, PVB-based TROSIFOL® BG R20 
and EVA-based EVALAM 80–120.

2.2 Evaluation of tensile strength of glass

Whilst the resistance of glass to compression is high, its resistance to tensile stresses is sig-
nificantly lower because of surface flaws. This is also the cause of a relatively high scatter in 
the tensile strength measured experimentally on large structural specimens.

Our experimental study was performed on laminated glass samples with the nominal plane 
dimensions of 1,100 × 360 and the nominal thicknesses of glass/polymer/glass layers of 
10/0.76/10 mm. Four types of laminated glass samples were tested combining annealed glass 
(ANG) or heat-strengthen glass (HSG) plies with EVA and PVB foils. Both outer plies were 
made from the same type of glass. Two different scenarios were used, Fig. 3. Deflection-con-
trolled four-point bending tests were performed on fourteen samples at the Faculty of Civil 
Engineering, Czech Technical University in Prague. In addition, load-controlled bending tests 
were carried out on 12 panes loaded under uniformly distributed pressure in vacuum chamber 

Figure 2: Relaxation modulus of PVB-based and EVA-based foil at 25◦C.
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at the AdMaS science centre, Brno University of Technology. The measured strains were 
converted into stresses using the Young modulus of glass, which was obtained from indenta-
tion tests performed at the Centre of Excellence Telč. As this quantity is not affected by the 
thermal tempering process, the measured value of 76.6 GPa was used for both types of glass.

The experimental setup of the four-point bending test is illustrated in Fig. 3(a). Eight strain 
gauges LY 11-10/120 were attached to both glass plies, five on the upper surface in compres-
sion and three across the lower surface in tension at the midspan. Laminated glass samples 
were placed into MTS loading device and central deflections were measured by two displace-
ment sensors. Rubber pads were placed between the supports and loading steel cylinders. The 
specimens were loaded in the displacement-controlled mode assuming the loading rate of 1.8 
mm/min. The ambient temperature during the experimental testing was 25◦C. The tensile 
strengths in bending were considered equal to the failure stresses set from the extreme meas-
ured tensile strains at failure of the bottom glass ply. The strengths determined in such a way 
are within the range of 31–75 MPa for the annealed glass (10 specimens) and within the range 
of 92–105 MPa for the heat-strengthened glass (4 specimens).

The crack patterns of three samples are shown in Fig. 4 for illustration. Comparing the two 
patterns and strengths for the samples with annealed glass plies, it is obvious that the cracked 

Figure 3: Schema of bending tests.
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area is more localised for the sample with lower strength, which could be attributed to a local 
defect or to an asymmetry in the applied load. For the heat-strengthened glass, the cracks 
branch and spread across the whole area.

The second complementary experiments correspond to quasi-static bending tests in a vac-
uum chamber performed following the procedure described in [4]. The samples were placed 
into the chamber on two linear supports with soft pads made of rubber and loaded by the 
prescribed uniformed suction at 25◦C, Fig. 3(b), resulting in tension in the bottom ply and 
compression in the top ply. For all samples, three strain gauges were placed on the upper 
surface at the midspan. In four cases, three additional strain gauges were placed at the quarter 
of the span and one at the centre of the bottom ply. The loading rate of 0.2–2 kPa/s was 
assumed. Because the loading was force-controlled, both glass plies broke at once. As this set 
of experiments was not initially proposed for the evaluation of tensile stresses, the maximum 
tensile strains were not measured for all samples. The missing values were replaced by the 
largest values of compressive strains at the midspan, which were always measured. Examin-
ing the strain distribution at the cross-section, and because the nominal thicknesses of the two 
glass plies are the same, allows us to assume that the tensile strains would have the same 
magnitudes as those in compression on the upper surface of the panel. This is supported by 
the fact that the deviations of the measured tensile and corresponding compressive strains 
were less than 5% for all the four-point bending tests and also for the four samples under 
uniform pressure with all seven strain gauges. The determined tensile strengths were within 
the range of 35–85 MPa for the annealed glass (6 specimens) and within the range of  
115–132 MPa for the heat-strengthened glass (6 specimens).

Further, except the determination of strengths of glass from measured strains, the tensile 
stresses at failure were also computed from known values of the critical load. Such numerical 
or analytical calculations are, besides the strain measurements with strain gauges, one of the 
approaches used for the estimation of tensile stresses on monolithic glass plates [5]. How-
ever, this analysis is not so common for laminated glass samples because the unknown 
mechanical properties of interlayers make the determination of stress distribution in glass 
plies often impossible.

The details about the finite element solver developed for laminated glass and used for this 
numerical pre-fracture analysis can be found in [6] together with its verification. In short, the 
finite element model is based on a layer-wise formulation for beams including a viscoelastic 
constitutive law for the interalyer. Fourteen samples, corresponding to the scheme from Fig. 3(a), 

Figure 4: Crack patterns of three samples; courtesy of Tomáš Hána from CTU.
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were analysed and the predicted failure stresses were within the range of 29–73 MPa for the 
annealed glass and 90–96 MPa for the heat-strengthened glass. The largest tensile stresses, 
corresponding to 12 tested samples under the experimental setup from Fig. 3(b), were within 
the range of 32–78 MPa for the annealed glass and 120–140 MPa for the heat-strengthened 
glass. The failure stress of one sample was not determined as the record of the magnitude of 
the loading pressure was defective. These numerical predictions match very well the values 
from experimental measurements. The errors between the experimental data and the numer-
ical predictions are below 12%, which is a very good agreement considering the fact that the 
discrepancy of the strains measured at midspan at the centre and near the edges is about 5%, 
in a few cases up to 10%.

The values of the tensile strengths for all samples independently can be found in [7]. 
Because the strength of glass strongly depends on many aspects, e.g. the condition of surface, 
the size of the glass element, the loading history, the residual stresses, or the environmental 
conditions, the test results are statistically analysed and evaluated; generally by fitting to a 
two-parameter Weibull distribution [8].

We combine the results of the two approaches mentioned above to obtain a larger data set 
for statistical evaluation of the tensile strength as both of them can be influenced by various 
uncertainties. Remember that 32 samples (16 measured, 16 calculated) for the annealed glass 
and 19 specimens (10 measured, 9 calculated) for the heat–strengthened glass were 
available.

The extreme values, the average, and the standard deviation of the data sets are summa-
rised in Table 1 for both glass types. Compared with the standard values [9], the minimum of 
the tensile strengths for the annealed glass is under the characteristic value of 45 MPa given 
by the draft Eurocode, whereas the smallest determined value of the strength of the 
heat-strengthened glass is about 30% higher than the value of 70 MPa suggested by the 
standard.

The occurrence of a given value of tensile strength is shown for the annealed and 
heat-strengthened glass in Fig. 5. For the heat-strengthened glass, it can be seen that the 
ranges of tensile stresses obtained by the four-point or uniform bending tests differ. The 
strengths of samples under uniform pressure are higher by about 20–30 MPa which could be 
caused by a different level of residual stresses developed during the tempering process. The 
histogram plots were complemented with two-parameter Weibull fits. The ability of these fits 
to characterize the data sets is illustrated by the Weibull probability plot. The tensile strength 
associated with the cumulative probability of 5% corresponds to 28 MPa for the annealed 
glass and 72 MPa for the heat-strengthened glass, respectively. The mean values of the Wei-
bull fits rounded to 1 MPa match the average values in Table 1. However, we should still bear 
in mind a relatively small data sets adopted in this study, which may also be the source of the 
observed, relatively large, scatter.

Value Strength of ANG [MPa] Strength of HSG [MPa]

Average 54 114

Minimum 29 90

Maximum 85 140

Standard deviation 15 17

Table 1: Tensile strength of samples made of annealed or heat-strengthened glass.
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3 NUMERICAL ANALYSIS
Having the material parameters of glass and interlayers, we will introduce the numerical 
model for laminated glass. Emphasis will be given to extension of the layer-wise finite ele-
ment model from [6] towards fracture simulations. In this section, a brief introduction into a 
phase-field modelling of fracture is presented. An interested reader is referred for more 
details to, e.g. [10], [11], [12], [13].

3.1 Variational formulation of fracture using phase-field model

An elasticity problem can be formulated in the variational form by introducing the potential 
energy of the system  . Assuming isotropic linear elasticity, the strain energy depends on the 
displacement gradient, ∇sym u, which defines the small strain tensor ε = ∇sym u, and the potential 
energy associated to the applied forces depends on the displacement vector u. Then, the response 
of the system is represented by the displacement field u minimising the energy functional

 
u u u

u
= ∇argmin sym{ ( )}, .

 (4)

Similarly, the response of a fracturing system can be described by the displacement field u 
complemented with an internal discontinuity boundary Γ ⊂ Ω, i.e. the crack surfaces in the 
domain Ω of the system. In this case, the process of crack initiation and propagation is gov-
erned by the minimisation problem of the energy functional, e.g. [10],

Figure 5: Weibull fit of tensile strengths (left) and corresponding probability (right).
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If we omit the energy associated with the applied forces, then the energy functional con-
sists of two parts,
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the elastic strain energy computed from the elastic energy density ψe and the dissipated 
energy using the Griffith-type material fracture toughness Gc.

In contrast to the discrete description of fracture, the phase-field models approximate the 
fracture energy by replacing the sharp discontinuity with a diffused crack model introduced 
by a phase field. The difference between a sharp and a diffused crack topology is shown in 
Fig. 6. An auxiliary variable s called phase-field characterises the state of the material (s = 1 
corresponds to the intact material and s = 0 to the fully cracked material). For a diffused 
crack, Fig. 6(b), the length scale parameter lc controls the width of the diffuse interface, i.e. 
of the continuous approximation to the discrete crack. Then, the dissipated energy can be 
approximated by the volume integral
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The crack surface density function ψs depends on the phase field s and length scale  
parameter lc.

To achieve a state where the material cracks under tension and not under compression, the 
strain tensor ε is decomposed in tensile ε+ and compressive ε− contributions, e.g. by a spectral 
decomposition, [14]. Subsequently, the strain energy split holds

 y e y e y ee e e( , ) ( ) ( ) ( ),s g s= ++ + − −  (8)

where the tensile part ψ+(ε+) is modified by a degradation function g(s) whereas the compres-
sive part ψe

−(ε−) stays unchanged.
Then, the regularised energy functional to be minimised reads
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and the strong form of the corresponding governing equations is provided by

 divσ = 0 (10)
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The first condition represents equilibrium equations for stresses σ = ∂ψe/∂ε, the second gov-
erns the evolution of the phase-field variable s. To ensure the irreversibility of the crack 
evolution, a history variable
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is introduced, corresponding to the maximum tensile part of the elastic strain energy density for 
the time interval [0, t]. The solution of this coupled problem complemented with boundary 
conditions is found using a staggered approach, i.e. the equilibrium equation, Eq. (10), is solved 
first and then the phase-field equation, Eq. (11), for each time (or pseudo-time) instant [13].

3.2 Phase-field formulation for Mindlin beams

To reduce computational costs of the task, we use the refined beam elements to analyse the response 
of a multi-layer laminated glass structure, e.g. [6, 15, 16]. We follow the approach presented in [13] 
to obtain the tension–compression split based on the midsurface kinematic variables.

Using a degradation function g(s) = s2, the decomposition of the strain energy functional 
beams can be written in the form

 y e e e geΩ Ω ΩΩ
Ω Ω Ω∫ ∫ ∫∫= + +

∗
( , ) ( , ) ( , ) ( )s d s E x z d E x z d s G x d

t x xc xz
2 2 2 2 2 ΩΩ,  (13)

where εx and γxz are the non-zero components of the strain tensor and parameters E and G 
stand for the Young and shear moduli of an elastic material, respectively. The volume Ω* 
corresponds to the effective shear area A*, Ωt to the cross-sectional area in tension At, and Ωc 
to the area in compression Ac, Fig. 7. It can be seen that to decompose the strain energy func-
tional means to find the position of the neutral axis zN.

3.3 Phase-field formulation based on tensile stress criterion

To easily incorporate the results of the tensile strength evaluation from Section 2.2 into our 
numerical model based on the phase-field formulation for brittle fracture, the governing 
equations are adjusted using the tensile stress criterion according to [12].

Figure 6: Crack topology: sharp crack (left), diffused crack (right).

Figure 7: Scheme of the tensile-compression split.
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Therefore, the energetic formulation describing the phase-field evolution by Eq. (11) is 
replaced with

 
yc

c− +

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where the Macaulay brackets define a ramp function as follows 〈a〉 = (a + |a|) /2. Finally, the 
critical fracture energy per unit volume ψc is related to a critical fracture stress σc by the 
expression
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In this study, the extreme or actual tensile strengths from Section 2.2 are used as this criti-
cal stress. The advantage of this formulation is that it is simple and no damage appears in the 
elastic range. On the contrary, the formulation stops to be variationally consistent.

4 VALIDATION AND DISCUSSION
In this section, the experimentally measured data are compared with those derived numeri-
cally to support the proposed computational model.

4.1 Example

The validation was done for one four-point bending test, Fig. 3(a). The laminated glass sam-
ple was composed by two ANG layers connected with an EVA interlayer. The thicknesses of 
glass layers were reduced compared to the nominal values to obtain the measured overall 
thickness of the laminated sample, i.e. the value of 9.8 mm was used for a glass layer.

The parameters used in the simulation are summarised in Table 2. As the duration of load-
ing was small, the viscoelastic effects were neglected in this example and the interlayer 
material is approximately replaced by an equivalent elastic solid [17]. Thus, the shear modu-
lus of the interlayer was evaluated in the middle of each time interval independently according 
to Eq. (1) from the Prony series for EVA, Fig. 2.

Three critical stresses were tested: the actual tensile strength measured for the given sam-
ple (61 MPa) and further, the two extreme values of the strength data set for annealed glass, 
Table 1.

4.2 Results

The response of the sample under four-point bending can by illustrated by a deflection/force 
diagram. In Fig. 8(left), the experimentally measured deflections (Exp 1 and Exp 2) 

Table 2: Input data.

Parameter Value Parameter Value

Young’s mod. of glass E1 76.6 GPa Length scale p. lc 0.01 m

Poisson’s ratio of glass v1 0.22 Elements per length n 100

Shear mod. of EVA G2 from Eq. (1) Critical stresses σc 29/61/85 MPa

Poisson’s ratio of EVA v2 0.49 Number of time steps 50
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correspond to the data records of two displacement sensors at the midspan of the beam. After 
the fracture of one glass layer, the sample was unloaded, which is visible in the graph.

It is obvious that the range of the numerical response computed for the extreme values of the 
critical stresses listed above is substantial. The largest central deflection at the moment of frac-
ture can be almost a triple of the value corresponding to the minimum tensile strength. A good 
agreement with the experimental data was found for the actual tensile strength. In the pre-crit-
ical range, the model response corresponds to the experimental measurement very well.

The phase-field evolution for the individual time steps is plotted across the length of the 
bottom layer of the beam in Fig. 8 (right). In the post-critical stage, the numerical model 
predicts faster descent, which could be given by boundary conditions of the task. As the lam-
inated glass sample is simply-supported, the crack propagates into the top glass layer 
continuously until the collapse. During the experiment, rubber pads were placed between a 
sample and steel supports, which could provide some friction in the horizontal direction, 
which is not incorporated into the model. Unlike in the case of experimental testing, no 
unloading was assumed in the numerical model.

5 CONCLUSIONS
In this contribution, the tensile strength of the annealed and heat-strengthened glass in lami-
nated glass plates was tested and a numerical model for glass fracture based on the phase-field 
technique was introduced. Based on the combined experimental and numerical analysis of 
three-layer laminated glass samples, the following conclusions can be done:

•  This preliminary study proved that the introduced formulation was able to describe the 
behaviour of laminated glass under quasi-static bending well.

•  The variability of tensile strength of glass strongly influences the response of laminated 
glass sample. Therefore, this variability should be incorporated into the model or dis-
cussed when the numerical results are interpreted.

The next step is to extend the proposed post-breakage model towards dynamics analysis of 
laminated glass under impact loading. For this study, a phase-field formulation based on tensile 
stress criterion was implemented to directly incorporate the results of the tensile strength eval-
uation into the model. For laminated glass plates, we are going to implement a model with the 
energy-based criterion from [13]. A disadvantage of this formulation is that softening caused by 

Figure 8: Deflection/force diagram (left) and evolution of phase field (right)
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the damage evolution occurs even in the pre-critical range, and therefore, this elastic response is 
not linear. On the other hand, the main advantage of this model is its variational consistency.
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